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FOREWORD BY EDWARD TELLER 


Is physics completed? At the time when the behavior of atoms was 
finally understood this seemed to be a very real question. 

A few problems remained. These included the relations between elemen- 
tary particles and the unification of gravitation, electromagnetism and 
nuclear physics. About the latter not much was known and its importance 
was underestimated. 

Today particles appear less elementary and unification looks more 
ambitious than ever. 

This book on the equation of state gives impressive evidence that a great 
chapter of science including most of physics, chemistry and a great portion 
of astronomy is, indeed, completed and unified. Just one idea had to be 
added to the systematic knowledge of the elementary building blocks. That 
idea developed into the theory of probability and statistical physics. 

The structure of statistical mechanics is deceptively simple. The main 
point appears to be to separate a bigger system into components whose 
energies can be added while their probabilities can be multiplied. From this 
statement it follows that probability depends on energy in an exponential 
manner. Classical equation of state theories in all of their approaches 
depend on this one circumstance. The quantities and ideas used in the 
comprehensive description of the development of two centuries are 
remarkably homogeneous, even uniform. 

Yet, the theory of the equation of state spans an enormous range. 
Obviously, huge numbers are involved. More importantly, the methods of 
thinking are quite diverse. On the one end we have reversible processes. On 
the other irreversibility is the main rule. The distinction between causality 
and probabilistic arguments is even more basic. Einstein never was 
reconciled to ‘laws’ of probability from which there was no appeal to the 
supreme court of causality. 
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A discussion of the equation of state gives an impressive demonstration 
of how great a fraction of the inorganic world is explained by the revolution 
called quantum mechanics. At the same time the equation of state presents 
the tools by which our experimental knowledge can be extended into 
regions of extreme concentrations of energy and matter. 

All this leads up to a part of physics which may move faster and farther 
than any other branch: astrophysics. Neutron stars and black holes are 
realistic examples of the two frontiers of physics: nuclear forces and general 
relativity. The authors use the same mathematics, the same concepts to 
introduce problems of astrophysics as they have used to explain the 
common properties of matter. 

The first man whose ideas about atoms are still remembered is a 
philosopher from Thessaly: Democritos. Almost two and a half millennia 
ago he suggested that matter may not be divisible without limitations. A 
serious revival of his idea started around 1800. Since that time science has 
been accelerating. It still produces unexpected facts and the completion of 
physics is not in sight. My preconceived idea is that science is open-ended. 
In this book the reader will find an exciting review of the rich past and he 
also will get a glimpse into a future which may be unlimited. 
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The equation of state (EOS) describes a physical system by the 
relation between its thermodynamic quantities, such as pressure, energy, 
density, entropy, specific heat, etc., and is related to both fundamental physics 
and the applied sciences. Important branches of physics were developed or 
originated from the equations of state, while in return more complex formula- 
tions of the EOS were due to the development of modern physics. For 
example, the ideal gas EOS (chapters 3 and 4) was first developed in chemistry 
and is considered the beginning of thermodynamics and statistical mechanics. 
On the other hand, the development of the “density functional theory’ by 
Walter Kohn’ for the EOS of a many-electron system (chapter 9) was 
considered a milestone in ‘the enormous theoretical and computational 
development leading to the emergence of quantum chemistry’. For this 
contribution Kohn received the 1998 Nobel Prize in Chemistry. As Einstein 
extended classical mechanics for very-fast-moving objects and Planck—Bohr— 
Heisenberg—Schroédinger for very small objects, thermodynamics and 
statistics were developed to describe EOS of matter in extreme density 
and temperature domains (chapters 9 and 16). 

The modern age of EOS started with P.W. Bridgman (1906-1954), who 
received the Nobel Prize in 1946 for high pressure physics. The EOS of high 
pressure is studied experimentally in the laboratory by using static and 
dynamic techniques. In static experiments the sample is squeezed between 
pistons or anvils and the pressure and temperature are limited by the strength 
of the construction materials (a few megabars and a few hundred degrees 
Celsius). In the dynamic experiments shock waves are created (chapter 11). 
By measuring the shock wave parameters, such as shock wave speed and 
particle flow velocity, the EOS are studied (chapter 13). Since the passage time 
of the shock is short in comparison to the disassembly time of the shocked 
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medium, one can study EOS for any pressure that can be supplied by the driver. 
Chemical explosives have been used to create shock waves” up to about 
10 Mbars in metals (with accompanying temperatures of the order of 10° K) 
and 100 Mbars in underground nuclear tests. The high power lasers developed 
for inertial confinement fusion (chapter 14) are used to study EOS’ and have 
achieved shock waves of up to 10°-Mbar pressures. Other shock wave genera- 
tors are also used, such as two-stage light-gas guns, exploding foils and rail 
guns, magnetic compression devices, etc. Fluid mechanics with shock waves 
also based on kinetic theory led to clarifications, on the basis of which the 
laser-driven shocks with extremely high pressures yielded important results 
for material properties.”” 

The EOS describes Nature over all possible values of pressure, density and 
temperature where local thermodynamic equilibrium can be sustained (see 
chapter 2 for a compact summary of thermodynamics). It is therefore 
necessary to introduce simplified methods whose range of applicability is 
limited, such as the Bose-Einstein EOS (chapter 5), Fermi—Dirac EOS 
(chapter 6), Debye—Hiickel EOS (chapter 8) and Thomas—Fermi EOS 
(chapter 9). For this purpose it is convenient to describe various domains in the 
calculations of EOS (see Fig. 1.3). 

The study of EOS under extreme conditions is an interdisciplinary subject 
with important applications’ to materials science,’ astrophysics 
(chapter 15), geophysics, nuclear physics, plasma physics and applied sciences 
such as fission, hypervelocity impact, weapons development, etc. In 
geophysics the EOS is necessary for understanding the structure of our planet 
and other planets. In astrophysics the EOS is an integral part of the description 
of stellar evolution of white dwarfs, supernovae and neutron stars (chapter 15), 
The EOS is used in nuclear physics to investigate the dynamics of high energy 
heavy ion collisions. The just-measured transition of nuclear matter to quark— 
gluon plasma at the twenty-times-higher density produced in nuclei’ indicates 
the transition of the Fermi statistics for nucleons to the relativistic branch 
(see the following Eq. (1.7)) and may explain the confinement of nuclei at 
their well-known density by surface energy, while the relativistic branch, with 
more than six-times-higher density, cancels the surface effect with the 
impossibility of nucleation and permission of the quark—gluon plasma.” 
Extreme conditions in astrophysics led to the problems of Hawking—Unruh 
radiation near black holes apart from the wide spectrum of properties in the 
Universe. The book describes the phenomena of coupling of the otherwise 
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Fermi—Dirac electron gas to black body radiation at temperatures above mc’ 
(Fig. 1.4), at which conditions the gravitational acceleration near black holes 
is similar to the conditions of electron acceleration at pair production in vacuum, 
which conditions may be reached next by the highest laser intensities.'° 

In general, any system which is described by a ‘fluid model’ requires the 
knowledge of EOS in order to be able to solve the equations of motion 
(chapters 11 and 12). The book describes the fundamentals on the basis of 
which extensive research has been reported in the conference series ‘Shock 
Compression of Condensed Matter’. For example, an important paper of the 
proceedings of the 1995 conference" claims that the EOS is essential for 
studies of high energy density matter, while about one third of the 1999 
proceedings discusses different aspects of EOS. The compression of diamond 
in underground nuclear explosions to more than 25%-higher densities (see 
Ref. 12, Fig. 4) follows exactly the quantum theory of compressibility 
described in Fig. 1.2 and used in applications.” 

These are only a few examples of how the unchanged text of the 
original publication (An Introduction to Equations of State: Theory and 
Applications, 1986) may be of even greater relevance now for advanced 
lecturing and for important new research and applications. 


May 2001 
Shalom Eliezer, Ajoy Ghatak, Heinrich Hora 
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PREFACETO THE ORIGINAL EDITION 


The equation of state is the relation between the pressure, the 
temperature and the density (specific volume) of a physical system and is 
related both to fundamental physics and to applications in astrophysics, 
gases and condensed matter, and nuclear and elementary particle theory. 

In the same way that Newtonian mechanics can be regarded as the 
foundation of physics, so the equation of state of ideal gases can be 
considered to be the foundation of thermodynamics, hydrodynamics and 
chemistry. Furthermore, as mechanics was extended to take account of 
relativity and quantization, so the equation of state had to be developed to 
describe states of matter in extreme density and temperature domains. 

The main aim of this book is to provide the reader with a basic 
understanding of the development of the equation of state. It should be of 
value to undergraduate and graduate students with an interest in astro- 
physics, solid state matter under extreme conditions, plasma physics and 
shock waves, as well as special aspects of nuclear and elementary particle 
physics. 

The systematic derivation of essential physical theory includes several 
original expressions. The elements of classical statistics and the Bose- 
Einstein and Fermi—Dirac equations of state (EOS) are based on partition 
functions and the Thomas-—Fermi model derivation includes the exchange 
interactions which lead to the Thomas—Fermi—Dirac equation. Special 
attention is given to the virial theorem. A new treatment of the Griineisen 
EOS, based on Einstein’s and Debye’s models of solids, is given which 
highlights Einstein’s ingenious contributions. Fluid mechanics and the 
kinetic theory are derived with particular emphasis on shock waves and a 
special meaning is given to the relation between the equation of state, 
Griineisen coefficients, cold pressure and high pressure shock waves in 
solids. 
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The book also describes several important applications of the equation of 
state together with accounts of the most recent research results including 
original new presentations. The study of inertial confinement fusion, 
especially laser fusion or particle beam fusion, is one of the fields in which 
pressures of nearly 10 gigaatmospheres and temperatures of about 100 
million degrees are being achieved. These extreme conditions are described 
in a detailed and novel manner. The application of the equation of state to 
the extreme conditions of astrophysics is dealt with, special attention being 
given to the stability of normal stars based on radiation pressure and 
particle pressure. The equation of state in nuclear matter is described using 
the Hagedorn theory; this subject can either be related to the theory of 
strong interaction or to the model of the early universe. 

This book is only a stroll through the equations of state in science and 
many more applications can be considered. In particular the physics of 
phase transitions could be the basis for a complementary volume on the 
equations of state. We believe that the book emphasizes the importance of 
equations of state in science and that further academic study and research is 
required to bring this subject to the attention of science students. 

We would like to thank our secretaries, Mrs Marie Wesson and Ms 
Noemi Francisco of the University of New South Wales, for their precise 
and neat work. Our thanks are also extended to Mrs Catherine Faust 
(UNSW) for her immaculate preparation of the artwork. 

Finally, the authors wish to acknowledge the support of the Gordon— 
Godfrey bequest, the Australian Research Grant Scheme and the Aus- 
tralian Academy of Sciences which was essential for the preparation of 
this book. These grants enabled the authors to meet in the australian 
summer of 1983 at the University of New South Wales in Sydney, where 
they began their collaboration on the book. 


March, 1986 Shalom Eliezer 
Ajoy Ghatak 
Heinrich Hora 
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Introduction 


1.1 General remarks 

Important branches of physics were developed or originated from 
the equation of state while (in return) more and more complex formulations 
of the equations of state were due to the developments of modern physics. 
The ideal gas law was the first quantitative treatment of chemical kinetics 
and the beginning of thermodynamics and statistics, resulting in the first 
complete formulation of the laws of energy conservation and entropy. 
From the thermodynamics of entropy of radiation, Max Planck discovered 
the atomistic structure of action (quantization), one of the basic properties 
of nature. The properties of molecular interaction were described quantita- 
tively for the first time by van der Waal’s equation of state. 

Nowadays, physics has developed towards research of such extreme 
conditions of matter, as shock waves in metals at several million 
atmospheres pressure and strong non-equilibrium states in chemical reac- 
tions using laser or plasma technology, while laser produced plasmas now 
provide matter at pressures of up to a thousand million atmospheres in 
the laboratory. In astrophysics, we observe objects at much more extreme 
conditions with pressures and temperatures of many orders of magnitudes 
beyond the extreme points reached in the laboratory. These astrophysical 
objects, previously topics of speculation only, are now very serious research 
fields producing detailed knowledge following the breathtaking develop- 
ment of space technology. The conditions of neutron stars and beyond 
involve nuclear matter such that the study of the equations of state could 
become a new route for solving fundamental problems in the physics of 
elementary particles and nuclei where the combined effort involves the 
physics of condensed matter and of ordinary high density plasmas. 

While the study of equations of state was one of the most important 
problems in physics in the first of the nineteenth centurt, there is again 
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now a high priority in modern physics to solve the numerous deficiencies in 
our knowledge of equations of state. The development of equations of state 
is again sought to meet the needs of the rapidly advancing modern physics 
of extreme states of matter. 

Recognizing the lack of knowledge of the equations of state in modern 
physics, an introductory summary of knowledge of the development of the 
equations of state will be presented in the following chapters together with a 
presentation of the derivations and typical results, with the aim of giving an 
improved, generalized and shorter presentation of this developing field. 
Together with these basic concepts, numerous important and exciting 
applications, in the physics of high pressure in solids, metals and plasmas, 
for dense nuclear fusion, astrophysics and for nuclear and high energy 
physics, are given. 


V2 Phenomena at various densities and temperatures 
The states of all substances are relatively simply described if the 
density is very low and the temperature is not too close to 0 K. In this case, 


Fig. 1.1. Ranges of density and temperature for which equations of 
state are to be considered. 


Schwarzschild density of the sun 


wal Be “ 
ha (C/o eo i 


° 
ey 
| 


Density (cem~? 
if 


0 i me + . . + 
Relativistic ‘Fermi Energy’ of electrons 
ice TY ea ee 
re 


Ps 
,++Quantum 
' | collisions 


] o's 
107? 10° 10? 10* 10° 108 101° 
Temperature (eV) 


1.2. Ranges of densities and temperatures 3) 


the ideal equation of state for pressure P in a volume V is determined by the 
temperature T 


PV=RT (1.1) 


where the constant R depends on the number of moles in the volume V and 
the degree of freedom of the molecules. Expressing V as 1/n, the density of n 
atoms of dissociated molecules (or ions) in the gas, eqn. (1.1) reads 


P=nkT (1.2) 


where k = 1.38 x 10° '®ergdeg~! is Boltzmann’s constant. 

Fig. 1.1 is a diagram of density and temperature of matter which permits 
a Classification of different states without the pressure — and subsequently 
the equation of state, being given. The density-temperature diagram of 
matter in this section is therefore a first classification of the problems 
discussed in the book. The next step will be to explain the Fermi-pressure in 
Section 1.3, and Section 1.4 will then provide an overview in terms of a 
preliminary pressure—temperature diagram for the range of states and their 
limitations to be treated and extended in the subsequent main sections of 
the book. 

In Fig. 1.1, the range of the ideal equation of state is that of nonionized 
matter at low densities. At higher densities, range 1 covers condensed 
matter and range 2 may cover the conditions that ions are fixed in space 
(crystals), limiting their motion to defined centres of oscillation only (Brush 
1967). 

Range 3 has no sharp limits of high density and temperature and 
represents mainly a gaseous state with partial ionization. This state is 
determined by the Saha equation for describing the degree of dissociation 
by Boltzmann factors (first studied by Schottky (1920)) and covers strong 
coupling between electrons and ions (Hansen 1973; Golden 1983; Pines and 
Noziéres 1966) including the metallic state in the upper part of range 1. 
Because of the high density and low temperature, the electrostatic plasma 
effects not only decrease the ionization energy but cause the merging of 
spectral lines into the vacuum levels or the ‘drowning of spectral lines’ 
(Inglis and Teller 1939; Traving 1959) (which as well as the polarization shift 
(Griem 1981) can be explained in a straightforward way by an electrostatic 
atom model (Hora 1981, p. 28; Henry and Hora 1983; Henry 1983)). The 
whole physics of range 3 is not yet extensively developed, neither are the 
highly complicated equations of state in this range. 

At higher temperatures and low densities when there is a high degree of 
ionization of atoms or the state of fully ionized plasma is reached — range 
4 — the resulting plasma is gaseous and kinetically rather simple: a classical 
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ionized gas governed by the ideal equation of state. This state, however, has 
non-classical properties: the classical Coulomb collisions change into 
quantum collisions at a temperature T* 


kT* =4Z? moc7a? (1.3) 


as detected in plasmas as anomalous resistivity which can be explained 
quantitatively by this process (Hora 1981, p. 37; Hora 1981a). In (1.3), Z is 
the number of charges (degree of ionization) of the plasma ions, mp is the 
electron rest mass, c is the speed of light, and the fine structure constant is 
a = e*/hc where e is the electron charge and h = h/27: his Planck’s constant. 
Further, in range 4, thermonuclear reactions at temperatures around and 
above 10* eV will begin. Another example of non-classical behaviour is that 
at thermal equilibrium with equilibrium (opaque) black body radiation in 
the plasma, a strong coupling between electrons and black body radiation 
will occur, which we discuss in Section (1.5). Above a temperature 
mc? = 0.52 MeV, pair production and other inelastic interactions will 
occur. Nevertheless, the equation of state may well be the ideal one and of a 
simple nature. 

The range 4 is limited towards higher densities by the curve A in Fig. 1.1 
where the quantum effect of degeneracy of electrons will occur. The 
particles will then have a quantum energy E, which is higher than the 
thermal energy. This quantum energy E, = p?/2m corresponding to a 
momentum p is determined by the length x = 1/n’/? of the cube into which 
the electron with its density n is packed, which has to obey quantization 


<pD—h (1.4) 
resulting in 
h? 
E, =~—n?/3 
; amit (1.5) 


Taking into account that each of these volumes can be occupied by two 
electrons due to the spin and including the correct geometric factors for the 
spherical atoms, the quantum energy E, is given by the Fermi energy with 
the electron density n given in cm? 


h? (3/n)?/5 
me 2 
oe a (1.6) 
= 5.82 x 10°?77n?/erg = 3.652 x 107 !5n2/3eV 


It is worth noting that this quantum energy is not only related to particles 
with a spin of 3 (Fermions) following the Fermi—Dirac statistics (Dirac 
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1926; Fermi, 1928) but it is a basic quantum energy as described before. 
Only the density of states can be larger than that of the electrons. It is 
therefore of interest to note curve B for protons in Fig. 1.1, above which 
density the quantum energy is higher than the temperature. 

The relativistic extension of these limits by using the particle velocity v 
and the electron rest mass mo for the energy E = moc?[(p2/mo2c?) + 1]!/? 
where p = mov/(1 — v?/c?)'/?, one arrives at the relativistically generalized 
Fermi energy 

m (3/n)?/3 h? 1 


= 4 Img” Glin + 1D = 


where the Compton wave length of the electron 4, = h/mgc was used. Above 
the density n, = 4,~3, the Fermi energy of the electrons is relativistic 


2/3 
ce = hen (n> 4,-9) (1.8) 


and does not depend on the particle mass. For lower densities, (1.7) reduces 
to (1.6). The quantum (Fermi) energies for protons and electrons merge into 
the same lines in Fig. 1.1 at high energies, where the relativistic particles 
cannot be distinguished by their mass. The same phenomenon is known 
from charges oscillating in a laser field or black body radiation: if the 
oscillation energy becomes relativistic, the particles have the same energy 
and cannot be distinguished by their mass (Hora 1981). For temperatures 
above m,c? and at degenerate densities (Range 5), the electrons cannot 
follow Fermi-—Dirac statistics as will be shown in the Section 1.5 because 
of strong coupling to the black body radiation. 

The remaining part of Fig. 1.1 for temperatures below moc? and above 
curve A of degeneracy, is characterized by the limit of relativistic Fermi 
energy n, = (1/A,)°, by the range where nuclear reactions are starting — even 
for low temperatures — which is for example related to picnonuclear 
reactions (Harrison 1964) as seen also from an increase of fusion cross- 
sections at high temperatures (Ichimaru 1984; Niu 1981). We refer also to 
Brush (1967) concerning these low temperature high density nuclear 
reactions. 

At densities above 10°*cm~°, the reaction between protons p and 
electrons e to produce neutrons n and neutrinos v 


pte=n+yv (9) 


will start. The line of relativistic “Fermi energy’ of baryons (protons or 
neutrons) is therefore heuristic only. The cold fusion of protons to neutrons 
at these densities of 1075 cm > is easily understood from the fact that each 
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electron is then compressed to a diameter of about 2 x 107‘? cm. At these 
densities electrons have sufficient quantum energy of compression, and can 
add to the protons which have the same radius. Reaction (1.9) should not be 
considered as the usual collision process. At lower densities than 10°° cm~* 
the electron simply cannot unite with the proton because it would first need 
quantum energy, to be compressed to the size of the proton. This is the 
reason why we — contrary to Brush (1967) — drew the shaded area of the 
neutron generation for increasing density at higher temperatures, as the 
thermal motion will reduce the fusion reaction. Huge numbers of neutrinos 
should be emitted at these densities. 

This is the range of densities where nuclear matter can be studied by 
heavy nuclei collisions. Shock waves are then generated and the density can 
reach five times the density of nuclear matter. Knowledge of the valid 
equation of state is then essential (Scheid et al. 1974; Stocker et al. 1978; 
Stocker 1986) and its details can be studied indirectly from the reactions 
following the 107 ‘3s duration state of the united nuclei (Stock 1984). 

If the mass within the Schwarzschild radius of the Sun 


R=2Moyo/c? (1.10) 


(yo ¥ gravitation constant, M,xsolar mass) is given the result- 
ing density is the Schwarzschild density as shown in Fig. 1.1. One 
should note that younger stars of larger mass have a lower Schwarzschild 
density. 


1.3 Quantum pressure and compressibility 
In order to demonstrate that the quantum (Fermi) pressure 
really acts as a pressure even if the temperature of the electrons is very much 
lower than e,, we mention here as an example of its action the compressi- 
bility of solids by the quantum pressure. 
For the ideal equation of state, (1.2), the compressibility (using V = 1/n) is 


_ioev_t 
VOP P 


(1.11) 


For solids there was the theory of Madelung (1918) (see, e.g., Joos 1976) 
which was modified slightly later. This was based on the ad hoc assumption 
of a potential where the best possible fit of the exponent for the radial 
dependence was found to be of the number nine. Contrary to this highly 
hypothetical relation, we can explain the compressibilities of solids with a 
better fit and slope of the plot of the experimental values of the 
compressibility over three orders of magnitude in dependence on the 
electron density, if we take the quantum pressure of the valence electrons 
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(with one or two electrons in the outermost shell). Taking ¢, as the energy 
per volume of the electrons in an atom (P = ¢,/V) and calculating 


10V 6m, 


where the balance of the quantum energy with the electrostatic energy 
(Hora, 1981, p. 28) was included. Without this inclusion, the value of k is 
half. 

In Fig. 1.2, the results for one and two valence electrons are drawn and 
compared with the Madelung value. The quantum pressure theory of 


Fig. 1.2. Compressibility of solid materials compared with Madelung’s 
theory (Joos 1976) (dashed line) and with the quantum pressure 
including the counteracting electrostatic energy density (upper line); 
without the electrostatic energy, the lower line will follow where an 
interpretation of spin coupling for two valence electrons is possible 
per quantum state. 
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compressibility (Hora and Romatka 1982) reproduces the experimental 
values to a good approximation. Experimental deviations from the plots 
are due to the effective mass in the solids (in (1.12) the vacuum electron only 
was used; for an alternative derivation of the Schrédinger equation for the 
effective mass, see Appendix 1 of Hora (1981)), and due to additional 
electrostatic energy densities of attraction and repulsion by electron— 
electron, electron—ion or ion—ion interaction. 

The result is that solids cannot be compressed easily because of the 
quantum (Fermi) pressure which is nearly 10 eV per atom (corresponding to 
100000 K temperature) but it acts as pressure only, not as temperature of 
the ideal equation of state. This follows for metals as well as for insulators. It 
demonstrates that the Fermi pressure is still present even in the unionized 
condensed material. The pressure of a substantial energy in the quantum 
(Fermi) energy can also be seen from the shaded line in Fig. 1.1 for nuclear 
reactions at very low temperatures of 0.1 eV or less: the quantum energy of 
protons (with one particle per energy level) of mass m, 


_ 1 Bin)” 2/392/3 
2m, 4 

is then 17 keV for a density of 10?°cm~ 3, just enough for nuclear fusion 

reactions with a very low rate. Without following up the sophisticated 

theory for these reactions (Brush 1967), (1.13) indicates that the ions 


even at low temperature do have enough quantum energy for performing 
the nuclear reactions. 


(1.13) 


F 


1.4 Pressure—temperature diagram 

When considering pressure, a knowledge of the equation of state is 
necessary. For our introductory overview we now consider the various 
regions in Fig. 1.3 and shall explain the states of degeneracy in more detail 
then in the preceding sections aiming to give a further introduction to the 
subsequent sections on Thomas—Fermi, Thomas—Fermi—Dirac and fur- 
ther models. Various domains in the calculation of the equation of state can 
also be illustrated by Fig. 1.3. 

Region | represents the normal state of matter and, in general, the 
equations of state are controlled by ordinary chemical forces. This region 
includes phase transitions.such as solid-liquid transition, critical pheno- 
mena (such as ferromagnetism), phase transitions due to changes of 
symmetry in solids, etc. 

We increase the temperature corresponding to region 1, without 
increasing the pressure and enter region 2. At about kT = leV(T = 10* K), 
the condensed or neutral gas matter is dissociated into atoms which are 
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described to a good approximation by the equation of state for an ideal gas 
(see (1.1)) 


PV =NkT (1.14) 
Ex3NkT (1.15) 


where P,V,T,N and E represent respectively the pressure, volume, 
temperature, total number of particles N and total energy E of the gas and 
k( = 1.38 x 107 '® erg K~') represents the Boltzmann constant. 

Further increase of temperature (see region 3) leads to electron dissoci- 
ation (i.e., to ionization) and one may use the Saha equation to describe the 
equation of state. 

Before discussing region 4 we would like to mention that a gas consisting 
of free electrons is said to be non-degenerate when, 


kT > & (1.16) 


where é, is known as the Fermi energy of the electron gas at T = 0 K and is 
given by (1.6). When this is satisfied, the electron gas behaves as a classical 
gas and the pressure and total energy will be given by (1.14) and (1.15) 
respectively. On the other hand, when, 


kT « &, (1.17) 


Fig. 1.3. Scheme of a temperature -pressure diagram for the various 
states of matter. 
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quantum effects dominate and the gas is said to be highly degenerate. At 
T =OK, the gas is said to be completely degenerate. If we assume the 
electron gas to be completely degenerate then elementary application of 
Fermi-—Dirac statistics gives 


and (1.18) 


where ¢ represents the average energy of the electron. Assuming, 
n= 107°cm~3, we get, 


fp. 19 x 107 eV 
e247 x 107eV (1.19) 


Px5 x 10!°dynecm~? = 5 x 10/° atm 


Thus the average energy of an electron is much greater than the binding 
energy of the electrons in atoms and the electrons behave as a degenerate 
gas. Region 4 corresponds to P > 10° atm and (kT/é,) « 1 and the equation 
of state is satisfactorily described by the Thomas—Fermi model. However, 
the transition regions (between 1 and 4, and 2 and 4) are most difficult to 
describe satisfactorily and, in general, corrections to the Thomas—Fermi 
model are necessary. In this intermediate region, which can be as broad as 
10° < P < 10! atm, one tries to describe the electrons by a Thomas—Fermi 
model modified by exchange and quantum corrections. In this region the 
nuclei can be considered as a classical gas; see (1.14) and (1.15), or can be 
described by the Griineisen model. 

The boundary between the non-degenerate gas (region 3) and the 
degenerate electron gas (region 4) can be estimated by equating the energy 
associated with the ideal gas (1.15) with the energy associated with the 
degenerate Fermi gas (1.18), 


—— n?!3 (1.20) 


or 


= 9 «108 (er)! [erie | (1.21) 
where kT is measured in ergs. Thus, 


PxnkT ~9 x 1099(kT)*/2dynecm ? (1.22) 
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For kT ~ 107 eV = 1.6 x 10° !° erg we get 
P = 3 x 10'° dynecm™? x3 x 10° atm. (1.23) 


For kT = 10*eV, P = 3 x 10!* atm. These estimates indicate the order of 
the pressures and temperatures at the boundary of regions 3 and 4. 

At very high pressures (assuming complete degeneracy) the Thomas- 
Fermi equation of state (EOS) is given (as detailed later) by 


reas 
1-52-(2) 8 
2Mday\ 


where ao( = h?/me?) is the Bohr radius, Z is the total number of electrons in 
an atom and 

wee A 

n=> (1.25) 
represents the average number of electrons per unit volume; V is the volume 
associated with each atom. Obviously, at high pressures, i becomes very 
large and (1.24) reduces to (1.18), implying the applicability of the simple 
Fermi—Dirac model. However, when the pressures become very high 
(region 5), the electrons become relativistic and we should therefore use the 
proper relativistic theory for a degenerate electron gas, which has been 
extensively used in many astrophysics problems. We should mention that in 
many stars, the temperature T may be as high as 10 million degrees (giving 
kT = 10° eV); however, the matter may be so compressed that the Fermi 
energy ¢, may be 10° eV. Thus the condition kT « é, will be satisfied and we 
may apply the theory corresponding to completely degenerate electron gas 
(i.e., assume T = 0). 

In region 6, the electrons are degenerate and relativistic while the protons 
and neutrons of the matter are degenerate but non relativistic, and in region 
7 the pressures are so high that the reaction (1.9) becomes possible and we 
have a neutron star. 


h2 
P =—(3n?)?/3A5/3 


= (1.24) 


1.5 Radiation effects 

Considering equilibrium black body radiation under the con- 
ditions of Fig. 1.1, problems with the equation of state will appear which we 
mention here as an example of a yet unsolved problem of the equation of 
state. This problem relates only to cases where the black body radiation is 
opaque and in equilibrium. In the laboratory, there are many extreme 
plasmas e.g. at inertial confinement fusion where the mean free path of the 
x-ray quanta of a relevant black body radiation is much larger than the 
plasma dimension. In this case one may neglect the radiation when 
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discussing the equation of state. The following remarks refer primarily 
therefore to large and extreme astrophysical objects. 

These considerations were derived from a question of applied physics 
about the electron emission current density j from cathodes at a tempera- 
ture T and the spectrum of the quantum yield of photo cathodes (Gorlich 
et al. 1957; Gorlich and Hora 1958). The thermionic Richardson equation 
arrives at j ~ T? exp (— hv,/kT) for the emission from a metal with a work 
function hv,. This is simply due to the evaporation (given by a pressure) of 
the electrons in the interior of the metal with a Fermi—Dirac distribution 
crossing a surface potential hv. Richardson’s initial assumption that the 
emission is due to photo effect by the black body radiation and not by 
evaporation was proved not to be true for cathodes, but would well 
dominate above 10’ K because j T° exp(hv,/kT) as there is a stronger 
exponent of T (Hora and Miller 1961). At these high temperatures, the 


Fig. 1.4. Ranges of different statistics or strong coupling to black body 
radiation determining the pressure of electrons. 


%& 
= 


foe 


= 
i 
E 
12) 
— 
> 
2 
a7 
= 
3 
* 
5 n 
5 1028 
QO 
2 
isa) 


10° 10? 10* 10° 10* 
Electron temperature (eV) 


1.5. Radiation effects 13 


evaporation — and therefore the pressure and the equation of state — was 
determined by black body radiation. 

The final analysis of the problem (Hora 1978) resulted in an equation of 
the current density j for a body of temperature T with opaque equilibrium 
black body radiation and a work function hv, (which is equivalent to the 
order of magnitude of the potential of an ordinary double layer of a plasma 
surface (Hora et al. 1984)) given by 


(4nm,k?e/h3)T? exp [ — hvo/kT] 
for (2mpkT)?'? « min [n,h?; (4nm52c?)*/? ], 
n.e(k/2nm,)!!? T!/? exp [ — hvo/kT] 
(2x)tl4 
3/2 3 
se for (2m kT)*'* >n,h? > =e 
2e k? 
che 
(2n)'2 
r 


rae 
Lac? 


(2m,kT)*2, 


(1.26) 


T?exp[ —hv,/kT] 


fo 2mokT)*!? > min [n,h3; 42?(mo2c?)?/]. 


where n, is the electron density. It turns out that the pressure is determined 
by the Fermi-Dirac statistics in the first range, by Boltzmann statistics in 
the second range (obviously as a bridging gap only), and by the strong 
coupling to the black body radiation in the remaining range (Fig. 1.4). 
Above the density 


2) 3/2 1 
=(aa2) (x)= 1.017 x 102@em* ° (1:27) 


with the Compton wave length 4,, only Fermi—Dirac statistics is possible 
for temperatures below myc’, but a change of Fermi—Dirac statistics into 
strong coupling occurs at temperatures above mgc”. 

The optical intensity of the black body radiation at kT = moc? is 7 x 
1077 Wcm ~? and the corresponding electric field amplitude results in the 
threshold of pair production from the vacuum polarization (Heisenberg 
1934; Euler 1936). Nevertheless, the phenomenological derivation (Hora 
1978) arrives at the general result for any temperature and density, that the 
electrons are to ~ 95% behaving classically by oscillating in the radiation 
field, while the fraction 15/7° = 4.9% will undergo any kind of inelastic 
interaction (pair production etc.). 

These results may cause a generalization of Pauli’s (1955) theorem that 
particles can appear only as fermions or bosons. The fact that fermions or 
bosons are simply described by symmetric or antisymmetric functions may 
require the further inclusion of coupling to radiation. It may be that 
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Gentile’s concept of intermediary statistics (Hora and Miiller, 1961) is a 
possible approach for this generalization. We have no answer at present but 
we mention this question in the introduction to underline what rich 
research the problems of the equation of state may lead to. 

The fact that the formulation of the appropriate equations of state at 
these extreme conditions is still under discussion and is not finalized, should 
be seen not only from this example of black body radiation. While 
Zeldovich and Novikov (1965) postulate a pressure pn? at densities 
above 10°° cm” 3, because the acoustic velocity is that of the speed of light, 
Harrison (1965) concludes that pxn*/? from nucleon and hyperon 
interactions. While a p=nkT and kT =e, xn’? (1.8), would support 
p =n*/>, the argument in favour of Zeldovich (Bushman and Fortov 1983) 
or even for a more complicated radiation determined pressure, has to be left 
open to further research (Wulfe, 1976). 


2 


A summary of thermodynamics 


Though it is assumed that the reader of this monograph is familiar 
with the theory of thermodynamics from the level of undergraduate studies 
(see, e.g., Becker 1955; Landau and Lifshitz 1966) a summary of some 
essential facts, ideas and concepts of thermodynamics is presented in this 
Section. We shall consider mainly the ideal gas with a low particle density. 
The inclusion of quantization will follow in Section 3. 


2.1 Phenomenology 

The study of the phenomenon of heat was introduced into physics 
essentially in the nineteenth century though some links go back to the 
preceding century, e.g. the theory of friction by Coulomb and Benjamin 
Thompson (Graf von Rumford). One problem was the transport of heat 
first covered by the differential equation of heat transport and the various 
theories for the thermal conductivity coefficient. This was essentially a 
question of a mathematical theory of scalar fields for the temperature and 
was mathematically straightforward. The more difficult quantification 
was that heat is equivalent to energy (first law of thermodynamics) with the 
restriction that it can flow only from a body of higher temperature to one of 
lower temperature and not vice versa (second law of thermodynamics). The 
structure of such theory was not so straightforward within a mathematical 
framework but needed a more conceptual consideration as a pheno- 
menological theory. It is therefore no surprise that the first law was 
discovered by a medical man (Robert Mayer) watching nature when 
cruising through the tropics as a ship’s doctor. 

A conservation law for kinetic and potential energy was known from 
mechanics, in the preceding century, from a study of mechanical systems of 
a number of point-like masses (Newton, d’Alembert, Lagrange) and of 
the equivalent quantities in fluids: kinetic pressure and static pressure 
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(Bernoulli). Discovering then that the pressure P of a gas and its volume V 
in an isothermal compression follows the relation 


PV =const (2.1) 


(the Boyle—Mariotte law) and that this can be related to a temperature T (to 
be defined as the absolute temperature) as found by Gay—Lussac to derive 
the first equation of state of the ideal gas of volume V 


PV=RT (2.2) 


with a constant R, a quantitative relation between pressure and tempera- 
ture was found. It turned out that the gas constant R is determined by the 
specific heat at constant pressure c, and that at constant volume c,, for 
molar scaling 


R= ct; (2.3) 


It was evident from mechanics with the definition of pressure as force per 
unit area or as energy per unit volume, that a change of volume is related 
to the change of energy in the system of the gas by compression work 
dA = —PdV. But it was not before the discovery of the first law of 
thermodynamics that the concept came of an amount of energy Q being 
exchanged with the gas (restricted still to terms of the historical ideal gas): 


dQ =dU + Pav (2.4) 


where U is the internal energy represented by RT describes the energy 
which is exchanged as heat. Equation (2.4) is the expression of the first 
law of thermodynamics for gases and was formulated in Dulong—Petit’s law 
for solids. It formulates the (measured) equivalence of mechanical energy 
and heat measured by the warming up of lead samples falling under gravity 
onto a base-plate. 

For the formulation of the second law of thermodynamics it was 
interesting that a quantity S, the entropy, 


dS = dQ/T (2.5) 


could be formulated as a mathematically integrable quantity like a 
potential, which expressed the degree of irreversibility of a cyclic process. 
Following a Carnot-process on a P-V diagram (Fig. 2.1) the quantity dS 
integrated over one cycle is zero, if the process is performed infinitely slowly, 
only going through near equilibrium processes when transferring energy 
during the isothermals (T = const) in Fig. 2.1, while changing the volume 
and pressure. If this thermal exchange is faster, the value of S throughout 
one cycle is not constant but is increased. The amount of the increase 
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measures the degree of irreversibility, the degree to which heat was flowing 
quickly from a higher temperature to a lower temperature — a mechanism 
which cannot be reversed according to Planck’s formulation of the second 
law: Der Prozess der Warmeleitung lasst sich in keinerlei Weise vollstandig 
ruckgangig machen (the process of heat conduction is in no way completely 
reversible). 

In gases it was realized immediately (Dalton’s law) that chemically 
reacting gases at the same temperature and pressure reacted in definite 
multiples of quantities only, e.g. 2 litres of hydrogen and | litre of oxygen to 
form 2 litres of water vapour, or | litre of chlorine and 1 litre of hydrogen to 
form 2 litres of hydrogen chloride. This led to the discovery of molecular 
structure, and to the atomic weight. The amount of an element, measured in 
grams, comprising the atomic or molecular weight, was called a mole. 
Expressing the thermodynamic quantities in multiples of one mole, the 
‘specific’ quantities are then defined in the following equations where v is 
called the molar volume: 


6q = du + Pdv instead of (2.4) u=specific energy (2.6) 
de = Tds — Pdv (2.7) 
df=-—sdT—PdV f=u—Ts=specific free energy (2.8) 


dg=—sdT+vdP g=f + Pv=u—Ts+ Pv=specific 
potential (Gibbs’ potential) (2.9) 


Fig. 2.1. P-V diagram of the Carnot cycle. 
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dy = Tds + vdP wy =u-+ Pv = specific enthalpy = thermo- 
dynamic potential (2.10) 


The coefficients of the specific heat for constant volume or pressure are then 
respectively: 


ou oq 
re seal romantic 2.11 
aa oT mea Ny 
Ou. ov Oq 
=—— —| =— 22 
comigy |, | MoT | amor |. ae) 
a= iol thermal expansion coefficient (2.13) 
V9 OT |, 
k= — eue compressibility (2.14) 
Uo OP|r 
c= ama coefficient of strain (2.15) 
Po oT v 


where v, and pp are constants of normalization. We have the following 
identities and can express the differential quotients of the quantities T, s, P, 
and v by the scheme of Table 2.1. 

Between the coefficients (2.11) to (2.15), there are the following relations: 


OPp=a4/K; Cy—C, = Tpo td = Ta709/k (2.16) 
oT Op 

aa asl! (2.17) 
lee 2.18 
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If the number N of particles in the system is not constant, e.g. due to 
chemical reactions or pair production, the chemical potential yz defines 
additional terms in the functions in (2.6)-(2.10) for molar quantities. 
Expressed in non-molar quantities, the definitions and relations are given in 
Table 2.2. 

The relativistic generalization of thermodynamics has to include the fact 
that any mass M = M,(1 — v?/c*)~ }/ has to be expressed by the rest mass 
M, and the velocity v of the system in which the thermodynamics is 
described. The laws of thermodynamics are then unchanged 


dQ=dU—dA (2.23) 


and 
dS =d0O/T (2.24) 


Table 2.1. Definition and relations of thermodynamic quantities 


Quantity 

(thermodynamic 

function) Variables Relations 

E[energy] S.V.N E=TS—PV+uN dE=TdS—PdV + ydN 

F[(Helmholtz’) ‘F=E—-—TS 
free energy] T,V,N dF = —SdT — PdV + pdN 

F=—PV+uN 

G[Gibb’s G=E-—TS+PV 
potential; TAPON dG =SdT + VdP + pdN 
free enthalpy] G=uN 

@®[thermodynamic @®=F—puN d® = — SdT — PdV — Ndy 
potential] T, Vip resulting in 


®=E-—TS— uN 


6 
S=— lee |! 5 
cis en 
dD 
P=—{ — 
Glog 
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Table 2.2. Relation between thermodynamic quantities 


2.2. Statistical picture 2) 


The variables of state are then (subscript 0 indicates the non-relativistic 
value) 


Por (2.25) 

V =Vo/1 —0?/c? (2.26) 

T =Tov/1 — 02/c? (2.27) 

S=S, (2.28) 
1 i 

U= aan (Yo + Polo) (2.29) 
1 ye 

el PTT, | Fe +5(ToSo + Povo) | (2.30) 
1 v? 

C= ayaa ( Go +5 ToS0) (2.31) 

M =M,/(1 —v?/c2)"? (2.32) 


In (2.2) a first historic expression of the equation of state for the ideal gas 
was given. A more general derivation will be given in Chapter 3. It should be 
mentioned that for real gases a generalization of (2.2) was derived by van 
der Waals 


(P + a/V2)(V —b) =nRT (2.33) 


where a and b are constants and n represents the numbers of moles, which 
expresses the scaling factor not used in (2.2). 

The isothermal curves of (2.33) in the P-V-diagram of Fig. 2.1 are of 
higher order and define the so called ‘critical point? where 0P/dV|,;=0 
and 6?P/dV?|,=0 corresponding to the critical pressure and the 
critical temperature. The ‘inversion temperature’ is the value 7, where 
T(0v/0T)|p = V. 


22 Statistical picture 

Though the phenomenological properties of materials derived 
from thermodynamics are macroscopic entities, some reflect atomistic 
properties, as was recognized very early, e.g. from the already mentioned 
Dalton’s law. It was then evident from the multiples of the chemical 
reaction components that the gases hydrogen and oxygen consist of 
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molecules each of two atoms. One could easily determine that the 
mechanical motion of these molecules has several degrees of freedom, /f, of 
motion, e.g. the three degrees of freedom for translative motion and two 
degrees for the rotation of the diatomic molecule. Larger molecules had at 
least one additional degree of freedom if the numbers of degrees of freedom 
had not then been increased by oscillations between the atoms, and 
vibrations of the long molecules or ionization processes. A straightforward 
method to measure these values, f, was from the adiabatic compression of 
the gases. These are changes based on equation (2.4) where no energy dQ is 
put into the system or taken out. This is identical with an isentropic process 
(constancy of entropy) from (2.4). 


dU = — PdV (2.34) 
Using (2.11), (2.2) and (2.3) one finds 


c,dT = — T(c, —c,)dV/V (2.35) 
and using 
y=C,/Cy (2.36) 


we find 

dT/T +(y—1)dV/V =0 
and from integration 

TV’~ 1 =const (2.37) 
or after using (2.4) 

PV’ =const (2.38) 
The value of y is given by the degrees of freedom 

VP Ws) (2.39) 


as could be measured in the gases. Going further it is possible to find the 
number of particles in a mole, which is given by 


N = 6.023 x 1073 molecules per mole 


known as the Loschmidt number or the Avogadro number. At thermal 


equilibrium for low density of the gas, the energy per degree of freedom in 
any molecule is 


E=kT/2 (2.40) 
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which result defines the equation of state of the ideal gas (2.4) by using the 
number n of molecules per cm? 


|e a1 (2.41) 
where the Boltzmann constant 


k= 1.38 x 107 }® ergdeg™! (2.42) 


2.3 Maxwell—Boltzmann distribution 
Restricting consideration to the thermal equilibrium of an ideal 

gas at low density, the particles described in the preceding section interact 
and the final result is a statistical distribution of the energy amongst the 
particles. This will now be derived from the result described for entropy, as 
Boltzmann’s is an expression for the most probable distribution of the 
energy amongst the particles. 

There is a correlation between the entropy S,, and the probability W, , of 
the microscopic structure of the states of two thermodynamic systems with 
the respective values S,,S,,W,, and W, (Joos 1949; Hora 1981) 


S,;2=5,+S8, (2.43) 
W,.=W,W, (2.44) 


- 


from their definition. The function which verified the correlation 


F(X 1X2) = f(%1) + f(X2) (2.45) 
is given by Boltzmann’s equation, combining (2.43) and (2.44) 
S=kinw (2.46) 


using the Boltzmann constant k as the gas constant per particle. 

The concept of describing a plasma by the probabilities of the distri- 
bution of energy to its individual particles is a limited picture and may not 
cover all the facts of reality. It presumes, for example, that the forces 
between the particles are small or in first order negligible, or only during 
negligible times, while the interactions are necessary on the other hand to 
achieve equilibrium. The other extreme is the description of phenomena 
fully deterministic by all details of the interaction by differentiable or by 
analytic (holomorphic) functions which may run into the insufficiency of 
super-determinism (Laplace, Cauchy). This can even be a consequence of 
quantum mechanics (not only in the Schrodinger picture) if the correlation 
between object and measuring apparatus is considered. 
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In Boltzmann statistics—in contrast to quantum statistics —it is 
assumed that one can distinguish between the individual particles 
of an ensemble. Using six-dimensional volume elements At;= 
AxAyAzAv,Av,Av,, the number N; of particles in this element is given bya 
distribution function f(i) 


N, = f()At; (2.47) 
The total number N of particles should be constant 
N=) f(jAt, 5N=)6f()At, =0 (2.48) 


where the phase space element Ar; is constant at any variation due to the 
Liouville theorem. The energy U(6) of the particles in the ith cell results in 
an energy N,u(i) in the cell. The total energy U should be constant 


U=) uli) f(At, 5U= > df(ul)At; = 0 (2.49) 
The probability of the system with a weighting of the states of each cell by 
G,= At, (2.50) 


is given by the number of combinations of all cases N![[G,; which are 
possible by permutation without repetition if we use distinguishable 
particles 


N'T]G," 
a “a (2.51) 


Using (2.47), (2.50) and the Stirling formula, Appendix 2, (A2.3) (as 
approximation for large N) 


N®N 
we find from (2.51) 
N®] JA 74" 


and the entropy from (2.46) 
S=KNInN—kyY f(i)At,In f(i) (253) 


Equilibrium corresponds to the value of highest probability W, or 5S = 0, 
while fulfilling the secondary conditions of constant total particle number 
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N (2.48) and total energy U (2.49), from (2.50) 
0=)'6,f@Arq, In f(i) + ¥ 6 fWAr; (2.54) 


To formulate the secondary conditions, the method of multiplicators is 
used by adding conditions (2.48) after multiplying with a to (2.54) and 
by adding (2.49) after multiplying with # in the same way. The result 
is 


In f()+1+a+ Bu(i)=0 (2.55) 
This leads immediately to the desired energy distribution function 

S(i) = A exp (— Bu(i)) (2.56) 
where 

A=exp[—(1+4)] (257) 
is given by the constant number N of all particles from (2.48) and (2.56) 

N =A) exp( — Bu(i))Ar; (2.58) 
or 

{Gyo as (2.59) 


expl — Buli)JAr; 
The denominator is called the (phase space weighted) partition function 
o =) Az, exp(— Bu(i)) (2.60) 


The physical interpretation of the multiplicator B is given from the 
definition of the entropy. Using (2.59) and (2.60) in (2.53) 


S=KInN— KY An, exp(— Bu(i))[In N — Bu(i)—Ino] = (2.61) 
and (2.49) 
~SAn, exp(— Bu(i)) =U (2.62) 


(2.61) reduces to 
S=kpBU+KNino (2.63) 


Thermodynamics defines the relation between S, U and the temperature T 
for conditions of constant volume V 


1 (0s 
a ( a), (2.64) 
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U is a function of B (2.62), therefore 


de -F(56) ed (2.65) 
a » dplau), dB(aU/ap), 


By differentiating (2.63) we find 


ds dU KN do 
—=KU+Kfsp—+—;,; 
dp TGR oar oG 
by substitution of the differences of (2.60) and (2.62) by differentials 


U 
=— Yi u(iAt, exp[ — Bu(i)] = — = (2.67) 


and from (2.66) 
ds oU 
pace tall 
ap? ap 
Taking the differential form and (2.65) we find 


as 1 
(3), = pK ==, (2.69) 


(2.66) 


(2.68) 


and finally 


p= (2.70) 


KT 
The distribution function f(i), (2.59) turns out to be the Maxwell— 
Boltzmann distribution 


N exp( — u(i)/KT) 
¥' At, exp( — u(i)/KT) 


as used subsequently in (12.21) 

It should be noted that the discussion of the fact that the quantity o in 
(2.63) is not dimensionless (o is of the dimension of an action to the cube), 
led Planck (1900) to the addition of an arbitrary constant h in the entropy 
of (2.63) 


f= (2.71) 


U 
S == Rene 


T % (2.72) 


arriving at a free energy 


F=U-TS= —KNTIn- (2.73) 
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The correct value of h, Planck’s constant, was derived first from the fit of 
the then valid Planck’s radiation law with the measurements. This was the 
very first observation of the quantization (atomistic structure) of action. 
One should note this result as a consequence of Boltzmann Statistics, and 
furthermore its equivalence to the need of the stimulated emission of 
radiation derived by Einstein (1916). 
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Equation of state for an ideal gas 


a) | The partition function 
Probably the first step in the understanding of the equation of state 

is to consider an ideal gas consisting of N non-interacting particles. 
Although the corresponding equation of state is derived from elementary 
kinetic theory in almost all books on heat, we will first calculate the 
partition function and then obtain the equation of state. This will give us a 
simple example of calculating the partition function. 

We first mention that if we solve the Schrédinger equation for a free 
particle confined in a cubical box of side L then the corresponding energy 
levels are given by (see Appendix 1) 


nh? 


En miz + ee aR nm) (3.1) 


where h = h/2zn (h being Planck’s constant), m represents the mass of the 
particle and n,, n,,n, = 1, 2, 3,...; the subscript n on ¢ represents the three 
integers n,,n, and n,. The partition function (2.60) of the system is given by 


Q=Se mT (3.2) 


where E; represents the total energy of the system and the summation is over 
all the energy states. Let the ith state of the total system correspond to the 
first particle in the state characterized by n,, the second particle in the state 
characterized by n,, etc.; thus 


E;=€4,, + oy, + ag 
= by, + 8, + 3.3) 


where in the last step we have taken account of the fact that all particles are 
identical so that the possible energy levels of each particle are the same. 
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Thus 


O=) 2 exp — i, +e, +--+ 6, }/KT] 


N 

= | Eespt—«,/&71 | (3.4) 

Now, the spacing between the energy levels (3.1) is given approximately by 
nh? 

EN mI2 (3.5) 


For hydrogen atoms m x 1.67 x 10~?*g and for L = 10cm we have 


_ (3.14)? x (1.055 x 10727)? 
~ 2x 1.67 x 10>24 x 100 
2x 10° *2eV (3.6) 


Ae ~ 3.3 x 10752 ergs 


which represents an extremely small energy difference; we may recall that 
the thermal energy ( ~ kT) corresponding to T ~ 300 K is about 0.025 eV, 
which is about 1018 times greater than the energy given by (3.6)! Thus the 
summation in (3.4) can be replaced by an integration and we may write 


ae | e” MT o(e)de (3.7) 
n c0) Z 


where g(e)de represents the number of energy states in the energy interval de 

and is given by (see Appendix 1) 
Tl céscialaalae 

ane 

V(=L*) represents the volume of the box. Substituting the above 

expression for g(e) in (3.7) and carrying out the integration we get 


an) 


—Eep/kT 
1G “ ($57 


where we have used the relation 


(3.8) 


0 


fo 0) (oa) 
| er etAde = (TY? | e~*x1/2dx 
0 


=(kTPPT) = ba (kTP? 


Thus the partition function is given by 


3/2 N 
one o[()"" : 
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where 


mkT \3!? 
a=(r] y (3.10) 


represents the single particle partition function. 
We further give here the Grand Partition Function Z, for a Hamiltonian 
with the number of particles N and the chemical potential y 


1 


= =p(Er- pe 3.11a 

Zc=} he a saiaas 

=> Y «Nile #4 “| Ni> (3.11b) 
i! 

= Tr(e~ 6M) (3.116) 


where the thermodynamic potential ® is 


O(T, V, p) = —kgT In Ze (3.12) 


3.2 Thermodynamic functions 
Once the partition function is known, the free energy F and the 
pressure P can readily be calculated: 


kT\3?2 
Fe —kEnoe - warn] (27 v| (3.13) 
and 
OF NkT 
amas Gr 8 
giving 
PV=NkT | (3.14) 


which represents the equation of state for an ideal gas consisting of non- 
interacting particles in thermodynamic equilibrium. The total energy E and 
the specific heat c, are given by 


ding 
E=kT? zs 
a - 1 3NkT (3.15) 
and 
OE 


Further, the entropy is given by 


OF mkT \?3/2 
S= ee = a Sh 
(=), inl (747) v [+30 (3.17) 


3.3. The Gibbs’ paradox | 


3.3 The Gibbs’ paradox 

We next consider two perfect gases at the same temperature T 
separated by a partition as shown in Fig. 3.1. Let N, and N, represent the 
numbers of particles in compartments 1 and 2 respectively and let V; and V, 
be their volumes. The entropy associated with the two gases will be given by 


kT\3? 
= wykin| (77 v, [+3 (3.18a) 
and 
3/2 
sone kin| (Sr | v, |+3Nok (3.18b) 


If the partition is removed and the two gases are allowed to mix, then the 
total entropy will be given by 


3/2 
oe Nitin] (257 (V, + r)| +3Nk} 
3/2 
+4, kin| (7 | (ct v.) |+3vak} (3.18c) 


The increase in entropy will therefore be given by 
AS = Sy. — (Si + $2) 


Ath 9 (3.19) 


V+ 
1 12 4 NGklIn 
i 2 


Thus AS is always positive, which should indeed by the case when we are 
mixing two different gases which is an irreversible process. Indeed, (3.19) is 
the correct expression for the increase in entropy when we are mixing two 
different gases. However, if we are considering the same gas to be in the two 
compartments (see Fig. 3.1) having the same density, 1.¢. 


Ny _N2_Ni+Na 


= (3.20) 
i Vo aa 


then removing the partition leads to a reversible process because we can get 
back to the same state by reinserting the partition. Thus we should expect 


Fig. 3.1. Mixing of two gases which are at the same temperature. N, 
and N,, represent the number of particles occupying volumes V, and 
V, respectively. 
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no change in entropy (i.e., AS = 0) however, (3.19) tells us that AS > 0. This 
is known as Gibbs’ paradox and is due to the fact that the particles have been 
assumed to be distinguishable and there has been overcounting of states. We 
will have a detailed discussion on the indistinguishability of particles in 
Chapter 5; we may mention here that Gibbs resolved this paradox by 
dividing the expression for Q by N!: 


3/2 N 
eal (a2) em 


T\32.V 
F=—kTIng= — ver'in| (5) x |-Ner (3.22) 


Thus 


2nh?} N 
where we have used Stirling’s formula (see Appendix 2) 
InN!zx~NIinN—N (3.23) 


It is easy to see that using (3.22) for the free energy one obtains the same 
expression for the equation of state (3.14) and for the total energy and 
specific heat (3.15) and (3.16). However, the expression for entropy is given 


by 
OF mkT\32V] , 


Equation (3.24) is known as the Sackur—Tetrode equation. Now, if we have 
two different gases (like helium and neon) in two separate compartments (of 
volumes V, and V,) and if the two compartments are connected then the 
increase in entropy would be given by 


Von 
AS =A] Nn i+ 2 4-Npinat S72 _ Nina — N, ni | 
1 


N, Z N N, 


V,+V. V4 V. 
=k] yn Nn a | 


(3.25) 


2 


which is identical to (3.19). However, if the two gases are the same (having 
the same initial temperature) then the change in entropy will be 


V,4+ V. V. V. 
AS=kil{N Noy ae malty 2 
( a 2 ea ar NaI, a) 


Thus if the initial densities are equal (i-e., (3.20) is satisfied) then 
AS =0 (3.27) 
as it indeed should be. We should point out that the factor N! (introduced in 
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(3.21)) represents the number of ways in which N particles can be arranged 
among themselves provided, of course, each state is occupied by not more 
than one particle. Thus the factor N! does not properly account for the 
indistinguishability of particles—the proper treatment will be given in 
Chapter 5. Nevertheless, by putting an (ad hoc) factor of (1/N!) the entropy 
becomes an extensive property of the system and Gibbs’ paradox is 
resolved. 
Finally, Gibbs’ free energy and the chemical potential are given by 


mkT \3/2 V 
-_ mages pe nas ste 3.28 
ee ra fa 


kT\3?2 V 
j2e n= arin (3) | (3.29) 


and 
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Law of equipartition of energy and 
effects of vibrational and rotational 
motions 


4.1 Classical considerations 

Considering an ideal gas in which the molecules are represented by 
structureless particles, the total energy of a molecule is simply the 
translational energy and is given by 


1 
c= 5 (Px + py? + p,”) (4.1) 
m 


where p,,p, and p, represent the x,y and z components of the linear 
momentum of the molecule whose mass is m. However, in general, the 
molecules are capable of vibrational and rotational motions which give rise 
to additional terms in the expression for energy. For example, if we consider 
a diatomic molecule like CO then the molecule can have vibrational motion 
along the axis and also rotational motion along two mutually per- 
pendicular axes, we are assuming each atom to be represented by a point 
particle. Now, the vibrational energy (¢,) of the molecule can be written as 


i 
6 =A aoe + ERE? = 5 pe + Ske? (4.2) 


where ¢ represents the displacement of the C and O atoms from their 
equilibrium separation, u[ = m,m,/(m, + m,)] is the reduced mass and k 
the force constant. The rotational kinetic energy can be easily calculated by 
assuming the centre of mass to be fixed at the origin and each atom moving 
over the surface of a sphere; thus 


&, = 4m, (r,76? + r,? sin? 06) + 4m,(r,76? + r,? sin? 047) 
=41(6? + sin? 047) (4.3) 


where I = (m,r,” + m,r,”) represents the moment of inertia of the molecule 
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about an axis passing through the centre of mass and perpendicular to the 
line joining the atoms, r, and r, are the distances of the two atoms from the 
centre of mass and 0 and ¢ represent the angular coordinates of one of the 
atoms (the values of 67, sin? 6 and ¢? would be the same for both the atoms). 
Equation (4.3) is usually written in the form 


Soy zee (4.4 
ay) ag ‘. 
where 
ra) 
o=S= 10 and py= Se = Isin? op 43) 


represent the momenta canonical to the coordinates @ and ¢@ respectively. 
Thus the total energy of the diatomic molecule (taking into account the 
rotational and vibrational motions) will be 


1 1 
e= 5, Ps + py? + p,”) + (5-02 + she? 


1 : 1 . 
+a(m + 79 Pe ) (4.6) 
where m = m, + m, and p,, p, and p, represent the x, y and z components of 
the momentum of the center of mass. It may be noted that in (4.6) the 
canonical coordinates (like ¢) and canonical momenta (like p,, pz, Pg, etc.) 
appear as a quadratic power. Indeed, in any dynamical system if the total 
energy 


E= E(q;, 92,---Qns Pi P2--- Pn) (4.7) 


(where gs and ps represent generalized coordinates and momenta) can be 
written in the form 


E= 44,07 +E’ (4.8) 


where ¢, represents any one of the position or momentum coordinates and 
E’ does not depend on ¢,; (but may depend on other coordinates) then, 
according to the law of equipartition of energy, the mean value of 


e= taj? (4.9) 


(at thermal equilibrium) will be }kT. The proof is based on Boltzmann’s law 
according to which the distribution of particles in the volume element 
dq,---dp, will be given by 


f =Ce7="Tdq, ---dp, (4.10) 
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where C is a constant. Thus 


+0 
[ie [ems ere, 
(= (4.11) 
| o- ferF da, dP, 


If we now use (4.8) and (4.9) we will get 


| ge TAL, 
z (4.12) 


<)> to 
| e Ede 


— 0 


where the integrals over all other variables cancel out in the numerator and 
denominator. Now 


+ 00 +a (rs 


where x = $aC,;7/(kT). Thus 


eas 2kT\"!? 
| be td, = un( 27) dq 3/2 (4.13) 
where we have used the relation 
| xe" *dx = T (8) =4-n1/2 (4.14) 
0 
Similarly, 
+o QkT 1/2 1/2 
| en uit ae = (=) T(4) = (=) il2 (4.15) 
= o a 
Substituting in (4.12) we get 
(8) =ZkT (4.16) 


Thus if a generalized position or momentum coordinate occurs in the 
expression for the total energy as a quadratic term then it contributes 
energy 3kT to the total energy of the system. This is known as the law of 
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equipartition of energy and as an obvious consequence of this law, each 
quadratic term would contribute $k to the heat capacity of the system. 

Now, the average energy associated with each term of the translational 
kinetic energy is 4kT, ie., 


1 1 1 
Sg 6Pa?) = ye Ps? = 5A) = ERT (4.17) 


Thus, for a monatomic molecule (like helium, argon, etc.) the average 
energy (per molecule) is (3)kT and if N represents the total number of 
molecules we get 


E=3NkT (4.18) 


as the total energy of the system. Thus the specific heat (at constant volume) 
is given by 


a= (7 = 3Nk (4.19) 
Vv 


Equations (4.18) and (4.19) are identical to (3.15) and (3.16). Using 


N x 6.022 x 1073 mole~! (Avogadro’s or Loschmidt’s number) 


(4.20) 

and 

k ~ 1.38 x 107 !© erg K~! (Boltzmann constant) (4.21) 
we get 

c,=3R (4.22) 
where 

R = 8.31 x 10’ergmole"'K™! (4.23) 
represents the molar gas constant. Further, for a perfect gas 

C,—C,=R (4.24) 
giving 

G=sR (4.25) 
Thus the ratio of the specific heats, y, is given by 

y= ~ =$~ 1.67 (4.26) 


The value of y as given by the above equation agrees well with the 
experimental values for monatomic gases like helium, argon etc. (see Table 
4.1). 

For diatomic molecules like H,, O,, CO,... etc. if we neglect the 
vibrational motion but take into account the rotational motion then for 
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each molecule we will have two extra degrees of freedom (associated with py 
and p, — see (4.6)) and we will get 


E=3NkT (4.27) 
Thus 

eR (4.28) 

c,=4R (4.29) 
and 

yp=t=14 (4.30) 


which agrees reasonably well with the experimental data at room 
temperatures (see Table 4.1). We may mention here that at low tempera- 
tures the value of c, falls to }R (see Fig. 4.1). This can be explained by 
assuming that the rotational motions (approximately) disappear below a 
certain temperature — it is also customary to say that the rotational degrees 
of freedom are frozen below a certain temperature. We denote this 
temperature by T,,,. For example, 


T,,.(O,)%2K and T,.(H>)* 85K (4.31) 


Table 4.1. Molecular specific heat in calories at 20°C and atmospheric 
pressure 


Gas oe Cy y=—= Remarks 
Cy 
Argon (A) 4.97 2.98 1.666 : 
Helium (He) 497 298 1.666} Monatomic 
Hydrogen (H,) 6.865 4.88 1.408 
Oxygen (O,) 7.03 5.035 1.396 
Nitrogen (N,) 6.95 4.955 1.402 
Nitric oxide (NO) 7.10 5.10 1.39 Diatomic 
Hydrochloric acid (HCI) 7.04 5.00 1.41 
Carbon monoxide (CO) 6.97 4.98 1.40 
Chlorine (Cl,) 8.29 6.15 1.35 
Air 6.950 4.955 
Carbon dioxide (CO,) 8.83 6.80 1.299 
Sulphur dioxide (SO,) 9.65 7.50 1.29 Triatomic 
Hydrogen sulphide (H,S) 8.3 6.2 1.34 
Ammonia (NH,) 8.80 (@)s9)  TLshls) 
Methane (CH,) 8.50 6.50 1.31 
Ethane 12:355:10:30. 91.20 Polyatomic 
Acetylene 10.45 8.40 1.24 
Ethylene 10.25 8.20 1.25 


Note: Values taken from Saha and Srivastava (1958), p. 105. 
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We should point out that the decrease in the value of the specific heat is 
quite gradual as can be seen from Fig. 4.1. The classical theory and the law 
of equipartition of energy are inadequate to explain this behaviour which 
can be understood only through quantum mechanical considerations 
which are to be discussed in later sections of this chapter. 

Similarly, the two terms due to vibrational motion in (4.2) contribute }kT 
each to <> and therefore if we also take into account the rotational 
motions we would get 


E=43NkT (4.32) 
giving 

c,=4R (4.33) 

Peis (4.34) 
and 

y= 1.29- (4.35) 


As in the case of rotational motion, here also the value of c, (or c,) decreases 
with decrease in temperature (Fig. 4.1) and for each gas there is a 
temperature (which we denoted by T,,,) below which we may (approxi- 
mately) assume the vibrational degrees of freedom to be frozen. For 
example, 


T,,(O2) © 2200 K (4.36) 


Thus, according to Fig. 4.1, at high temperatures c, +3R, implying that 
both vibrational and rotational motions contribute to the specific heat. As 
the temperature is decreased, the vibrational motion becomes slowly frozen 
and c, attains a value of about 3 R. Further decrease in temperature results 


Fig. 4.1. The rotational—vibration specific heat, c,, of the diatomic 
gases HD, HT and DT. (Figure adapted from Pathria (1972).) 
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in the gradual disappearance of rotational motions also. Once again, the 
classical theory (and the law of equipartition of energy) are inadequate to 
explain this behaviour and one has to resort to quantum mechanical 
considerations, which is the subject matter of the next few sections. 


4.2 The partition function 
We consider a gas of N non-interacting molecules. Let q represent 
the partition function of one molecule which will be given by 


q= Yen tkt (4.37) 


where the summation is over all the states of the molecule. The partition 
function for the gas (consisting of N non-interacting molecules) will be 
given by (see (3.21)) 


1 
o=—4" (4.38) 


Now, in Chapter 3, we calculated the partition function under the 
assumption that each particle (or molecule) is capable of having only 
translational energy. However, as mentioned in the previous section, the 
molecules can have other energies also (vibrational, rotational etc.) which 
would alter the form of the partition function. As a first approximation, we 
may assume the vibrational and rotational motions to be independent of 
one another so that we may write for the total energy of a molecule 


e=e+et+e+e&t+-: (4.39) 


where ¢,, €,, €, and €, represent the translational energy, the vibrational 
energy, the rotational energy and the energy due to electronic excitations 
respectively. As mentioned earlier, we assume no coupling between the 
various forms of energy and since the total energy appears in the exponent 
(see (4.37)), the partition function for one molecule can be written in the 
form: 


F=49v9rIe*** (4.40) 


where 


a=Lexo( -2) (4.41) 


=> exp( a ==) (4.42) 
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a ny exp( — zs (4.43) 
a= Zexn( - $4) (4.44) 


and the summations in (4.41), (4.42), (4.43) and (4.44) are over the 
translational, vibrational, cornu and electronic states respectively. 
Since In Q appears in the calculation of most thermodynamic quantities, we 
use (4.38) and (4.40) to obtain 
InQ=NIing—InN! 
=Ning,+Ning,+ Ning,+ Ning, +---—(NInN —N) 
(4.45) 


where use has been made of the Stirling formula (see Appendix 2). Thus the 
total energy 


dlng 
2 4.46 
E= Kr( a) (4.46) 
can be written in the form 
E=E,+E,+E,+E,+°- (4.47) 
where 
Olng 
= | pec 4.48 
E ner = iL (4.48) 
olng 
= 2| aaa 4.49 
E, Nir?( <r ) (4.49) 
olng 
2 ! 4.50 
p= nere(2188.) aso 
and 
Olng 
2 2 4.51 
p= mer (82) asi 


represent the translational, vibrational, rotational and electronic energy 
respectively. The expression for q, was derived in the previous chapter and is 
given by 


mkT \?>!2 
a=(Far) V (4.52) 


We will next calculate q,, q, and q,. 
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43 The vibrational partition function 
The vibrational energy levels of a diatomic molecule are approxi- 


mately given by! 
Sn ie S012). (4.53) 


where w = (k/y)'/?, k being the force constant and pu (= m,m,/(m, + m2)) is 
the reduced mass of the molecule. Thus 


Teel eer 


n=0 


MI 


2 ho 
ae te*+¢e 7°] xa 
kT 
t In the simplest model describing the vibrational motion of a diatomic molecule 
the potential energy function is given by 


Vir) =$k(r — 3)? 


where k is the force constant and r, the equilibrium separation of the two 
atoms. The radial part of the Schrodinger equation is given by (see any text on 
quantum mechanics) 


d*R 1dR | JU + Ih? 
+—| ¢—-——_—_— 


SOS 140-1" ]Ren=o 
dr? ridr oh? at is 


Qpr? 
where pt (=m,m,/(m, + m,)) is the reduced mass and we have used j(j + 1) 
instead of [(1+ 1) to be consistent with the literature (j = 0, 1, 2,...). R(r) 
represents the radial part of the wave function; the complete wave function is 
obviously R(r) Yj, (8,6) where Y,,,(0, @) are the spherical harmonics. We write 
u(r) =rR(r) to obtain 
d’u 2p Ci + Wh? 

ate —4kp? |u(p) =0 


where p =r—r, and in the second term inside the square brackets we have 
replaced (r. + p) by r, (valid for small vibrations). The above equation has to 
be solved subject to the boundary condition that u(r = 0) =0 = u(r = 00) which 
gives u(p = —r,) =0=u(p = oo). We assume r, to be large enough so that the 
first condition can be written as u(r = — co) =0; thus the problem becomes 
similar to the one-dimensional harmonic oscillator problem so that the energy 
eigenvalues are given by 


2ur, 


e=€, +6, 


where 


ij+ Dh 
ne yer. 


and 
nm — (nen nO) lea. 


represent the rotational and vibrational energies respectively; « = (k, )''?. We 
should mention that if r is not replaced by r, in the expression j(j + 1}A7,(2ur?) 
then the rotational and vibrational energies will get coupled (see. e.g.. Ghatak 
and Lokanathan (1984)). 
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The geometric series can be easily summed to give 


_ exp( r 6,/2T) 
» T= exp(— 4/7) as 


where 


(4.55) 


is known as the vibrational characteristic temperature. We now use (4.49) to 
obtain 


aa sf dilnige 6, 7) 
E. = WET? = Nk) ~ + ———_ : 
v= sere( SE) ail 3 aga = 
and the corresponding specific heat will be given by 
a1 6,\? __exp(6,/T) 
et Se Be, 
aad rr Pai e [exp(@,/T) — 1 


Typical values for @, for some diatomic molecules are given in Table 4.2. We 
may note that for T » 6,, (@,/T)-—>0 and we have 


(Coy = Nk (4.58) 


which represents the classical value obtained from the law of equipartition 
of energy. For T «@,, (@,/T)— 00 and 


(co 79 (4.59) 
Table 4.2. The vidrasiena! characteristics temperature 6,, rotational 


characteristics temperature 0,, the equilibrium separation of atoms r, and 
the dissociation energy D, for some diatomic molecules 


@(K) 6.(K) r(A) Do(eV) 
FE, 6210 85.4 0.740 4.454 
N, 3340 2.86 1.095 9.76 
O; 2230 2.07 1.204 5.08 
EO 3070 eat 1.128 9.14 
NO 2690 2.42 1.150 §.29 
HCl 4140 15.2 1275 4.43 
HBr 3700 12.1 1.414 3.60 
HI 3280 9.0 1.604 205 
Gi. 10 0.346 1.989 2.48 
Br, 470 0.116 2.284 1.97 
I, 310 0.054 2.667 1.54 


Note: Values taken from Hill (1960), p. 153. 
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As can be seen from Table 4.2, for most diatomic molecules, , is usually 
much greater than the room temperature and therefore the vibrational 
contribution to specific heat is negligible. We can now understand the 
justification in the statement that at room temperatures the vibrational 
degrees of freedom (for most molecules) can be assumed to be frozen. 
Figure 4.2 shows the temperature dependence of (c,), as given by (4.57). 


4.4 The rotational partition function 
As discussed in Section 4.3 the rotational energy of a diatomic 
molecule is given by 


=e Pe (4.60) 
Obl?“ osiia 
which can be put in the form 
L2 
=o (4.61) 


where L represents the angular momentum of the molecule about the center 
of mass. Since the eigenvalues of L* are j(j+1)h? (j=0,1,2,...) the 
rotational energy levels are given by 


i+ IP 


: Fi (4.62) 


The above expression also follows from the footnote on page 42. Since 
each rotational state is (2j + 1)-fold degenerate, the rotational partition 


Fig. 4.2. The temperature variation of specific heat corresponding to 
vibrational motion ((c,),) as given by (4.57). The dashed line 
corresponds to the classical value. (Curve adapted from Gopal (1974).) 
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function will be given by 


qs = (27+ iexp| a | 


j=o 21kT 
— a (2j + Le Hit 18/7 (4.63) 
= 
where 
h2 
6,= Tk (4.64) 


represents the characteristic temperature for rotation. For T «6@,, the 
successive terms in the summation decrease very rapidly and one can get a 
very accurate result by considering the first few terms of the expression 


Gea la de 797 + Se OT 4 Je 128T  .s (4.65) 


It is obvious that for 0,/T > 1, the successive terms decrease with extreme 
rapidity and q, can be evaluated very easily. The corresponding expressions 
for E, and (c,), can be easily evaluated and one obtains 


6,\? 20, 
(c,), © 12 ni( 5) exp( — | (4.66) 


in the limit of T « 0,. For T > @,, the energy levels are very closely spaced 
and the summation in (4.63) can be replaced by an integral: 


= . Qi + 1)e It G/T 
q pa ) 


=| "eit Le~ IU + O/T gi 
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ice) 
al ae 
0 


T 2IkT 
ee = 4.67 
6, h2 ( ) 
A more accurate expression for q, (when T > 6,) is given by (see, e.g., Mayer 
and Mayer (1940)): 


7 0 
= a 4.68 
2 0, (: =H ) 08) 


We should mention here that for a diatomic molecule having two identical 
atoms (like in O,, N, etc.) there has been overcounting of states because 
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there are two configurations which are identical; the situation is similar to 
the one considered in the previous chapter where we had to divide by N! to 
take into account of the fact that the molecules are indistinguishable. Thus, 
for T >6,, we may write 


sp 8 
POS sos (A a aa 4.69 
where o = 2 for symmetric diatomic molecules like O,, N, etc. and o = 1 for 
asymmetric molecules like CO, NO etc. Using only the first term on the 


right hand side of (4.69) we get for the free energy 


F,= — NkT Inq, = - nerin( 5) (4.70) 
and 
Olng 
= 2 i ms 
E,= NeT?( aT " NkT (4.71) 
OE, 
(c,); = ( mY, = Nk (4.72) 
OF T 

Ss; =—_— raat = 

(), NkIn 8, + Nk (4.73) 


It is of interest to note that (for T > 6,) the expressions for E, and (c,), are the 
same as obtained by using the law of equipartition of energy. Since the 
rotational characteristic temperatures are small compared with the room 


Fig. 4.3. The temperature variation of specific heat corresponding to 
rotational motion ((c,),) as obtained by using (4.67) for q,. (Curve 
adapted from Gopal (1974).) 
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temperature (Table 4.2), it is only at very low temperatures that we find the 
rotational degrees of freedom to be frozen. 

Figure 4.3 gives the variation of (c,), as a a function of temperature 
obtained by using (4.67) for q,. Notice that at high temperatures both (c,), 
and (c,), tend to Nk which is the value predicted from the law of 
equipartition of energy. 


4.5 The electronic partition function 

For most gases the first excited electronic state is about a few 
electron volts separated from the ground state. Thus, at ordinary tempera- 
tures’ the excitation of electronic states can be neglected. However, for gases 
like O, and NO, the electronic excited states lie close to the ground level 
and as a first approximation we may take into consideration only the 
ground state and the first excited state. For such a case, the electronic 
partition function will be given by? 


— Gaon ae ge UF 


=e Tg + ge kT) (4.74) 
where gy and g, represent the degeneracies of the ground state and the first 


excited state respectively and ¢ (=, — é9) represents the separation of the 
ground state and the first excited state.) Thus 


Pe wir>( 224s) Biers Ne( 1 a do turn) (4.75) 
v gi 
and 
Ne? Go | Jo at 
6.) Se et dee erik (4.76) 
(ce) kT g, 91 


Notice that (c,). 20 when kT «e and also when kT >«. Obviously, a 
maximum occurs at a particular value of T which depends on the value of 
Jo/913 €-8-, for g;/go = 1, the maximum occurs at kT ~0.4e (see Gopal 
1974). 


4.6 Summary 
We conclude this chapter by noting that if we treat the rotational 
motion classically (which is justified since 0, is usually much smaller than 


t We may recall that at T ~ 300K, kT ~ AeV. 

? If we assume the zero of the energy to correspond to separated atoms at rest, 
then e, = — D) + 4hw where Dy represents the dissociation energy of the 
molecule at 0K. 

§ For most gases g) = 1 and e»kT (for ordinary temperatures). However NO 
and O, are exceptions: for NO, go = 2, g; = 2, &/k = 178 K and for O2, go = 3, 
g, =2 and e/k = 11300K. 
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normal temperatures), the vibrational motion quantum mechanically and if 
we neglect the excitation of electronic states then the partition function will 
be given by the following equation: 


mkT 3/2 e) Wv/2T iT 
= || — e0/kT 
: | (S57) vl; ae OT | ale ] (4.77) 


where the successive terms inside the square brackets correspond to 
translational motion, vibrational motion, rotational motion and electronic 
excitation respectively. The other thermodynamic function will be given by 
the following equations: 


1 N 
O=a1 
mkT \?!?2 V 
F = —kTinQ = — NkT he 
nom ware (Sa) 
$e nde 
Pa 
I 
re — 7a + Ingo (4.78) 
0 Sheae, a 
ea = ner} ae ste) Hg et am 
: a 2 ebv/T 
OF me Volo 7 
S=—(—) =Nk41 Pile 
) fo 08 wy] 
Ce fi 
+ agit ~ Intl —e"®) + Ingo} (4.81) 


pa _(OF\ _NkT , 
=-lap) =a (4.82) 


as 


Bose-Einstein equation of state 


5.1 Introduction 

We begin this chapter by considering the simple problem of 
calculating the number of ways three identical particles can be distributed 
in two states such that there are two particles in the first state and one 
particle in the second state. In classical statistics, the particles are distingui- 
shable and can be labelled as A, B and C and as can be seen from Fig. 5.1 we 
have three ways for such a distribution. In quantum mechanics, identical 
particles are indistinguishable and there is therefore only one way in which 
we can have two particles in ¢, and one in €,. This indistinguishability leads 
to fundamental difference in the calculation of thermodynamic functions.‘ 
Even for identical indistinguishable particles, there are two types of 
distribution possible: one in which a state can be occupied by any number of 
particles — this leads to Bose—Einstein statistics which is the subject matter 
of this chapter, and the second in which a state can be occupied by not more 
than one particle — this leads to Fermi—Dirac statistics which is the subject 
matter of the next chapter. Particles obeying Bose—Einstein statistics are 


Fig. 5.1. We have three distinguishable particles which we label A, B 
and C; there will be three ways in which we can have two particles in 
€, and one particle in é5. 


0 ee: eC 
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* We should mention that there may be several independent states with the same 
value of energy; this leads to the concept of degeneracy in quantum mechanics. 
Each linearly independent state has to be considered separately. 
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known as Bosons and those obeying Fermi—Dirac statistics are known as 
Fermions. 

Before we discuss the details of Bose-Einstein (or Fermi—Dirac) 
statistics, we will calculate the partition function for identical particles 
obeying classical statistics where the particles are assumed to be distingui- 
shable.t We should mention that in Chapter 3, we calculated the partition 
function corresponding to classical statistics, but the method that we will 
use here will be slightly different, which will enable us to appreciate the 
difference in the calculation of the partition function for particles obeying 
classical and quantum statistics. 


52 Classical statistics 

We consider a gas of N identical particles confined in a box of 
volume V at temperature T. Let the possible energy levels (for each particle) 
be denoted by ¢,,¢€,... etc. (see (3.1)). Let the number of particles in the 
energy states €,, €, €3,... be denoted by n,, n2, n3,... respectively (see Fig. 
5.2). Thus the total energy of the system will be given by 


E=ny,é; +n ,&.+°°: (5.1) 
and the partition function of the system will be given by 
Q= Dyer “ie +222 + --)/kT (5.2) 


where the summation is over all possible states of the gas. We have to sum 
the above series subject to the condition that 


Lnj=N (5.3) 


which represents the total number of particles. Now, in classical statistics, 
the particles are distinguishable and the number of ways in which we can 


Fig. 5.2. The energy level , is occupied by n, particles, ¢, by n, 
particles etc. 
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* Classical statistics is often referred to as Maxwell—Boltzmann statistics. 
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have n, particles in state 1, n, particles in state 2,... is 


N! 
n,!n,!n,! 


(5.4) 


The above equation is consistent with Fig. 5.1 which corresponds to N = 3, 
n, =2 and n, = 1. Thus the partition function will be 


=) ip 


me dt one 
— ee 7 (mies +202 + kT (5.5) 
PaGenzyling! 


where the values of n,,n,,...should be such that (5.3) is satisfied. The above 
expression is simply the binomial expansion of 


(e7tvAT 4 @—e2/kT 4 ...)N (5.6) 


and therefore 


Q= peal (5.7) 


We may recall that in Chapter 3, using a slightly different method, we 
derived an identical expression for the partition function — obviously, there 
also the particles were assumed to be distinguishable. Starting from (5.7) we 
can obtain the equations of state and other thermodynamic functions (see 
Chapters 3 and 4). 

We next consider Bose-Einstein statistics where the particles are 
indistinguishable and each state can be occupied by any number of 
particles. However, two different cases are possible one in which there is no 
restriction on the total number of particles and the second in which the total 
number of particles is always conserved. We will consider the two cases 
separately. 


5.3 Bose-Einstein statistics without restriction on 

the total number of particles: photons 

Since the particles are indistinguishable, the partition function will 
be given by 

Oe y yy e@ 7 (mies +262 +--Y/kT (5.8) 


rare 
Notice that the factor given by (5.4) is not present. Since there is no 
restriction on the total number of particles and hence on nj, n3,... etc., the 
summations in (5.8) can be written in the form 


Olen ie sy (5.9) 


n2 ny 
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Carrying out the sum of geometric series, we get 


ee (5.10) 


(= e7 /kT Tees e 7 2/kT 


or 
InQ= =) au —e kT) (5.11) 


This is indeed the case when we consider photon statistics where there is no 
limit on the number of photons occupying a particular state. The average 
number of particles in a particular state will be given by 


ee) eae 
or 
1 
(nj) = cont 1 (5.13) 


which is nothing but the Planck distribution.’ 
Now, if we consider the radiation field inside a box of volume V then 


using a method similar to that used in Appendix 1 we find that there will be 
(see (A1.27))* 


V 
2 x —-~ x 4np*d 
827h? tes 
* Equation (5.12) follows from the fact that the probability of finding n, photons 


in €,,n, photons in é,,... is proportional to the Boltzmann factor 
exp[ —(n,é, +126, + ---)/kT]; thus 
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If we solve the wave equation (corresponding to the radiation field) inside a 
cubical box of volume V and use the periodic boundary conditions then the 
allowed values of k,, k, and k, will be given by (A1.23). The equation p = hk 
and (A1.25), (A1.26) and (A1.27) will also remain valid. The relationship 
between energy and momentum will however be given by (5.14). (See also 
Section 6.2 and Appendix D of Thyagarajan and Ghatak (1981).) 
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states with the photon momentum lying between p and p+ dbp; the 
additional factor of 2 arises from the fact that for each state there are two 
independent modes of polarization. While discussing photon statistics, it is 
more convenient to use the frequency w as the variable which is related to p 
through the following equation, 


&=hw = pc (5.14) 
Thus the number of states with frequency lying between w and w + da will 
be given by 
V 2 
g(w)da = 72,3 da (5.15) 


Now, as in Chapter 3, we replace the summation in (5.11) by an integration 
to obtain 


no | inl —e-"T]g(co)deo (5.16) 


0 


Using (5.15) and integrating by parts we obtain 


V © (h/kT)exp( — hw/kT) w meee \" 
nQg=—; dole Vt 
nc>| Jo [1—exp(—hw/kT)] 3 45 \hce 
(5.17) 
where we have used the following result 
mae X n* 
ae aie 15 
Thus the total energy E and the pressure P will be given by 
olng wv bene 
= kT? = 
cial ( OT iy 15 the)? 
and (5.18) 
éinQ\ _ n*(kT)* 
=a aV ) -3 (he)? 
For the photon gas we therefore have 
P=4u=1aT* (5.19) 
where u( = E/V) represents the energy density and 
Duaik* 


a ~ 7.564 x 10° 5 ergcm™ 3K ~4 


~ 15 hc3 


is known as the radiation pressure constant. In order to have a numerical 
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appreciation we note that at T ~ 10° K, the radiation pressure will be given 
by 
Pw4~x 7,564 x 10715 x 1074 = 2.5 x 10° dyne cm ~? 
~ 2.5 x 10° atm 
(1 atm ~ 1.01 x 10°dynecm “”) 


It is therefore of interest to mention that if we use the equation 
corresponding to the first law of thermodynamics 


dQ =dU + PdV 


where dQ represents the heat added to the system, dU the increase in 
internal energy of the system and PdV the mechanical work done by the 
system, then for the photon gas we have 


dQ = d(uV) +4udV = Vdu + $udV 
For an adiabatic change dQ = 0 and therefore 


Vdu+4udV =0 
or 
uV*+/3 = constant 


Since u= aT“, we have 

TV'/> = constant (5.20) 
If we now use the relation P = (a/3)T*, we would get 

PV*/? = constant (5.21) 


Thus the photon gas behaves like a perfect gas with the ratio of specific 
heat y =§. 

Now, if u(@)dw represents the energy of the radiation field (per unit 
volume) in the frequency interval dw, then 


u(w)dw = (energy associated with each state) x (number of states 
per unit volume in the frequency interval dq) 


=(<n>ha) x (s0%de) 


a Fe 
or 
hw? 1 


Wo) = 26 eee 


(5.22) 


which is the famous Planck’s law. Another quantity of interest is the 
emissivity €,,(7) which is defined such that e,,(T)d@ represents the amount 
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of energy coming out of an unit area per unit time. Experimentally, it is the 
emissivity (rather than the total energy density E/V) which is measured. 
Now it is well known in the kinetic theory of gases that the number of 
particles coming out of a unit area per unit time is né/4 where ¢ represents 
the average velocity (see, e.g., Pathria 1972, p. 149). Thus 


e..(T da = i u(@)dw 


or G23) 


hw? 1 
(l= a ea INT) oA 


The total energy radiated will be given by 


een) [j eottido=-oa(Z) [ax 
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4n?¢? o 1 
or 
e(T)=o0T* (5.24) 
where 
n> k* -5 -lom-2K -4 
O = RC? w= 5.67 x 10°° ergs” * cm” *K (5.25) 


represents the Stefan’s constant. Equation (5.24) represents the famous 
Stefan—Boltzmann law. 


5.4 Bose-Einstein statistics for a constant number of 

particles 

In the previous section we calculated the partition function Q (5.8) 
without the restriction given by (5.3). Such a consideration will be valid for a 
photon gas, however; when the total number of particles is conserved (as in 
helium gas) then the restriction imposed by (5.3) should be taken into 
account and the calculation becomes very difficult. It is, however, possible 
to circumvent this restriction by considering the grand canonical ensemble 
which consists of a large number of systems each of volume V and through 
the walls of which the particles can diffuse to other systems. The whole 
ensemble is in thermodynamic equilibrium at temperature T. Due to the 
fact that the walls of each system are permeable to molecules, the number 
of molecules in a particular system will not remain fixed and indeed 
the probability that a system contains N particles and has a total energy 
E,( = yj€, + nai€2 +) DD, ny = NJ is given by! 


j 
* The grand canonical ensemble and equations (5.26)-(5.36) are discussed in most 
texts on statistical mechanics; see, e.g., Hill (1960), Landau and Lifshitz (1958), 

Pathria (1972) and Ter Haar (1962). 
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NulkT — Ei {kT 


PAN, V,T) =< = (5.26) 


where yp is known as the chemical potential (it is introduced as an 
undetermined multiplier and is determined by (5.31); n,;, n2;,... respectively 
represent the number of particles in states ¢,, €,,... when the total energy is 
E; and 


Le ee ett (5.27) 
Nee i 


is known as the grand partition function. If we use (5.2) we get 


Z =) e***T O(N, V, T) (5.28) 
N 


Now, the probability of the system having N particles irrespective of its 
value of total energy will be given by 


1 
aN. Ve tT) = > AIAN, V~ T) ihe al 


1 
=7o'""TQ(N, VT) (5.29) 


Thus the average value of N (over all the systems) will be 


N =Y NPN, V,T) 
N 


1 
= Zz Nes" O(N.V.T) 


where 
q=\nZ (5.30) 


is known as the grand potential. Since each system will, on average, consist 
of an extremely large number of particles we must have N=N and 
therefore 


élnZ $1) 
N=kT =kT\| — 5.31 
( Ou i (3 V.T ( ) 


The above equation is used for determining y». The mean occupation 
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number of the level E, will be given by 


{n= 2 YL nyPi(N, V, 7) 
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The total energy will be given by 
E — y > EAN, V. T) 
N i 
iA 0q 
= +kT?| ~-— = 2( ; 
7 g ale a cd ae 3 = 


Other thermodynamic functions like the pressure P, the Helmholtz free 
energy F and the entropy S are respectively given by (see, e.g., Hill (1960), 
Pathria (1972)): 


olnZ InZ Skt. = 
paral AV )- a (5.34) 
F=Nu—PV (5.35) 
and 


is Te 


We next calculate the grand partition function for a Bose~—Einstein gas. 
Since 


E; = Ny ;&, ate N4 {Eo + bak: (5.37) 
(5.27) can be written in the form 


T= eblarit mai t\/kT oe — (mien +nzie2 + -'-)/kT 
ry 

= » emer eaaeea | (5.38) 
N i 

Notice that the sum over the curly brackets is over the numbers 7, ;, N9;,... 


such that the total value is a particular number N and then we have a sum 
over all possible values of N. This double sum is the same as the sum over all 
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possible values of n,,n2,... independent of one another.' Thus 


i \, 2 ea VW y for-onrpel.. (5.39) 


n2=0,1,... 


Since each quantity inside the curly brackets is a geometric series we have 


1 1 
—: | eae || aa | (5.40) 


where we have presupposed that yp is a negative quantity. Thus 


q=InZ = —YIn[1 —e# 7] (5.41) 
N= Kr(S2) = Sam{ (5.42) 
E= er) : arenes (5.43) 
P= i q= - Fiat - ea] (5.44) 


and the mean occupation number of the level ¢, will be (5.32) 


0 
ny = KT x) 
de u,T, all other es 


1 
= Sewn] a) 


which is usually referred to as the Bose-Einstein distribution. Equations 
(5.42), (5.43) and (5.45) imply 


N=) <n) and BSS Cn ye (5.46) 
j j 
which should indeed be the case. 


' The argument can be understood if we consider just 2 states E, and E,; we 
consider the sum 


| Dama |= (ree) + (4° + A'B°} + {A°B? + A'B! + A?B°} 
N=0 t 
+ {A°B? + A'B? + A?B} + A>B°} + 


where the successive terms inside the curly brackets correspond to N =0 
N=1, N=2 and N =3 respectively. Obviously, the right hand side is equal to 
(A° +A! +A? +..-)(B° + B! + B? +...) 

The analysis can be easily extended to 3,4--- states. 
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If we assume an almost continuous distribution of states then each of the 
summations in (5.41)-(5.44) can be replaced by an integral: 


»” oy j a g(e)de (5.47) 
where 
2m)?/2V 
gle) = G { a2 73 oo (5.48) 


represents the density of states (see (A1.19)), G being the degeneracy 
parameter. We first evaluate the sum in (5.42) 


(2m)?/2V (° et/2de 
If we assume that 
i | (5.50) 


then the unity in the denominator of the integrand in (5.49) can be 
neglected and we will have 


2m 3/2 0) _ 
~~, ( as ehl/kT e e/kT p1/2 qe 
718 


~] 
0 


or 


Sie 
a ay (UE (5.51) 
(N/V) \ 2nh 


where we have used the relation 


| Zen! GB = rp? | xl2e7Xdx = (kT) 4421/2 (5.52) 
0 0 
Equation (5.51) determines yx — however, only when (5.50) is satisfied which 
is also the condition for validity of classical statistics. This can also be seen 
from the evaluation of E and P by using (5.43), (5.44), (5.47), (5.48) and (5.50): 


(2m)?/? V ehlkT 


a 


| e/2e—kT AE = 3NkT (5.53) 
(0) 


Px -= In{1 —e%~ FT }g(e)de 
0 


NkT 


3/2 0 
ree") “| eet dE = (5.54) 
0 


mw eFKTG 
4n7*h? 


where we have used (5.51) and have approximated In{1—x) by —x. 
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Equations (5.53) and (5.54) are the same as those derived from classical 
statistics (see (3.14) and (3.15)). Using (5.50) and (5.51) we get the following 
condition for the applicability of classical statistics 


3/2 : 
es WT ee ee (5.55) 
~ (N/V) \ 2nh? 
Conversely, quantum effects will dominate when 
3/2 
wf Te (5.56) 
(N/V) \ 2nh? 


which can be due to (a) small particle mass, or (b) low temperatures, or (c) 
high particle density. Assuming N/V ~ 107? particles/cm’, (5.56) gives 


ne 1 2nh? N 413 
~ G73 mk \V 


1 2x 3.14 x (1.054 x 10727)? 


(1022 2/3 
~ Gas m x (1.38 x 107 #8) ) 
or 
Dx t0=23 
T Soros (5.57) 


where m is measured in grams. For an electron gas,’ G = 2 (because of spin 
degeneracy), m= 9.1 x 10° 7° g and thus (5.57) becomes 


T<14x 10*K (5.58) 


implying that an electron gas will exhibit quantum effects even at room 
temperatures (see next chapter for more details). On the other hand, if we 
consider the lightest molecule (viz., H,) then m is about 3700 times the 
electron mass and quantum effects will be observed when 


T «10K (5.59) 


where we have assumed G = 1. Thus any quantum effect in a molecular gas 
can only be observed at extremely low temperatures (unless the particle 
densities are very high). 

Returning to (5.43) and (5.44) and replacing the sums by integrals (see 
(5.47) and (5.48)) we get 


2 3/2y oo 3/2 
(2m) | é de 


a6 | 
Anh? J. e@- AT] 


(5.60) 


* We should mention here that although electrons obey Fermi—Dirac statistics, 
the condition for applicability of classical statistics (5.55) and the condition for 
quantum effects to dominate (5.56) remain the same. 


5.4. Bose-Einstein — constant number of particles 61 


and 


2m)?/2V 

P= 4 ee a lk in(1 — ebony | (5.61) 
where we have not assumed the condition given by (5.50). In the above 
expression, if we integrate by parts, we would readily obtain 


PV=3E (5.62) 


The above relation is valid for particles obeying classical statistics, Bose— 
Einstein statistics as well as Fermi—Dirac statistics (but not for a photon 
gas — see (5.21)). 

When the condition given by (5.50) is not satisfied then the evaluation of 
the integrals in (5.49), (5.60) and (5.61) is quite difficult. However, if we use 
the expansion’ 


1 00 n—1 PA 3 
2 dca y foe (5.63) 


Sul) = Foy wine an tan 


where y = e”/*" then (5.49) expresses N as a power series in e”/*’; if we invert 
the series then 1 is expressed in terms of N. Using (5.63) for n = 3 and (5.34)— 
(5.36) we can calculate all thermodynamic quantities of interest.* The final 
results are (for more details, see, e.g., Hill (1960), Pathria (1972)): 


panel te sgah+- | (5.64) 
E=3PV =3NKT| Fay A+ ~| (5.65) 
= (FF) =3Ne{ tees | (5.66) 
y=kr| mA syyA+ | (5.67) 


u =|, a d | yet Vous) mex ads 
Re |e eek a a2 
P(n)Jq (1/y)e*—1 T(n) Jo 


=——]| ye “[l+ye*+y?e-7*4+---]x"" ‘dx 
P(n)Jo 
aie 
Bae 


> Once E and p are known, P,q, F and S can be determined from (5.62), (5.34), 
(5.35) and (5.36) respectively. 
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S =~ 
s=ni{ S—InA Fa A+~ | (5.68) 
where 
1 (2nh?\3/2 (N 
ecg | ee ses 5.69 
r=z(4) () 5.6) 


The above expressions represent the equations of state and for the sake of 
completeness we have included the results corresponding to Fermi—Dirac 
statistics which will be discussed in the next chapter; the upper and lower 
signs in (5.64)-(5.68) correspond to Bose-Einstein and Fermi—Dirac 
statistics respectively. Obviously, all the expressions would involve quadra- 
tic and higher powers of A and therefore they will be useful only when A « 1, 
i.e., high temperatures or low density or high values of the mass of each 
particle. It may be noted that as A 0 all the expressions go over to their 
classical values (as A > 0, 1 > — co so that (5.50) and all the discussion after 
(5.50) becomes valid). 


5.4.1 Bose-Einstein condensation 

At very low temperatures an extremely interesting phenomenon 
occurs for a Bose-Einstein gas. This phenomenon, known as the Bose- 
Einstein condensation, occurs due to the accumulation of a large number of 
particles in the ground state (E = 0).' Obviously, when this happens, it will 
not be appropriate to replace the sum in (5.42) by an integral (see (5.49)). We 
overcome this problem by writing 


N=Not+WN' (5.70) 
where 
1 
No= ewer | (5.71) 


represents the number of particles in the ground state E=0 and N’ 
represents the number of particles in all the excited states. As a first 
approximation we may write (cf. (5.49)) 


g aa |, e2de 
e 


N= OTe |, rT] (5.72) 


which is justified because (5.48) gives a zero weight to the ground state. 
Equation (5.71) gives 
Ne 1 
eS || es 
No+1 No (5.73) 


* Such a condensation is not possible for a gas obeying Fermi-Dirac statistics 
where a state cannot be occupied by more than one particle. 


eer 
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Thus when the Bose-Einstein condensation occurs, Ny is very large 
compared to unity and y would be very close to zero (but it will always be 
negative). Now if we put = 0 in (5.72) we would get an upper limit on N’: 


, (2m)?/2V fe) ei/2 
Using (5.63) we get 
: mkT \3/2 
where 
1 1 
F320) = 1 +537 + 332 + --» & 2.612 (5.76) 


Thus for the Bose-Einstein condensation to occur, the temperature should 
be less than a particular value which we denote by T,: 


aera Ne ye 
eae ere car (sas 7) oe) 


Indeed liquid He* undergoes a peculiar phase transition at about 2.19K 
which is due to Bose-Einstein condensation. The experimental specific heat 
variation is shown in Fig. 5.3. The temperature variation near T = T, is in 
agreement with the result derived from the above analysis.. We may 


Fig. 5.3. The experimental variation of specific heat of liquid He* 
under its own vapour pressure (adapted from Pathna 1972; the 
experimental data is due to Keesom and co-workers). 


T (°K) 


t See, e.g., Pathria (1972). 
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mention that for liquid He*, mx6.65x10~**g, (N/V) = (6.02 x 
10?3/27.6)cm~* and G = 1 so that 


T, = 1.96K 


which is in good agreement with the experimental data. We should mention 
that the accumulation of a large number of particles in the ground state 
(which is the Bose-Einstein condensation) is a purely quantum mechanical 
phenomenon and occurs even in the absence of intermolecular forces.* 

The equations of state around T= T, can be determined from the 
equations discussed earlier, we give the final results.* (We are assuming 
G = 1): 


Casel?0<T<T, 


y=e “ATI (5.78) 
F " m 3/2 k fa m 3/2 ae 
( y= (57 (kT) faa(t)=1341( 55 (kT) (5.79) 
spy =201(-"_) (eT)? 
=3 py =) 1e (kT)5/2V (5.80) 
OE mkT \3!? (Vv 
=ho= | SNS =— 
co=(5e), m4] 5028 Fe) (| 
Gi 3/2 
= eT) 7] (5.81) 
1 2nh? \3/2 /N 
S = Nk} 3 = 3, a 
t| 8faallde | 3352Ne( 2 (*) (5.82) 


Notice that P is independent of volume and for an adiabatic (for which S 
and therefore T*/? VV remains constant) 


PV*!/3 = constant (5.83) 
Further 


c,(T,) = 1.925 Nk (5.84) 


' The equations of state for a Bose-Einstein gas of hard spheres is discussed in 
Ter Haar (1962); more details can be found in Lee, Huang and Yang (1957) and 
references therein. 

* For more details see, e.g., Gopal (1974), Landsberg (1954, 1961) and Pathria 
(1972). 
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Case 2: T2T, 
y(T) and hence p(T) is determined from the relationship 


y? y nh? 3/2.N 
faab| =9+3mn+ font = [== (2S Vv 
3/2 
=2612( ©) BB) 


If we plot y as a function of T/T,, we will get a monotonically decreasing 
function. The other thermodynamic functions are given by* 


os NKT fs/2(y) 
Ve fay) (5.86) 
E=3PV = nk 32> esa 

3/2 
15 fsj2(y) Foe | 

td errr 5.88 
a 4 fsa”) 4 fin) (5.88) 
a sa men 
ie (5.89) 


If we plot c, as a function of temperature using (5.84) and (5.88) we will find 
that whereas c,, is continuous at T = T,. Its slope is discontinuous at T = T, 
which is consistent with the experimental data (see Fig. 5.3). 


* In deriving (5.88) we have to use the relation (6y/0T), =(—3y/2T) 
(f3)2(9)/S1/2(y)) which is readily obtained from the relation 0f3)2(y)/OT = 
( — 3/2T) f3,2(y) (see (5.85)) and 0 f3)2(y)/Oy = fr ,2(y)/y (see (5.63). 
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Fermi—Dirac equation of state 


6.1 Overview 

In the previous chapter we mentioned that according to quantum 
mechanics there are two types of distributions possible for distinguishable 
particles: one in which a state can be occupied by any number of particles — 
this leads to Bose-Einstein statistics which was the subject matter of the 
previous chapter, and the other in which a state can not be occupied by 
more than one particle — this leads to Fermi—Dirac statistics which is the 
subject matter of the present chapter. Once again, an energy state can be 
degenerate in the sense that there may be more than one wave function 
associated with it — in that case, each linearly independent wave function 
can be associated with a state. Elementary particles like electrons, protons, 
neutrons etc. obey Fermi—Dirac statistics and are referred to as Fermions. 
In this chapter we will first derive the grand partition function for a Fermi— 
Dirac gas and then calculate the thermodynamic functions. 


6.2 The grand partition function and other thermodynamic functions 
In Section 4 of the previous chapter we gave the procedure for 

calculating the grand partition function of a Bose-Einstein gas; the 

procedure up to (5.39) remains the same. We rewrite this equation 


= (u-e1)/kT Fm (u—e2)/kT] m2 \ 
z= 15 ] H5re J } (6.1) 
where n,,n,,... represent the number of particles in states 1,2,... 
respectively; the notation is the same as used in the previous chapter: p 
represents the chemical potential and ¢,,£,,... represent the energies of the 
first, second, ... states respectively. For a Bose gas there was no limit on the 
number of particles that can occupy a state and therefore each summation 
was from 0 to oo. However, for a Fermi gas n, can be either 0 or | and 
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therefore we have 


Z=(1L te eT] 4 el e2dk7T)... (6.2) 
Thus 
q=ma— inp eee | (6.3) 
Jj 
0q 1 
N=kT{ — =) —_—__—_ 
(“yearn 6s 
0q E; 
E=kT?| — =) 7 : 
el Demir +1 
kT kT 
P=—~-q=——-) In[1 +e% 7] (6.6) 
V Ve 
and the mean occupation number of the level ¢, will be 
0 
<n) = — er 
06; u,T,all otheres (6.7) 
1 
~ eles WRT 44 


which is usually referred to as the Fermi—Dirac distribution. Equations 
(6.4), (6.5) and (6.7) imply 


N=)i<n,) and E=).<n,)¢, (6.8) 


which should indeed be the case. As in the previous chapter, if we assume an 
almost continuous distribution of states then the summations in (6.3)—(6.6) 
can be replaced by integrals: 


where 


2m)?/2V 
gle) — Ce (6.10) 


represents the density of states (see (A1.18)). For an electron gas the 
degeneracy parameter G is equal to 2 to take into account the spin 
degeneracy of the electrons. Thus (6.4) becomes 


oe | g'!*de 


© OTe |, oT ET oe 
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If we assume that 
ert | (6.12) 


then the unity in the denominator of the integrand in (6.11) can be neglected 
and we will have 


De ehikT 
T 


3/2 
eat ae SS . (6.13) 
(N/V) \ 2h? 


NG 


co 
| e kT l2qR 
0 


or 


which determines p as a function of temperature when (6.12) is satisfied. 
Equation (6.13) is identical to the corresponding equation for a Bose— 
Einstein gas (5.51) and therefore in the classical limit (i.e., when (6.12) is 
valid) we have (see (5.53) and (5.54)) 

PV = NkT (6.14) 
and 


E x3NkT (6.15) 


which correspond to classical statistics. Using (6.12) and (6.13) we get the 
following condition for the validity of classical statistics 


2nh? (N/V \23 
Te () (6.16) 


mk G 


which is the same as for the Bose gas. For electrons in a metal, G = 2 and we 
may assume (N/V) = 10?2cm~ 3 and therefore (6.16) becomes 


T>2~x 10*K (6.17) 


Thus, at ordinary temperatures the electron gas would behave very 
differently from a classical gas and quantum effects will dominate. 

Returning to (6.5) and (6.6) and replacing the sums by integrals (see (6.9) 
and (6.10)) we get 


p= Gey t pade 
_ 4n2h3 i ee KT 4 4 


(6.18) 


and 


We ea | (u- e\/kT7 01/2 
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or 
PV = ~er| oS (int $ oto) 2,312 , 
Z {, e7/2de )] 
~34_ eG MAT 4 1 
Thus 
PV =3E (6.20) 


Since we have not assumed (6.12), the above equation is valid for all 
temperatures — provided, of course, (6.10) is valid. 


6.2.1 |The Fermi—Dirac distribution function 

In order to have a greater appreciation of the quantum effects, we 
study the energy variation of the Fermi—Dirac distribution function 
(usually referred to as the Fermi function) which we denote by F(e): 


F(e) = (6.21) 


where, to be consistent with the literature, we have used the symbol ¢, for yu 
(cf. (6.7)). The quantity ¢, is referred to as the Fermi energy. The variation of 
the Fermi function with energy when ¢,/kT > 1 (the quantum limit) and 
when é,/kT « — 1 (the classical limit) are shown in Fig. 6.1. At absolute zero 
(T =0), we have: 


1 e¢<& 
= ape 
He) 10 E> ef . (e2?) 


Since F(e) represents the mean occupation number of the energy level «, 


Fig. 6.1. The variation of the Fermi function with energy. 
A = 4(2nh?/mkT)?/7n (see (5.69)). 


€p ay ie 
Se .60 (A = 0.01) 


—6.91 (A = 0.001) 


0 0.5 1.0 1s 0 1.0 220 
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(6.22) tells us that (at T = 0) all states below the Fermi level are filled and all 
states above the Fermi level are empty;' obviously, a state cannot be 
occupied by more than one electron. We may mention that the gas is said 
to be completely degenerate when all the lowest quantum states are 
occupied and thus at T = 0, the electron gas is completely degenerate. Now, 
at T =0, (6.11) becomes 


(2m)?/?2V [*o 
Nw OE fe ell2de (6.23) 
where 
Ep, =e (T = 0) (6.24) 
represents the Fermi level at T = 0. Equation (6.23) gives 
677 2/3 h? 
&, = (=) amt (6.25) 


where n=(N/V) represents the number of free electrons per unit volume. 
Substituting G = 2 and the values for the Planck’s constant and the electron 
mass, we get 


Eps 5042.4 10 97117! erg 
3.652 x 107 1°n?/F eV (6.26) 
where n is measured in cm 3. Using the data given in Table 6.1 and 
assuming the valence electrons to be free we can, using (6.25), calculate é,, 


and T;,(= &,/k) which are also given in Table 6.1. 
The total energy at absolute zero will be (see (6.18)) 


3/27 erg 
rs een | erl2de 


"AP |, 
(2m)???V 
= Gaps 2eFo (6.27) 


which is usually referred to as the ground state energy. Using (6.25) we get 
the following expression for average energy per particle 


Esl OT Yen 
of (2) Lee wn 


we may be noted that this behaviour is quite different from the Bose—Einstein 
condensation discussed in the previous chapter. 

* Some authors write that a state can be occupied by two electrons (spin up and 
spin down). We feel that it is more appropriate to say that, because of spin 
degeneracy, there are twice as many states (see (6.10)) and that each state can 
be occupied by not more than one electron. 


= 


6.2. Grand partition function and other functions 71 


The pressure at absolute zero will be given by 


h2 
ee (Or) pall 2 (6.29) 


For an electron gas in a metal, g,, is a few eV (see Table 6.1) and therefore 
even at absolute zero there is considerable energy and pressure associated 
with the electron gas. This is entirely a quantum effect. We should also 
mention that the low temperature behaviour of a Fermi gas is very different 
from that of a Bose gas because Fermi particles cannot accumulate in the 
lowest energy state. 

For T > 0, we consider two limiting cases: (a) kT « €; (when quantum 
effects will dominate) and (b) kT > ¢, (when the system will start behaving 
as a classical gas). 


Case 1: kT «&, (strongly degenerate gas) 
We rewrite (6.11) in the form 


QmyrrV (>. 
N =G—,— 2 6.30 
G ae | e*!/*F(e)de (6.30) 
where F(«) is the Fermi function (see (6.21)). We integrate by parts to obtain 
(QPP |-. 4/2 ape 
a sah g <= == 6.31 
N=G 4h se~'*F(e) . oe é FF de (6.31) 


The first term inside the square brackets vanishes at both limits. In order to 
evaluate the integral we note that for kT « ¢, the function F(e) is very ‘flat’ if 
we are slightly away from «= ¢, (see Fig. 6.1); thus dF/de will be a very 


Table 6.1 Fermi energy and Fermi temperatures (at absolute zero ) for 
some metals 


Density at Atomic 

ZC volume EF, Tr, 

(gcm~ °) (cm*mole~') Valence (eV) (K) 
Lithium 0.53 13 1 4.72 5510" 
Sodium 0.97 24 1 3.12 3.7 x 10* 
Potassium 0.86 45 1 2.14 24x 104 
Copper 8.96 7.09 1 7.04 8.2 x 10* 
Silver 10.49 10.28 1 Shall 6.4 x 10* 
Aluminium 2.70 9.99 3 11.7 1.4 x 105 


Note: Adapted from Kittel (1956). 
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sharply peaked function around ¢=¢, (see Fig. 6.2).' We therefore 
introduce the variable 


ese = (6.32) 
to obtain 
(2m 2Ve.-/* (© xkT \3/* dF 
= (Gee 1 —d 6.33 
- . 6n7h? —-eg/kT a ee dx ~ eee 
where 
] 
F(x) = ae (6.34) 


Since we have assumed ¢é,/kT > 1, dF/dx would be very sharply peaked 
around x = 0 and very little error will be involved in replacing the lower 
limit by — 00; we also expand [1 + (xkT/e,)]*/* in a binomial series and 


Fig. 6.2. At low temperatures, the function dF/de is very sharply 
peaked at ¢ =e. 


—kT dF/de 


“0.0 0.5 1.0 15 2.0 


€/€r. 


* Indeed at T =0, dF/de is a delta function: 


dF 
— =0(e—e) (T=0) 
de 
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integrate term by term to obtain 


(2m)? Ven" aoe kT xe 
Nx -Ga itera 
6n7*h? ses no Leen 
3 kT 2 +c x7e* 
“at Lear] sa 


Now, F(oc)=0 and F(—0oo)=1, thus the first term inside the square 
brackets is — 1. The integrand of the second term is an odd function of x and 
hence the integral vanishes. Further 


oO Zeek co 
| aap 2| x2e" (1 + e7*)“2dx 
| lent 26 + dx | 


22 
-41-+5-~|-5 (6.36) 


2 kT 7 
1+5(2) +o (6.37) 
8 \ & 
Inverting the series we get 


| kta 
é-(T) ~~ ref I = (=) ar | (6.38) 


where ér, is given by (6.25). Similarly, the total energy will be given by (6.18): 


Thus 


Qmyr ever 
ne 67h? 


E= | eg(e)F(e)de 


0 


(mie ten: (° NRE Ve dE 
YG eee |) Saas 
g 6n7h? i ff coe ‘ 


19) 


Once again, we make a binomial expansion, integrate term by term and use 
(6.38) to obtain 


522 (kT \? 
Sey || yet le (6.39) 
‘ 12 \ ég, 


2B 27 Ni Se7 (kT \7 
=> —=-|— a ve 6.40 
3V s(y )en| 14 12 ) y | me 


Thus 
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The specific heat for the electron gas will therefore be 


OE nm? kT 
a Ke Ee 6.41 
Gr (=) wil + (6.41) 


which can be written in the form 


2 
C, ~inn(% if) (6.42) 
3, 


where 3Nk represents the classical expression for the specific heat of the 
electron gas. For sodium metal ¢,, ~ 3eV (Table 6.1), and for T ~ 300K, 
kT x@5eV and the quantity inside the square brackets is about qo. 
Physically, this is due to the fact that at low temperatures the energy levels 
much below the Fermi level are completely filled and therefore thermal 
excitation to unoccupied states would require considerable amounts of 
energy. Thus only those electrons which are in the vicinity of the Fermi level 
contribute to the specific heat and therefore at low temperatures the specific 
heat of an ideal Fermi gas is much smaller than that predicted by classical 
theory. 

Since the lattice specific heat at low temperatures varies as T°? (see, e.g., 
Ghatak and Kothari 1972) we expect that the specific heat variation at low 
temperatures should be given accurately by 


c, = AT + BT? (6.43) 


where the first term (on the right hand side) is due to electrons and the 


Fig. 6.3. The experimental data on the specific heat for copper in the 
temperature range 1 — 4K. The plot is of c,/T as a function of T?. 
Since the experimental! data falls on a straight line, (6.43) is very nearly 
obeyed. The intercept on the vertical axis gives the value of A. (Figure 
adapted from Pathria 1972; The experimental data is due to Corak et al. 
(1955)) 
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second term is due to lattice vibrations. Equation (6.43) is qualitatively in 
agreement with experimental data (see Fig. 6.3). Now according to (6.41) 


4n?7z— (6.44) 


where z represents the number of conduction electrons/atom. For example, 
for sodium, z = 1, T; + 5.5 x 10* K and using R = 2.calmole~ ! K~! we get 


A 2.7 x 107>*cal mole7! K~2 


and the corresponding experimental value is 4.3 x 10~* cal mole~! K ~?. 
Even for other metals, the experimental value of A is considerably different 
from the value predicted by (6.44) — see, e.g., Kittel (1956), Table 10.4. This 
anomaly is due to our oversimplified model of the electron gas inside the 
metal —a better model would be to assume an ‘effective mass’ for the 
electron. For further details see, e.g., Kittel (1956). 

Other thermodynamic functions like the Helmholtz free energy, entro- 
py etc. can easily be calculated by using (5.34)-(5.36); we must remember 
that we are denoting uw by ¢-. We summarize the results when kT « é,: 


2(N 5x2 (kT \? 
eal ies pea | nae 6.45 
pas(7 ol +a.) + | a 


Si7 tek \* 
aes py (yo ie 6.46 
pate (TY 0) 4s 
Talk? \* 
— BE | oe 6.47 
p=, era =(7) + | (6.47) 
2k 
c= in| 5(S2) 4 | (6.48) 
SJB aon 
5m? (kT \? 
Few Py Nee |) 4 (6.49) 
| rhe 
E-F 12(kT 
= - i 6.50 
= (7). (6.50) 


with é,, given by (6.25). 


Case 2: kT > &, (non-degenerate gas). 

When kT> ¢,, the considerations will be very similar to the corresponding 
case discussed in the previous chapter for a Bose-Einstein gas except that 
we would have to use the following expansion (cf. (5.63)): 
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= I e x" 'dx = 1 “ x aie 3 eae | n—-lq 
Fn, eT a a aia 


1 ie @) 
=——| ye *[l—ye"*+y’e 7*+---]x”" "dx 
al 
=y-Sta (6.51) 


The final results for the various thermodynamic functions have already 
been given in the previous chapter (see (5.64)-(5.68); the lower signs 
correspond to Fermi—Dirac statistics and for an electron gas G = 2). 


6.3 Relativistic considerations‘ 

The results of the previous section are not valid relativistically 
because in calculating the density of states (Appendix 1) we had assumed the 
following (non-relativistic) relation between energy and momentum: 


Pp ae (6.52) 


However, if we solve Dirac’s relativistic equation (instead of the non- 
relativistic Schrodinger equation) then the density of states in the momen- 
tum space happens to be the same, viz: 


V 
9(P)dp = 555 P* dp (6.53) 


which is the same as (A1.27) (except for the additional factor of 2 which is 
already incorporated in (6.53)). The derivation of (6.53) from Dirac’s 
relativistic equation can be found in Chandrasekhar (1939), Brush (1967) 
etc. Since the relativistic relation between energy and momentum is given 
by 


e? = p*c? + m*c* (6.54) 
(where m represents the rest mass of electron) we have 

ede = pc? dp (6.55) 
giving 


V 
g(e)de = g(p)dp = naps dp 


* One of the most important applications of the theoretical results presented in 
this section is in the study of thermodynamic equilibrium of white dwarf stars 
which will be discussed in Chapter 16. 
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or 


V 
(e) pees ee —mc*)'!? e> me? 
g(é)= 
(6.56) 


0 €< mc? 


Using the above expression for the density of states and (6.9), we get the 
following expressions for various thermodynamic functions ((6.3)-(6.6)): 


V oO 
q= ape | oe? —m?c*)'/2 In [1 +e%~9*T] de (6.57) 
V oe} e(e? —m7c*)!/2 V 00 p’dp 
“ape | omg oa as 
“ V 00 gee 177 es a V 00 ep? dp 
Hc | ee ONT LY a2). cree | (6.59) 
kT ki a! 
Panama | Ini! ae" 9") pap 


4 ss 1 de p? 

wh Jy ef ORT 4 1 dp 3 4 

where we have integrated by parts, the first term vanishing at both limits. 
Using (6.54) and (6.55) we get 


pe eel p 2 (6.60) 
7 1 aaa > ef OFT STITT + (p/mey?} 2 Pp ; 


We first evaluate the above integrals at absolute zero (T = 0) 
At absolute zero the Fermi function is a step function, (Fig. 6.1) so that 
(6.58) becomes 


V [Pr V 
ear | p’ dp = 355 Pio (6.61) 
where 
2 T =0)—m?c* ie ef, —m*c* 1/2 
ee [ ( “ | - — (6.62) 


is known as the Fermi momentum (at absolute zero). Equation (6.61) 
enables us to determine p,,: 


1/3 
Pry = ( 317 | h (6.63) 


Once we know pro, we can determine E, and P, where the subscript zero 
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implies that the values correspond to T = 0. Thus, using (6.59) and (6.60) we 
get 


V Pr, p? 1/2 
Eo= ap |. me(1 ate J) p’dp (6.64) 


p*dp 
3n7h3m Jy [1 +(p/mc)?]}'/? 


In order to evaluate the integrals we introduce the variable @ such that 


and 


ae (6.65) 


sinh 6 = DP (6.66) 
mc 


and therefore 


p \? 1/2 
s= m1 + (2) | = mc? cosh 0 (6.67) 


Thus‘ 


m*c> 
Po= 3 ap3 ras |, sinh*@d@ 


m*c° 
= Dantg? ——,-= (2 sinh? «cosh a — 3 sinh «cosh « + 3a) (6.68) 
where sinh a = (p,,/mc). We may rewrite (6.68) as 
m*c> 
Po= vanpe (x) (6.69) 
where 
f(x) = (2x? — 3x)(1 + x?)!/? + 3 sinh~ 'x (6.70) 
x = sinh a = p,,/mc (6.71) 
Similarly 
Vic 
Eo= a |, sinh? @ cosh70 Kia 4 — LOG + 9(x)] (6.72) 
where 
g(x) = 8x3(1 + x?)!/2 8x3 _— f(x) (6.73) 


‘In evaluating the integrals we have used the following relations: 


sinh™*'@coshh"-!9@ n—1 
as Fc sinh™@ cosh”~ 20d6 
n 


m+n#0 


[inv cosroae = 
m+n 


sinh" '@cosh"t!@ m—1 


| sinh™~ 70 cosh"@d6 
m+n m+n 
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The term 8x? in (6.72) ah rise to the rest mass energy Nmc?. Thus we have 


Vm 
E) = Nmc* + —— An _ Joga (6.74) 
Further 
E y—Nmce? _ g(x) 
PV f(x) (6.75) 


The functions f(x) and g(x) are monotonically increasing functions of x and 
have been tabulated by Chandrasekhar (1939), Chapter X. The ratio 
g(x)/f(x) increases from 1.5 (at x =0) to 3.0 (at x = 00) which may be 
compared with the value of 1.5 obtained in the non-relativistic expression 
(6.20). 

Now, in the non-relativistic limit, x « 1 and we may use the following 
series 


f(x) = 8y 5 — $x’ +4 x9... ee, (6.76) 
fei 297 +4 x? —... (6.77) 


to obtain 


h2 N $/3 5 N 2/3 2 
Po=omrre (7) Gece ) aot | (6.78) 


3N an 
- 2 ORV TE idee 
Ey = Nmc* + 5 (32*) (7) 


15/, ,N\? 
«| 1-35 | oat | (6.79) 


The quantities outside the square brackets in (6.78) and (6.79) are the 
expressions in the non-relativistic limit and are the same as derived earlier 
((6.28) and (6.29)). The quantities inside the square brackets represent 


relativistic corrections. 
On the other hand, in the extreme relativistic limit we have x > 1 for 


which the following expansions are valid! 


(x)= 2x4 — 2x? + : (6.80) 
es | 


g(x) = 6x* — 8x3 +--- (6.81) 


t All asymptotic expressions are very easy to derive; we have to use (See, e.g., 
Abramowitz and Sieaun ae 
sinh !x =x —4x3+2x°--- |x| <1 


3} 
=In2x + 4x? -——+-:-|x|>1 
32x4 
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Using (6.74) and (6.75) we obtain 


ch N ‘i 3m? 1 
an Su ie — se 6.82 
a: Si (30 I [ 2 Bee)” oe 


3Nhc “i 4mc 1 
= 2 2 joe ee ae 


(6.83) 


The above analysis is valid at absolute zero. For T > 0, the evaluation of 
the integrals in (6.58). (6.59) and (6.60) become rather difficult. We give 
below some asymptotic expressions together with their domain of validity.’ 


Case 1: p/kT > 1 (almost completely degenerate) 


aa bmc3 “ +e = Ne a's? @ - 
3 x ee 40 x®\ mc? 


/ 


(6.84) 
V 4,5 z 
— a | * ate 
2e2 2 1/2 (9,2 2 
9 1 nee! x7 + 1)(x°4+ 1) (2x* +1) BL a 
xg(x) mc* 
(6.85) 
mcs eal el.) alll \? 
= ——_~ f(x)] 1+ 4x* : 
24n7h? fos) a 1@ (= 
‘ Tr* (x? +.1)'/?(2x?—1) f kT ys 686 
15 rT) mer (ee 
where x and yw are related through the following equation’ 
p= mcr(1 + x?)!/? (6.87) 


The functions f(x) and g(x) are the same as given by (6.70) and (6.73) 


* Most of the formulae are quoted from Chandrasekhar (1939) where their 
derivations have also been given. For more details one may refer to Brush 
(1967), Chandrasekhar (1939) and references therein. 

* Actually in carrying out the integrations an additional parameter 0, is also 
introduced: 

x = sinh 6) 
Thus 


poome? 
— = —eosnig 
kT 
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respectively. Equation (6.82) determines x, and then (knowing the value of 
x) one can determine E and P. Chandrasekhar (1939) has shown that the 
necessary and sufficient condition for the onset of degeneracy is 


Bo mai a AT 2 
4n aay a me <« 1 ; (6.88) 


Using the asymptotic forms of f(x) as given by (6.74) and (6.78), one can 
readily see that the gas would become degenerate when (a) either the 
temperature is very low or (b) the densities are very high. Using (6.83) one 
can calculate the specific heat which will be given by 


Take 1) 2 
Nu | = T (6.89) 


(C= 


Case 2: u/kT « —1 (non-degenerate case) 
When p/kT <« — 1, the unity in the denominator of the integral ((6.57)- 
(6.59)) can be neglected so that we may write 


V ro) 
Nwzw ap an ey dp (6.90) 
0 


and similar expressions for E and P. We again introduce the variable 


sinh 0 = = | (6.91) 
so that 
E=mc?[1 +(p/mc)*] = mc? cosh 0 (6.92) 
Thus 
mc foe) 
NxV—,; oe | eT cesh® sinh? @cosh 6 dé (6.93) 
mh 4 
Similarly 
m*c> ee) 
ExV et | e 1 sh? sinh? @ cosh? 6d0 (6.94) 
nh 0 
and 
sil 5:0? | ga 4 
& H een sini 6 ae 6.95 
32h? i, € 1 (6.95) 
where 


P= mc?/kT (6.96) 
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If we integrate (6.95) by parts, we would obtain 


Px mC quer L en Feosh@ 3 sinh? @cosh 6 d0 
3n7h? ig 


ayes — rearar | e~Feosh® sinh? @cosh 0 dd (6.97) 
0 


Comparing (6.93) and (6.97) we get 
PV =NkT (6.98) 


which reproduces the Boyle—Mariott law in the non-degenerate limit. 

The integrals in (6.93) and (6.94) can be evaluated in terms of Bessel 
functions. We give below the final results (the details have been given by 
Chandrasekhar 1939): 


y= LS oot KO) (6.99) 
ie ny | (6.100) 
and 
E [3K 0)+K,(0) 
aot ma | (6.101) 


where K,(z) is the modified Bessel function having the following asymptotic 
forms (see, e.g., Abramowitz and Stegun (1964) Section 9.6): 


(=) "ef Piedad 1 ONE |e 
= 1'8z 2! (82)? (6.102) 


K,(z) 
te!) ao (6.103) 
2 (}2)’ 
Using the above asymptotic forms we readily get 
E 3 T-00 
43 r0 Cn 


The variation of E/(PV) with T has been tabulated by Chandrasekhar 
(1939). We may mention that for an electron gas, the conditions I >» 1 and 
IT «1 imply 


T«5.9x10°K and T»5.9x 10°K (6.105) 


respectively. However, the condition u/kT « —1 must also be satisfied. 
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The expression for the specific heat is given by 


: =i Na Ret Rade at Ko) (3K3+K,)(K, +e 
ome is oe 
(6.106) 
Using the asymptotic forms we get 
3Nk T-00 
oats Nk [30 (6.107) 


6.4 Adiabatic processes 


6.4.1 Non-relativistic case 
If we use (6.18) and (6.20), we will obtain the following expression 

for the thermodynamic potential Q: 

Se |, ese 


G= PV =— 3n7h> |, et wAT 4 1 a) 
where we have substituted G = 2. The above equation can be written in the 


form 


= —-Py— -vrsey,(2) (6.109) 
where 
w\_ Qmp? fe 3dz 
(4) ~ 39235! 9 C7 WRT) 4 Y (6.110) 
and 
. 
7 KT (6.111) 


Thus f;, is function of only one variable, viz. u/T. Equation (6.109) gives the 
following expression for entropy 


S 1 (dQ 
$--H(B),=-tmn($)-(G)ron() am 


where primes denote differentiation with respect to the argument. Further 


es ee 

rowan) els) a3 
Equations (6.112) and (6.113) yield 

S_SAWT) 4_ () (6.114) 

No 254i) 7 ge 
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For an adiabatic process, S=constant and with a constant number of 
particles (N), (6.114) implies that 


= = const (6.115) 


Using the above relation in (6.112) we get (for an adiabatic process) 
VT? =const (6.116) 
Equations (6.109) and (6.116) also give the following relations 
PV*'> = const (6.117) 


Cyr 
i = const (6.118) 


valid obviously for an adiabatic process. Equations (6.116), (6.117) and 
(6.118) coincide with the adiabatic equations for a monatomic gas; however, 
the factor 3 in (6.117) is no longer equal to the specific heat ratio c,/c,!; also 
Cy — Cy is not equal to R in this case. 


6.4.2 Extreme relativistic case 
In the extreme relativistic limit, mc? « p*c* so that we may write 


&% pc (6.119) 
Thus (6.59) becomes 
V ” © “erde 
EX =r | ele WkT 4 (ore 


In this approximation, (6.60) takes the form 


1 © verte 
> (6.121) 


~ sae 9 Cf MAT 4 Y 
Equations (6.120) and (6.121) give the equation of state 
PY re (6.122) 
as was obtained in (6.104). Thus 
V(kT)* |. Zz de 


a ea F ez HIRT) 4 


(6.123) 


where z = ¢/kT. We may therefore write 


Q= vry,(4) (6.124) 
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Following a procedure exactly similar to the one used in Section 4.1 we get 
the following equations of state for an adiabatic process (S = constant) with 
a constant number of particles (N): 


PV “2 = const (6.125) 

VT? =const (6.126) 
4 

a const (6.127) 


These equations correspond to y = $ but once again, y is not the ratio of 
specific heats. 


ii 


Ionization equilibrium and the 
Saha equation 


TA Introduction 
In this chapter we will consider the ionization equilibrium in gases 

and derive formulae from which we can determine, at a particular 
temperature and pressure, the percentage ionization of gases (single as well 
as multiple). The formulae were first derived by Megh Nad Saha in 1919 
and although many modifications have been made since then, the original 
formulae are still extensively used in many diverse areas. In particular, the 
ionization formulae have played a very important role in the understanding 
of the spectra of stars. 

In Section 7.2 we will derive the necessary thermodynamic formulae and 
in Section 7.3 we will derive Saha’s ionization formulae and discuss their 
applications. 


{174 The thermodynamic formulation 
The partition function for a gas consisting of N non-interacting 
molecules is given by (see Section 4.2) 


1 
Q=—,4 (7.1) 
where q represents the partition function of one molecule and is given by 
=Yexp| —— 72 
q= p kT ( A ) 


the summation being over all states of the molecule. As discussed in Section 
4.2 we may write q as 


q=4q (7.3) 
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q= Sexo] -7s| (7.4) 


q = =Sexo| - Z| (7.5) 


the sum in (7.4) is over the translational states of the molecule and the 
summation in (7.5) is over internal states of the molecule. In Chapter 3 we 
derived the expression for q, which is given by 


mkT 2 
a=| Far | Ve (7.6) 
Thus 
mkT \3/2 en 
Smee —— 7.7 
: (sr v3 exr( i) “) 
and 
lal hank? \?!? bef 
O=nal(iat) “Ze -z5)} a 
Now, the free energy is given by 
F=~—kTInQ (7.9) 
or, 
mkT \3/2 En 
F = —NkTIn (a =) vZex(— 7) 
+ NkT In(N/e) (7.10) 


where we have used the Stirling formula for In N! (Appendix 2). Following 
the analysis given by Landau and Lifshitz (1969) we separate the term 
containing the volume to obtain 


V 
F= - werin| S| + wpe) (7.11) 
where 
mkT \3!2 Bs 
= ——. TA2 
{(Hh= Kin} (ee z) ex ( i) (7:12) 
is a function only of temperature. Since 
OF 
mee (es 713 
P=-(77), i 
we get 
P et (7.14) 


V 
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or 
PV NET (7.15) 
which is the equation of state for an ideal gas. 
We will be assuming the reactions to take place at constant temperature 
and pressure and therefore it is more convenient to work with the Gibbs free 
energy which is given by 


G=F+PV (7.16) 
Using (7.11) and (7.15) we get 
G=F+NkT 
= ~ NAT NkTIn( X) + Nf(T) + NK (7.17) 
Since 
dG = —SdT + VdP (7.18) 


we would like to express G in terms of T and P; we therefore use (7.15) to 
write (7.17) in the form 


G=— werin( + Nf(T) 
= NkT InP + Ny(T) (7.19) 
where 
y(T) = f(T) — kT \nkT (7.20) 
or 


3/2 ! 
= -«rin} (53) wry? Sewp( 7 \t (7.21) 


Comparing the expression for G (7.16) with (5.35) we readily get 
G=puN (7.22) 


where p is the chemical potential. 


*G=E-—TS+PV 
Therefore 
dG = dE — TdS — SdT + PdV + VdP 
But 
TdS =dQ =dE + PdV 
Hence 
dG = —SdT + VdP 


From the above equation we have 


2 a 
s==(—), vals 
aT / oP/, 
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We next consider a multicomponent system consisting of different types 
of particles. Each type is represented by a particular value of the parameter 
i(=1,2,...). For such a multicomponent system we will have 


F= 3 F; aald23) 
where 


F,;=— Nar in| +N, f{T) (7.24) 


i 


kT \3?2 4 
f¢T)=4r in} (SAE ) Fexn(-£) | (7.25) 


N; representing the number of particles of type i, m; and ¢,,’ being the 
corresponding mass and internal energy states of the molecule. The partial 
pressure corresponding to the component i is given by 


— (F) oil (7.26) 
i 


The Gibbs’ free energy, G, can be written in the form 


and 


G=)G, (7.27) 
where 

G,;=F,+ PV (7.28) 
or 

G,; = N,kT In P; + N,xA{T) (7.29) 
with 

xT) =f{T) — kT In kT 

kTind( ) erys2y ex | Cin (7.30) 
=-Krin} (as) eM Low| eto 

Since 

G;= nN; (7.31) 
we have 

B= kT in P; + x{T) (7.32) 
is) The Saha ionization formula 


We follow the analysis given by Brush (1967) and consider a 
chemical (or ionization) reaction of the form 


¥ vA; =0 (7.33) 
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For example, for the reaction 
2H, + O,42H,0 (7.34) 


A, =H, A, =O,, Az =H,0, v, =2, v,=1 and v3 = —2. The double 
arrow indicates that if we bring together H, and O, they will combine to 
form H,O, however, there will always be some free H, and O,, the amounts 
of which will depend on temperature and pressure (for a good account of the 
thermodynamics of chemical equilibria, see, e.g., Saha and Srivastava (1965) 
Chapter XVIII). 

Another type of reaction of great importance is the ionization reaction, 
the simplest of which is given by 


H2H*t +e7 (7.35) 


where H represents the neutral hydrogen atom and H®* the ionized 
hydrogen atom, which is simply a proton. For the above reaction A, = H, 
A,— pe, A, =e .V,—1,.95—= — 1 andy, = ~— 1. 

We assume the chemical (or ionization) reaction to take place at constant 
temperature and pressure; thus, the Gibbs’ free energy must be a minimum 
with respect to small concentration changes of different elements constitut- 
ing the chemical reaction. Now, 


dG _ 0G | 0G aN, 
dN, ON, ON,ON,. 


(7.36) 


where 0N,/0N, represents the change in N, when N, is varied and other Ns 
are kept constant. It is obvious from (7.33) that when N, is changed by v, 
then N. would change by v,, implying 


ON, v2 
ane a (7.37) 
Thus for dG/dN, to be zero we must have 
0G if 0G y; a 
ON, i ON; Vi 7 
i#t 
or 
0G Vv; 
er aa (7.38) 
since 
6G 
= iF (7.39) 
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(7.38) can be written in the form 
> Hy, =0 (7.40) 


The above equation represents the general condition for chemical equili- 
brium. Substituting for y; from (7.32) we get 


> vLkT In P; + x{T)] =0 


or 
1 
divin P,= Se vixAT) (7.41) 
But 
iol lela hee 
i T. i 
Thus 


[Pr =K,(1) (7.42) 


where K,(T) is known as the equilibrium constant and is given by 


1 
K,(T) = exp | _ it» vadT) | (7.43) 


We next consider the ionization reaction 
M,-12M,+€e (7.44) 


where M,, represents the atom which is n times ionized (i.e., it has Z—n 
bound electrons, Z representing the atomic number of the atom). Compar- 
ing (7.44) with (7.33) we have 


A, =M,-; A,=M, A,=e 


with 
v¥,=1 v,=-1 vy,=-—1 

Thus 
TP" = aur (7.45) 
i aa Py,P. 


Substituting in (7.42) and taking the logarithm we get 


Pu,_, i 1 T 
in| =D nlT)- 17) 


Rugel 
=| 3/2 2 hh? 3/2 bf 
“ul(S) ano | (9 
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where 

Vn = fon — €o.n-1 (7.47) 
represents the ionization constant and 

Q= Sex| - 74 | isles (7.48) 


represent the internal partition functions. We rewrite (7.46) in the form 


Py, W 5 m,. ae 5 
— fe —-* 4+ 31InT +1 age 
in| 7 | pte 45 0| (sei>) 


+In E 5” -| (7.49) 


where we have set Q, = 2 (because of the spin degeneracy of the electron) 
and have assumed m,-_, ~m,,. 

As a first approximation we neglect the last term on the right hand side of 
the above equation. As an example, let us consider the heating of a gas of N 
neutral atoms (in a fixed volume V) to a temperature T. We consider the 
single ionization of the atom (1.e.,n = 1), thus we may write (7.44) in the form 


M2Mt+e (7.50) 


where M and M”* represent the neutral and singly ionized atom respec- 
tively. If ¢ represents the fraction of atoms ionized then 


P, = Py,+ = TekT @51) 
P= 7 — e)\kT (7.52) 
If P represents the total pressure then 
P=P+P,++Py 
=i Vere (7.53) 
Thus, in terms of the total pressure, the partial pressures are given by 


P, = Py* =P (7.54) 


and 


(7.55) 
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Pear 2 
in fe = |=m0| =P | (7.56) 


If we substitute the above expression in (7.49), work consistently in c.g.s. 
units and convert the natural logarithms to common logarithms we would 
obtain: 


e? (loge)y¥, ss 


where P is measured in dynescm~*, yw, in ergs and T in K and we have 
neglected the last term on the right hand side. If we measure P in 
atmospheres and y,, in electron volts we will obtain 


e? _  5035W, (eV). 


The above equation represents the form of the famous ionization formula 


Table 7.1. Typical values of various parameters 
appearing in Saha’s ionization formula 


Element y, (eV) Ia Gi 


Na 5.12 2 1 
Cs 3.87 2 1 
Ca 6.09 1 2 
Cd 8.96 1 2 
Zn 9.36 1 Ps 
Tl 6.07 2 1 


Note: Adapted from Zemansky (1957), Chapter 18. 


Table 7.2. Percentage ionization of calcium as obtained by 
using equation (7.58) 


Pressure P 
Temperature T 1 atm 10-7 atm 10-* atm 
2000 K =i = 1.7 x 10-3 
4000 K 0.26% 2674 26% 
6000 K 8.4% 65% 99% 
10000 K 86% 99.8% 100% 


Note: Table partly adapted from Saha and Srivastava (1965), Chapter 
18. 
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put forward by Saha in 1919. As an example, we consider Ca for which 
Ww = 6.09 eV (see Table 7.1). For given values of T and P we can use the 
above formula for calculating ¢. The result of such a calculation 1s given in 
Table 7.2. Thus at T x 6000K, the gas is almost completely ionized at 
P= 10~* atmospheres and is only 8.4°, ionized at P = 1 atmospheres. 
Returning to (7.46), we note that the partition function for the n times 
ionized atom Q, can be written in the form 


| Xn | 
= -b = . le 
Q, Ino 2G exp kT ( 59) 


where g,.9 represents the statistical weight of the ground state, g,, the 
statistical weight of the rth excited state and y,,, the excitation energy of the 
rth state for the n times ionized atom; the summation in (7.59) is carried out 
over all bound states of the ionized atom.' For most cases, not much error is 
involved in replacing the partition functions by the first term on the right 
hand side of (7.59). Thus 


Qa-a ~ 9n-1.0 1,0 
GO, oa 0 Ce) 


where we have used the fact that Q, = 2. Using the above equation, (7.49) 
becomes 


Pu, e€ Wn 5 m, 2 5/2 29n,0 
in| Peer | wrt? sin T+ in] (5) ke’ t+In Fu, 


(7.61) 
and the single ionization formula (7.58) is modified to 
54 5035w (eV) 
log] ——~P fe — pl 
og i atm | T(K) + slog T 
2 
~ 6.48 + oe} “as (7.62) 


where g, and g; represent the statistical weights of the ground state for the 

neutral atom and the single ionized atom respectively. The values of the 

parameters g, and g; for some typical elements are given in Table 7.1. 
The derivation of (7.62) assumes that electrons arise only from the 


* We may mention here that for large values of r, x,, tends to a constant value and 
therefore the summation in (7.59) diverges. In practice, this difficulty is avoided 
by summing over a finite number of excited states. This is justified because the 
presence of ‘nearby’ particles will obliterate the states which are near the 
continuum. 
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ionization of atoms (see (7.50)). Actually, electrons may arise from other 
sources also so it is usually taken as an independent constituent. If we write 
nand n* as the number density corresponding to neutral and singly ionized 
atoms respectively, then 


Py =nkT (7.63) 
and 
Put =n kT (7.64) 


so that (7.61) can be written in the form 
in( “~P.} x = +3InT + in| (35) 5 sie in) * | 
In general, if we consider the reaction given by (7.44) then we would get 
inf P= = ~ +4InT + in (2) 5 | 


+I1n | 222 | (7.66) 


Gn-1,0 


(7.65) 


where n"”’ represent the density of ‘r’ times ionized atoms. Equations (7.65) 
and (7.66) have been applied with great success in astrophysics. For 
example, while studying the spectra of stars we have lines which originate 
from atoms (arc lines) and also those which originate from ions (spark lines). 
By comparing the intensities of characteristic lines emitted from neutral 
and ionized atoms it is possible to determine the degree of ionization. Thus 
knowing the pressure of the stellar atmosphere we can use the ionization 
formulae to determine the temperature of the stellar atmosphere. We refer 
to the classic treatise by Saha and Srivastava (1965) where details regarding 
the application of the ionization formula have been given. The book also 
discusses experimental verification of the ionization formula. For further 
work on the ionization equilibrium we refer the reader to the references 
given in the review article of Brush (1967). 


8 


Debye—Hiickel equation of state 


8.1 Introduction 

Debye-—Hiickel theory was originally developed (Debye & Hiickel 
1923a, 1923b) in order to explain quantitatively the osmotic pressure and 
other thermodynamic quantities of dilute electrolyte solutions. In parti- 
cular the strong electrolyte (e.g. NaCl) is assumed to behave like a system of 
charged particles in adielectricmedium (e.g. water) with constant permittiv- 
ity ¢. In this model the medium and the molecules have the same «. Since the 
model describing the strong electrolytes assumes a system of charged 
particles, the results of this theory are also applicable to plasmas (i.e. ionized 
gases). This model was possible since 1t was confirmed (Milner 1913) that 
the solution of electrolytes contains fully isolated ions and no agglomerates, 
which had been derived from the effect of interionic forces on the osmotic 
pressure (Milner 1913a). 

In this model we consider a medium consisting of charged particles, each 
having a charge z,e, where z;= — | for electrons and is a positive or a 
negative integer, according to the ion under consideration. We denote by 
njo the density of charged particles of type j, i.e. their number in a unit 
volume. The charge neutrality of the system implies the condition 


YZ )Njo = 0 (8.1) 
ay 


The departure of the equation of state from an ideal gas is a result of the 
Coulomb interactions between the charged particles. In order to describe 
the Debye-Huckel model it is necessary to assume that the energy of the 
Coulomb interactions between neighbouring particles is small in com- 
parison with the thermal energy of these charged particles, i.e. 


(z,e)? 


Yo 


«kyT (8.2) 
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where k, is the Boltzmann constant, T is the temperature and ry is the 
average distance between neighbouring particles. r, can be estimated from 


foeng. (8.3) 


where ny is the average total density (number of particles/cm*). Equations 
(8.2) and (8.3) can be combined in order to obtain a condition for an 
approximate ideal gas, 


k Tr 3 3 
nos<( 222) 2-2 x 10°( 3) cm~3 (8.4) 
Zz 


where T is measured in degrees Kelvin and z is the average charge of the 
particles under consideration. For example, if the degree of ionization is of 
the order one, i.e. z= 1, and Tx 10000K (+ 1eV), one gets ng «2.2 x 
10?°cm~ 3, while for T + 300K (room temperature) one has ny « 6.2 x 
1015cm~ >. For comparison we recall that the Avogadro number is about 
6 x 1073 and the number of molecules in air at standard conditions is about 
PTO Seni >. 


8.2 Charged particle description 

A more precise and a stricter condition for the applicability of the 
Debye-—Hiuckel theory is given by the requirement of a statistical treatment 
using Poisson’s equation to describe the electrostatic interactions, 


V7 = —4ne) zn; (8.5) 
J 


where ¢ is the electric potential, n, is the density of ions of type j (including 
j =e for electrons) at a particular point in space. The potential energy of a 
particular ion is 


E,=ze (8.6) 


where @ in (8.6) is the potential at the location of the ion j. Assuming that the 
spatial distribution is determined by Boltzmann’s formula, 


nN; = Njo exp(—zjed/kgT) (8.7) 


one can visualize this distribution surrounding a particular ion, so that for 
great distance from this central ion 


@-0 for r>a (8.8) 
implying 


nj—>Njq for r+ (8.9) 
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Using the approximation (8.2), the exponential in (8.7) can be expanded 
Nj = Njg — NjoZjO/kyT (8.10) 


Substituting (8.10) into Poisson’s equation (8.5) and using the global 
neutrality condition given by (8.1), one has 


V2p =k’ (8.11) 
where 


2 
J 


Ap is usually called the ‘Debye length’ and it plays an important role in 
Debye—Hiickel theory. The spherical symmetric solution of (8.11) which 
vanishes at r— oo 


g = ez,exp(—xr)/r (8.13) 


where ez, is the charge of the central ion under consideration. Using (8.11) 
and (8.13) one gets 


1 : 1 ‘ ezjk? [ 
Wr oe a 
aM odV ab od = |. 


3 exp(—xr) 
r 


4nr?dr = — ez; (8.14) 


Equation (8.14) shows that the total charge surrounding a central ion of 
type j is equal and opposite to the charge ez, of the j ion. From (8.14) we can 
define 


q(r)dr = — z ex? exp(—xr)-rdr (8.15) 


as the charge between the spherical shells of radius r and r+dr. The 
quantity q(r), which vanishes at r = 0 and r = oo, shows a charge opposite to 
the central ion with a maximum charge distribution at r=K~1=dp, 


lq| = max = 2K? exp(—1)-Ap Ly (8.16) 


Moreover, most of the ‘charge atmosphere’ around the central ion is 
contained in a few Debye lengths, and therefore the values of r = Ap are 
important in determining the thermodynamic properties of the ionized gas 
or the electrolyte solution. 

The statistical treatment which assumes the Boltzmann distributions 
(8.7) is justified if the atmospheric cloud contains many particles, i.e. the 
Debye radius is larger than the average distance between the particles. This 
condition can be written as 


AT >= Ny (8.17) 
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implying 


kT \ Ne 
no <( str] ~10°(4) cm~> (8.18) 


where use of (8.12) has been made together with the definition ngz? = 

jMjo2 ;’. The condition given by (8.18) for the Debye—Hiickel theory is 
stricter than the condition of (8.6) for an approximate ideal gas. For 
example, if z~1 and T ~10000K(~ eV) one gets ng « 101’ cm“? in 
comparison with the value ny « 2.2 x 10?°cm~? obtained from (8.4) with 
similar conditions. 


8.3 Electrostatic energy 
The electrostatic energy of the system is equal to 


li 
Ecoub = oe €Z jNjoP; (8.19) 
J 


where V is the volume of the system, Vnjy = Nis the number of particles of 
type j, and @, is the potential at ion j due to all other ions. Expanding the 
potential (8.13) near the central ion under consideration, 


p © ez,/r — ezjK +++ (8.20) 


one can see that the first term of (8.20) is the potential caused by the central 
ion, so that the second term can be understood as the potential due to the 
surrounding charges, i.e. the ‘atmosphere’ around the central ion. Since all 


the other terms in (8.20) vanish at r= 0, one has to substitute 
@; = — €2jK : (8.21) 


J 


into (8.19). Thus the electrostatic energy of the system can be written as 


Ecoun = — €° (ay) 20 Pa (8.22) 
where use has been made of (8.12) and the total number of particles of type j 
is defined by 

Na (8.23) 
Using the thermodynamic relation 


Eo. ,o(FT) 
To Gator 

one can obtain the electrostatic free energy F(,,y, by integrating (8.24) from 

a state with no electrostatic energy given by T = oo to a state with the 


(8.24) 
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temperature T of the system: 


a Ecoub 
F coat == If T2 dT (8.25) 


Substituting (8.22) in (8.25) gives 


2e3 rT 1/2 : 3/2 
ee Z; 8.26 
Lens “4 (47) & N jz; ) ( | ) 


The total free energy is obtained by adding this term of the free energy to 
the ideal gas contribution (3.13). The pressure in the Debye—Hiickel model 
is obtained from 


OF 
P=— (F), (8.27) 
implying 
kyT 
P= : a d ne 8.28 
dina rand (dynecm~ ”) , (8.28) 


The energy of the Debye—Hiickel theory is given by adding the ideal gas 
energy 


3) NjkeT (8.29) 
i 


to the electrostatic energy given in (8.22), 


VkgT 


(8.30) 


The electrostatic pressure and energy are directly related (compare (8.28) 
and (8.30)), 


E coup 


Poous == 
Coub = 3 (8.31) 


The electrostatic contribution to the entropy is obtained from the relation 


Ohe= 
Scous = — (Se) (8.32) 
V 
and (8.26), 
E Ou 
Coub = ae (8.33) 


In (8.31) and (8.33) Poss, Ecoup and Scou, are Negative quantities. This fact 
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can be understood since the forces between the charged particles are 
attractive as each ion is surrounded with charges of opposite sign (see (8.14) 
and (8.15)). Therefore the total energy, the total pressure and the total 
entropy in the Debye—Hiickel model are smaller than the appropriate 
quantities of the ideal gas. The decrease in these thermodynamic quantities 
is due to the electrostatic interaction. Note however that the Coulomb 
corrections are small in comparison with the ideal gas terms since this fact 
was the starting point for the Debye—Hiickel model (8.2). Therefore the 
energy, the pressure and the entropy cannot become negative in this model. 


8.4 Total free energy and equation of state 

The equations of state (8.28) and (8.30) of the Debye—Hiickel model were 
obtained assuming that the degree of ionization, z;, does not change with 
the temperature and the pressure. However, for a process where z,; changes 
one has to obtain the equilibrium equations using a technique analogous to 
that of the Saha equation for an ideal gas (see Chapter 7). The total free 
energy of the system is 


F=Fig + Foo (8.34) 


where F<, is given in (8.26) and the ideal gas free energy Fi, is 


Rea F Nee in( $2) —NkgT In (S#) (8.35) 


J € 


where Q, and Q, are the partition functions for an ion ionized } times and an 
electron respectively. Assuming the ionization process to be in equilibrium 
for the following reactions | 


Xj,2AX jn, +e j=0, es, (8.36) 


where X ; denotes an ion ionized j times. In this case F of (8.34) is minimized 
with respect to the number of particles keeping T and V constant and 
using the constraints 


6N,;= —ONj4,=—ON, j=0, i a B at 
The variation of (8.34) 
OF OF \ — 
bf => | on +(e SN = (3 38: 
2 ane 7 \ON./ rv 
together with (8.37) yield the following Sanu squeoon 


Nj4iN. = 222 exp( et) 


N; Q; ce 
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where AJ;,, is defined by 


Al 4.1 = Hj,coub — Hj+1,Coub — He,coub (8.40) 
and the Coulomb contributions to the chemical potentials in (8.40) are 
OF cour 
Hj,coub = ( “ON, ) (8.41) 
A direct calculation using (8.40), (8.41) and (8.26) gives, 
7 Pes 
Al (4.1. = 2(2; + ne( Ze) (5 y52)7) 7 (8.42) 


where Ap is defined in (8.12). The term AJ,,, describes a decrease in the 
ionization potential of an ion ionized j times since one has (see Saha 
equation, Chapter 7) 


Qj vi oc exp(—1)+1/kgT) (8.43) 
From (8.39) and (8.43), 
Mii expt (js1— Aly ee (8.44) 


J 
where AJI,,., is given in (8.42). It is interesting to point out that the term 
Z;+1€7/Ap is the ionization energy of an electron located at a Debye radius 
from the centre of the ion under consideration which is ionized j + 1 times. 
In this model Ap) > rp © Ng ‘/3, therefore the shift in the ionization potential 
satisfies (Henry et al. 1982, Henry 1983) 


Al j4, «&kgT (8.45) 


z; which equals the charge (in units of e) of the ion is actually given by 


z;=j (8.46) 
and assuming an average charge j 

-_ ne N/V 

eta WV (8.47) 
and an average square of the charge 

me j27 = Nj? = Nj? (8.48) 


one can derive the average shift in the ionization potential given in (8.42): 


Apa oi Me mn,((n,/n) + 1) |*? 
ai =2(" +1 Je) ot | (8.49) 
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As an example let us consider a plasma with n = 1019 cm 3, n,/n = 1 and 
kgT = 1 keV. This type of plasma is used in magnetic confinement fusion 
devices. The shift in the ionization potential is found from (8.49) to be 
negligible, Al = 5.107 5eV. However, for an ionized gas (e.g. air) at 
kgT = 100eV with an atmospheric density n ~ 5.10'° cm ~ 3 and an average 
ionization j ~ 3 (obtained from the Saha equation for an ideal gas with 
I = 50eV) one gets from (8.49) Al = 4.2eV which is already a significant 
value, Al/I = 8.5%! Therefore one can realize that for the ionization 
processes of an atmospheric gas the Coulomb interactions can shift the 
ionization potential by as much as 10%. 

We conclude this chapter by pointing out that the Debye—Hiickel theory 
is used mainly for solutions of strong electrolytes (see, e.g.. McQuarrie 
1976), in appropriate astrophysical problems, as well as in ionized gases, 
where the electrostatic interactions cannot be neglected while at the same 
time they are not larger than the thermal energy (see, e.g., Brush S.G. 1967). 
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The Thomas—Fermi and 
related models 


on Overview 

The statistical model for atomic electrons was first put forward by 
Thomas (1927) and Fermi (1928) and was originally introduced to study a 
multi-electron atom. Since then it has found important applications in 
molecular theory, solid state theory and also in determining the contri- 
bution from the electrons to the equation of state of matter at high pressures 
(P 2 10’ atmospheres) — the last application being of considerable interest 
in inertial confinement fusion and in astrophysics problems. Indeed, among 
the various models which describe the electronic thermodynamic functions 
in highly compressed matter, the Thomas—Fermi model is the one most 
often used in hydrodynamic codes (e.g., simulation of inertial confinement 
fusion, astrophysics etc.). The advantages of the Thomas—Fermi model over 
other models comprise its simplicity, clarity and validity over a wide range 
of densities and temperatures. Although other models may give a more 
accurate description of the local phenomena of matter in certain domains, 
they are difficult to extend to other domains of pressure and density. If we 
refer to regions 4 and 5 in Fig. 1.3, the gas can be assumed to be composed of 
electrons and nuclei (rather than electrons and ions) — the electron gas 
being described by the Thomas—Fermi model and the nuclei can be 
assumed to obey classical statistics so that the pressure and energy 
associated with the nuclei are given by (3.14) and (3.15). 

The main assumption of the Thomas—Fermi model is that the electrons 
in the atom are considered as a (degenerate) gas placed in a self-consistent 
electrostatic field, described by the electrostatic potential ¢(r), such that ¢(r) 
varies slowly in an electron wavelength so that a large number of electrons 
can be localized within a volume over which there is very little variation of 
the d(r). In Section 9.2 we will discuss the basic physics of the Thomas— 
Fermi model and derive the Thomas—Fermi equation corresponding to 
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T=0; we will then calculate the total energy and pressure associated 
with the electrons. In Section 9.3 we will take into account the effect of 
exchange interactions which will lead to the Thomas—Fermi -Dirac model. 
In Section 9.4 we will have a brief excursion with the viria} theorem 
and in Section 9.5 we will discuss the Thomas—Fermi mode} at finite 
temperatures. In Section 9.6 we will discuss the effects of exchange and 
quantum corrections. Finally, in Appendix 5, we have given a large number 
of tables from which one can calculate the pressure and energy for a wide 
range of atomic densities and temperatures. The tables (adapted from 
McCarthy (1965)) also allow us to see the extent of the corrections due to 
exchange and quantum effects. Although the tables occupy considerable 
space, we feel it will be of significant interest to workers trying to calculate 
the total energy and pressure of a system. 


9.2 The Thomas—Fermi model at T = 0 

In Chapter 6 we have shown that for an ideal Fermi- Dirac gas, the 
number of particles per unit volume is given by 

N 1 2d 

7a oes, gm ET] aaa 
where p is the chemical potential, ¢ the total energy of the electrun, G is the 
degeneracy parameter (G =2 for electrons) and use has been made of 
(A1.17) for the density of states. If the electron gas is in a petcntia! field, 
Fermi-—Dirac statistics can still be applied provided that (a) the “cld varies 
very little over a de-Broglie wavelength and (b) the field varies slowly 
enough so that we can consider a volume element dt which cos:t:..5 a large 
number of particles and at the same time the field can be as: .:med to be 
approximately constant in this volume. Further, statistical me: nics tells 
us that (at thermal equilibrium) the chemical potential 1 must be !oe same 
at all points. Thus replacing ¢ by 

2 
2 VG) 
2m 


in (9.1) (where V(r) is the potential energy function) we get 
i i p’dp 
en |, exp{[(p2/2m) + Vir) — WI/kT} + | 


where we have used G = 2. Now, at T =0 the Fermi functicn is a step 
function (see Fig. 6.1) so that 


(9.2) 


1 Pmax m 1 A 
ie ae eee 9.3 
n(r) nh> | p dp 327h3 Pmax ( ) 
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where 

oe y= Vor) sind 
Thus 

qe es a 05) 


where ¢(r) represents the electrostatic potential which is related to the 
potential energy function through the following relation 


V(r) = — eg(r) (9.6) 


e being the magnitude of the electronic charge. Equation (9.5) represents the 
Thomas—Fermi relation between the electron density and the electrostatic 
potential. We rewrite (9.5) in the form’ 


ie» 3/2 
ne) - ee (9.7) 
where 

$o= —p/e (9.8) 


Obviously, (9.7) can be used when ¢ > ¢,; for  < }o, n=0. 
Now, for the theory to be self-consistent, the potential and the charge 
density should be related through the Poisson equation 


V7o = — 4np(r) = 4nen(r) (9.9) 


where p(r) (= — en(r)) represents the electron charge density.* Substituting 
for n(r) from (9.7) we get 


V+ an Po) = 


55 (2me)*( ~ $0)" (9.10) 


We assume the nucleus (of charge Ze) to be at the origin of the coordinate 


* It may be noted that (p?/2m) ~ ed) (which represents the total energy of an 
electron) is always negative since otherwise the electron will not remain bound. 
Further, since (pjyax?/2m) = up — V = e(p — oo), $9 =O for an isolated atom (see 
also (9.75)). 

Actually p is the sum of the electron charge density p, (= — en(r)) and the 
charge density associated with the nucleus p,. We assume that the charge of 
the nucleus ( = Ze) is concentrated at the origin so that p, = Zed(r) where 6(r) 

[ = 6(x)6(y)6(z)] is the three-dimensional Dirac-delta function. Since 5(r) = 0 for 
all values of r (except at the origin), (9.9) is valid for all values of r except r = 0. 
Therefore, we solve (9.9) subject to the basic condition that ¢(r)— Ze/r as r0. 


oe 
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system so that the potential is spherically symmetric and we may write 
[tu | d 
2 _ pamper 2 sateen = 
V (¢ do) r2 ab dr ( 60) (9.11) 


Further, as r — 0, the potential will be essentially that due to the nucleus so 
that (as r—0) it will behave as Ze/r. This suggests that we introduce the 
variable x(r) defined through the following equation: 


Ze 
Poca) (9.12) 
so that we have the boundary condition 
x(0) = 1 (9.13) 
Using (9.11) and (9.12), (9.10) becomes 
4 oy gtynZi an 


(9.14) 


dr? 3xh3 (2me*)?" pirz X 


In order to put the above equation in a more convenient form we introduce 
the dimensionless variable x defined by the following equation: 


f—2x% (9.15) 

where the parameter « is to be defined later. Substituting in (9.14) we get 
d?y(x 4 1 

Te | rss comeyp.Zi | 92” (9.16) 


We choose « so that the quantity inside the square brackets is unity: 


1/3272? Pr} 0.885 344 
where 
h2 
Ay = —; © 0.529 x 1078 cm (9.18) 
me 
represents the Bohr radius. Thus (9.16) takes the form 
cy al 
ae ae ve) 


which is known as the dimensionless Thomas—Fermi equation; from now 
on, it will be abbreviated as the TF equation. For an isolated atom, the 
boundary conditions will be 


y=1 at x=0 and y=0 at x=a (9.20) 
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In Section 9.2.2 we will briefly discuss the solution of the TF equation; 
however, before we do so we should mention that once x(x) is known, n(r) is 
known by using (9.7) and (9.12): 


1 3/2 
nr) = 3K sears | 2me a (9.21) 
or, using (9.15) and (9.17) we get 
2 3/2 
Re eed 2) | (9.22) 
On} gs nex 


Further, x(x) should be such that 


|: n(r)4nr2dr = Z (9.23) 


0 


which using (9.17) and (9.21) gives 


| x? y3!2(x) dx = 1 (9.24) 
0 


Equation (9.24) can serve as a check on any numerical calculation. We 
should point out that since 7(0) = 1, (9.22) predicts an infinite electron 
density at the origin; this is one of the basic errors of the TF model — see, 
e.g.. Schwinger (1980). Indeed, for an atom the TF model is correct only in 
the domain 

40 aa; 

Zz 
where a, is the Bohr radius. The condition a)/Z <r comes from the fact 
thai at distances smaller than a)/Z the quasi-classical approximation 
{which ts the basis of the TF model) breaks down. On the other hand, for 
r > dg, the de-Broglie wavelength of the electron becomes of the order of 
r* /ag So that the quasi-classical approach is again violated (see Landau and 
Lifshitz 1965 §71, for a nice discussion on this point). We should mention 
that in a complex atom the majority of the electrons are in the domain 
{a)/Z) Sr Sao, so that the TF model can be used to describe the complex 
atom system. 


9.2.1 Consideration of a gas of atoms 
The boundary conditions given by (9.20) correspond to an isolated 
atom Tf we consider a gas of atoms then the gas is divided into cells, each 
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cell associated with one atom. For simplicity, the cells are assumed to be 
spherical with radius rp given by 


where n, (= N/V) represents the number of atoms per unit volume. Thus 


3 1/3 
ro = EA (9.25) 


Now, the electric field at the boundary of the cell should vanish (because 
each cell is electrically neutral) and therefore at r=r, 


do 
dr 


Using (9.12) and (9.15) we get 


ae] 
yloideen) en 


Thus for a gas of atoms the boundary conditions for the TF equation are 


0 (9.26) 


x dy 
- edi) = 9.27 
y(0)=1 and E | 1 | (9.27) 
where 
i ZN 3 1/3 
Lo A 9.28 
x0» ~ 0.885 34a, \ 4nn, (728) 


9.2.2 Solution of the Thomas—Fermi equation 
The function y(x) may be expanded in a power series of the form 


[2 


K)= Dax" 
k=0,1,2,... 


=1+a,x'/? +a,x +a3x9? ++. (9.29) 


where we have used the fact the since y(0)=1, a) must be equal to 1. 
Substituting in (9.19) we get 


—1q,x73/? + 2a,x7 1? + 2a, + 42a,x!?.-.- 
1 
ie [1+ a,x?/? + a,x + a,x?! + «-.93/? 


Since there is no term proportional to x~ */? on the right hand side, a, must 
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vanish and therefore we have 


3a3x~ 1/2 + 2a, + 4Zagx!/? + 6agx + 3azx7!? + --- 


1 
a x 1/2 E + 3(a,x + a3x°!? + a,x? +--+) 


2 
a a 
+ha:*(1 + xt? 4 4x4 -) 


a, a, 
a3 : 
—xka,3x3{ 1+—xt24..) +. 
a2 
Equating coefficients of equal powers of x we readily get 
a,=0 a,=$ a,=0 as=4a, ag=} 
3 
Q,=754, Ag=7sa, Ag=F,— 7470, (9.30) 


ee na | 2 — oie pee ae 
Qy0 = 77592" 41, = 149542 + 105642 , Cte. 


Fig. 9.1. The Thomas—Fermi function x(x), as a function of x, for 
different value of the initial slope. The numbers on the curve represent 
the value of —a,. The point (x = x.) at which the tangent to the curve 
passes through the origin represents the boundary of the atom. When 
a, = — 1.588 08, x(x) approaches zero asymptotically and the solution 
corresponds to an isolated atom. The dotted curve represents the 
qualitative dependence of y(x) on x when |a,| is greater than 1.58808 
and it corresponds to a positive ion. (Adapted from Slater and Krutter 
(1935).) 


x (x) 


1.58803 
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Thus we have 

A(x) = 1 + ayx + 3x9? + Za,x5/? 4453 4... (9.31) 
It may be noted that if a, is known, all the coefficients are determined and 
since 

a, = x(0) (9.32) 
the entire solution is determined if y’(0) is known; of course, the power series 
expansion (9.31) is convergent for x<1 and is useful (i.e., rapidly 
convergent) when x « 1. For x 2 1 one normally uses a numerical method 
to solve the TF equation. 


Fig. 9.1 gives the numerical’ solution of (9.19) for various values of the 
initial slope. When 


a, = x'(0) = — 1.58808 


x(x) approaches zero asymptotically and the solution corresponds to an 
isolated atom (9.20). When 


|x'(0)| < 1.588 08 (9.33) 


x(x) decreases to a minimum and then starts increasing. These solutions 
correspond to atoms of finite size (see Section 2.1) and the point (on the 
curve) at which the tangent passes through the origin corresponds to 


Table 9.1. Dependence of xo on 
the initially chosen value of a, 


— 1.00 1.19 
— 1.38 1.69 
— 150 2.20 
— 1.55 2.80 
— 1.58 4.23 
— 1.586 5.85 
— 1.588 8.59 
— 1.588 03 i 
— 1.588 06 16.0 
— 1.588 08 oe) 


Source: adapted from Slater & Krut- 
ter (1935) 


* Numerical methods for solving the TF equation have been discussed in many 
Papers; see, ¢.g., Feynman, Metropolis and Teller (1949). 
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X =X. This follows immediately from (9.27): 


2) vs 
dx vara x x=Xo , 


The values of x, corresponding to typical values of a, are given in Table 9.1. 
Finally, when 


| z'(0)| > 1.588 08 (9.35) 


x(x) becomes zero at a particular value of x (see the dotted curve in Fig. 9.1). 

These solutions correspond to positive ions which have been discussed by 

Brillouin (1934); we will not be concerned here with these solutions.’ 
One of the important advantages of the TF model is the fact that the 


Fig. 9.2. The electron distribution function D(r) (= 4nr?n(r)) as a 
function of r for the mercury atom (Z = 80). The solid curve is 
obtained from the TF model (i.e., using Table 9.1) and the dashed 
curve represents the actual numerical results. (Adapted from Gombas 
(1949).) 


Dir) 


(r/a) 


‘ This particular class of solutions (for which x(Xo) = 0) might be important or 
relevant also to calculate the ionization of compressed matter (e.g., in inertial 
confinement fusion problems, astrophysics etc.). Using Gauss’ law, the charge 
inside a sphere of radius ro is given by 


a | 1 dd 
q=eZ* =—_QVE-da = — — — 
4n or 


rm 


(4nrg”) = Ze[x(r9) — ry'(ro) ] 


r=r 


where we have used (9.12). If we now use the fact that x(Xo) =0 we get the 
ionization of the compressed matter as 


Z* =Z[— xox'(xo)] 
(see also Moore (1981)). 
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curve corresponding to an isolated atom is universal, i.e. for a given value of 
Z one has to calculate « (see (9.17)) and simply scale the x-axis (using (9.15)) 
to get x(r) as a function of r. Once y(r) is known, n(r) can be immediately 
determined by using (9.21). It is for this reason we have tabulated the 
numerical solution of the TF equation corresponding to an isolated atom 
(see Table 9.2). In Fig. 9.2 we have plotted the electron distribution function 


D(r) = 4nr?n(r) (9.36) 


as a function of r for the mercury atom (Z = 80); the quantity D(r)dr 
represents the number of electrons in the spherical shell whose inner and 
outer radii are rand r + dr respectively. The solid curve is obtained from the 
TF model (i.e., using Table 9.2) and (9.15), the dashed curve represents the 
actual numerical results — the peaks approximately corresponding to the 
Bohr orbits.' 


* A very interesting application of the TF model is to (approximately) predict 
that the electrons in the p shell appear first in Z = 5 (boron), the d electrons for 
Z =21 (scandium) and the f electrons for Z = 58 (cerium). We follow the 
analysis given by Landau and Lifshitz (1965) §73. We start with the fact that 
the electron (with orbital angular momentum J) in an atom moves with an 
‘effective potential energy’ given by V,‘ = — e(r) + (1 +4)? h?/2mr? where the 
second term is due to the fact that the centripetal force mw?r (= L2/mr?, L = 
mor? being the angular momentum) is supplied by the potential energy to 
keep the particle in its orbit; this centripetal force adds to 4? the potential 
energy, (!+5)?h?, an additional term L?/2mr>. We have replaced L? by (1 + 4)h? 
to be consistent with the quasi-classical approximation. If V,“(r) > 0 for all r 
then there can be no electrons with that particular value of | because the total 
energy of the electron has to be negative. Now, for a given value of /, if we 
vary Z then we find that V,"‘(r) > 0 for all r when Z is sufficiently small. As we 
increase the Z value, we find that (for a given value of /) the r-axis is a tangent 
to the V,‘(r) curve and for larger Z values there is a region where V,""(r) <0. 
The conditions for the r-axis to be a tangent to the curve are 


V(r) = —ed + (1+4)?h?/2mr? =0 

and 

Vier) = —ed(r) —(1-+4)h?/mr? =0 

If we now use (9.12) and the fact that ¢) =0 we would get 
Z*? y(x)/x = (Fay (L + 4)?/x? 

and 

29 [xxl — yx = — 2G mF (+ 2x? 


Dividing the first equation by the second we get xy'(x)/y(x) = — 1. We may 
now use Table 9.2 to plot xy‘(x)/y as a function of x and we find that it 
becomes — ! when x = 2.1. On substitution and using the value of y(x) for 
x = 2.1 from Table 9.2 we get 


Z ~ 0.155 (21+ 1)° 


which gives Z = 4.2, 19.4 and 53.2 corresponding to ! = 1, 2 and 3 respectively. 
The correct values are 5, 21 and 58. 
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For a gas of atoms the procedure is rather involved: knowing the values 
ofn, and Z we first calculate x9; however, for a numerical solution of the TF 
equation it is necessary to know the initial slope (vis. a). One can make 
calculations for a set of values of a, and each time determine x, and then by 
using an interpolation procedure determine the value of a, which will 
correspond to the given value of x9. Obviously, it will be very convenient to 
have a relation giving the dependence of a, on xq. Further, as will be seen 
later, the calculations of total energy, pressure etc. become very simple if yo 
[ = x(xo)] is also known (see Sections 2.4 and 2.5). March (1957) has derived 
such relations which give accurately the values of a, and xo (within about 
1%) for given value of x: 


7 =4 
B(co) — B(x) = a2(X9) — a2(00) = | yi, Ayxy: + Aix | (9.37) 


and 
6 | 
Xo -| Y CnX0” "| (9.38) 
n=2 
where the coefficients A, and C, are tabulated in Table 9.3 and 


Be =a; (9.39) 


representing the magnitude of the slope at x = 0; the ‘infinity’ in parenthesis 
implies that it corresponds to an isolated atom (x9 = 00). Thus! 


B(oo) = — a,(c0) = 1.58807 (9.40) 


Table 9.3. Values of A, and C,, appearing in the 
expressions for a (Xo) and x9(see (9.37) and 
(9.38) (adapted from March (1957)) 


A, = 4.8075 x 107! C, = 4.8075 x 107} 
A, = 4.3462 x 107! C,=0 

A, = 6.9203 x 107? C, = 6.934 x 107? 

Ag = 5.9472 x 107? C, = 9.700 x 1073 

Ag = — 4.9688 x 1073 C, = 3.3704 x 1073 


A, = 4.3386 x 1074 
A, = 1.5311 x 107° 
4=4[./73 + 7] =7.7720 


oe 


Unfortunately, there is a discrepancy in the value of B(co) given by various 
authors: Slater and Krutter (1935) give 1.58808; according to Feynman et al. 
(1949) the value should lie between 1.588 74 and 1.588 84; Gombas (1949) gives 
1.588 0464 and the more recent value given by Rijnierse is 1.588 071 02 (quoted 
in Torrens 1972). 
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For a given value of xo, a, can be determined by using (9.37) and (9.40) and 
Table 9.3, and knowing the initial slope one can numerically solve the TF 
equation. 

We end this section by mentioning that there have been numerous 
attempts to obtain accurate analytical expressions describing the solution 
of the TF equation corresponding to an isolated atom (i.e., with boundary 
condition given by (9.20)). A useful expansion in inverse powers of x is given 
by 


144 
eo=—— > «alt 
25° SOF coe 
144 ILE alg 
I en eS | (9.41) 


where 


F = 13.270 973 848 
(9.42) 


= — 0.772001 8726 


and the coefficients c, are tabulated in Table 9.4; the superscript oo once 
again signifies that we are considering an isolated atom. The series in (9.41) 
converges rapidly for x 2 10. Thus when x « 1 we may use (9.31) (with a, = 
— 1.588 08) and for x 2 10 we may use (9.41) (with c,s given by Table 9.4). 
For 


Table 9.4. Coefficients c, in the asymptotic expansion of x(x) (see (9.41)). 


k Cy k ce 
0 0.100 000 000 000 000 E + 01 16 0.243 263 216 206 744 E — 06 
1 — 0.100 000 000 000 000 E + 01 17 — 0.691 031 290 629 697 E — 07 
2 0.625 697 497 782 349 E — 00 18 0.202 144 402 461 023 E —07 
3 — 0.313 386 115073 309 E — 00 19 —~ 0.586 883 726 659 920 E — 08 
4 0.137391 276719371E—00 20 0.169 228 967 471 091 E — 08 
5 — 0.550 834 346 641 491 E —01 21 — 0.484 947 296 184 278 E — 09 
6 0.207072 584991917E—01 22 0.138 179 140 746 420 E — 09 
u — 0.741 452947849571 E—02 23 — 0.391 670 654 111 897 E — 10 
8 0.255553 116794870E—02 24 0.110 486 378 825 038 E — 10 
9 — 0.854 165 377806924E—03 25 — 0.310 287 206 325 100 E — 11 
10 0.278 373 839 349473 E—03 26 0.867 815 397 770 538 E — 12 


11 ~0.888 226094 136591E—04 27  —0.241 782703 567 386E — 12 
0.278 359915878 395E—04 28 0.671 228 958 979 403 E — 13 
— 0.858 949 083219027E—05 29 —0.185 723018 657859 E — 13 
0.261 505871330370E—05 30 0.512 274 393 418 862 E — 14 
15  —0.786 798 261 946 265 E — 06 


— a ee. 
& WN 


Notes: Table adapted from Torrens (1972); the actual calculations are of PJ. 
Rijnierse — the original paper of Rijnierse was not available to authors. 


120 The Thomas—Fermi and related models 


intermediate values of x, it may be convenient to use the following formulae: 


Tix)= 035e °°" + 0d5e" Bet O10e0 o% (9.43) 
and 
x3 A/[3 
x* (x) =| + (4) with A = 0.772, x =7 (9.44) 


Equation (9.43) is due to Moliere (1947) and it gives an accurate description 
in the region 0 < x <7; (9.44) is due to Sommerfeld (1932) which gives an 
accurate description in the region x = 7. There are many other formulae 
which are discussed in the book by Torrens (1972). 


9.2.3 Derivation of the Thomas—Fermi equation using 

variational principle 

Equation (9.7) can also be derived using variational method. Such 
a derivation is of considerable interest since it can be easily extended to 
incorporate the effects due to exchange interactions (see Section 9.3). We 
first calculate the total energy associated with the electrons. 

The kinetic energy associated with the electrons in the volume element dt 

is given by (see (6.28)) 


3 2\2/3 h? 
| 0 ale 
Thus the total kinetic energy will be 


3h? 
10m 


nna 


Ein = —— Gn?)?3 | n5/3dr (9.45) 


The potential energy will be given by 


Ze? nr) | 
E. = 
pot -(* ca | (mee re a Se nats (9.46) 


where the first term (on the right hand side) is due to the interaction of 
electrons with the nucleus (which is assumed to be at the origin) and the 
second term is due to electron-electron interactions. Thus the total energy 
will be given by 


E=¢, [ni?dr—Ze [~ Ltn g Al [Mental t,dt, (9.47) 


where 


= —— (3n7)?/9 (9.48) 


Now, we require E to be minimum with respect to variations of the electron 
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density n with the constraint that the total number of electrons given by 
Le | ndt (9.49) 


remains constant. Thus we have 
O(E — uZ)=0 (9.50) 


where y is the Lagrange multiplier. Now, 


2 
OE= |] sane - 2 nae 
n(r,)dn(r5) 5 | [meen n(r2) 4 
= dt,dt,+— 
|e i—nm| biol nahi 


= | [$c,n2/3 + V(r) Jondt (9.51) 
where 
4 2} 
Vir) = — ed(r) = -# st | eats (9.52) 


represents the potential energy function. Now, (9.47), (9.49) and (9.50) give 


0= UE = nZ)= BE ~ | dnd 


2 | [$cqn?! — ep (r) — onde (9.53) 


Since on is —” we have 
3¢,n7/3 —ed—p=0 (9.54) 


Substituting for c, from (9.48) we get 


2 3/2 
n(r) = a (9.55) 
or 
p) a2 
n(r) =" ( — 0)" 9.56) 


where ¢, = — p/e. The above equation is identical to (9.7). 


9.2.4 The kinetic and potential energies of an atom 
In this section we will use the TF model to calculate the kinetic and 
potential energies of an atom and will later compare the results for the total 
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binding energy of an isolated atom with experimental data. This will enable 
us to see the errors involved in using the simple TF model. 

We first calculate the kinetic energy associated with the electrons. This is 
given by (9.45) 


3h 0 22/3 | 5/3 2 
Exin = —>— (327)? | n° (r)4ar7 dr 


10m 
3e? (2Z)7/3 
eae (9.57) 
where 
$/2 
I= (os dx (9.58) 


and we have used (9.15), (9.17) and (9.22). We next evaluate the integral 
denoted by I. 


Evaluation of the integral 
In order to evaluate the integral, we introduce the variable 


_ x) 
io x 


W(x) (9.59) 


Thus w(x) (which is proportional to (@ — ¢o) — see (9.12)) will satisfy the 
equation (cf. (9.10)) 


rae *| =x? yh? (9.60) 


Thus 


{Lieb 


_ 2, dy 1 dy |? 
=x yt_ [5] eZ dx 


where we have used (9.60) and in the last step we have carried out 
integration by parts. Integrating again by parts and then substituting 


for 
4 (2d 
dx dx 
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from (9.60), we find 


d 1 d 
lea aye 4 x( mn) - [2a( 752 )syeras 
= yee Sh) —2[ overseas (9.61) 
Now 


fovea. = x3 (2p?) ~$ | Puerds 


Substituting in (9.61) we get 


b 5/2 £4 b 
=| toes -3| x ae =(4) -104°2| (9.62) 


We set a=0 and b= xz, (the boundary of the atom). At the upper limit 
dy/dx vanishes because of (9.26) and the fact that y is proportional to 


(~ — $o). Thus 
2 
jew gt +(e) —ye? | = — 4x5/2y,5/ 


Xo = X(%o) 


Now as x0, x varies at 1 + a,x + a,x?/? + --- (see (9.31)) and therefore 


where 


1 ; 
YR + ay + Asx'? + (9.63) 
and 
1 
= = all See ae al (9.64) 


Carrying out simple algebra we get 


*0 4°?(x) 5 4) 1/2, 5/2 
> xi dx = —3[a, —§X9 *X0"*] (9.65) 


where we must remember that a, is a negative quantity (see Table 9.1). 
Returning to (9.57), we then have 


3 e? (2Z)"" 
kin — Td (Gn)?/3 [B+ $ Xo" Byatt] 


= 0.4841 zin( = -)tp + $x51/2 4755/2] (9.66) 
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where 
a Fl (9.67) 
Now, the potential energy is given by (see, e.g., Latter 1955): 
Ee Ee on © (9.68) 
where 
Eye = ; | , [ —en(r)]4.(r)4ar2dr (9.69) 


represents the potential energy contribution due to electron—electron 
interactions (@,(r) being the potential arising from the electrons) and 


oe | [ — en(r)]¢,(r)4ar7dr (9.70) 
0 


represents the potential energy contribution due to electron-nucleus 
interactions (,(r)( = Ze/r) is the potential arising from the nucleus). The 
quantity [ — en(r)] represents the charge density due to electrons and the 
factor 5 outside the integral in (9.69) is due to the fact that the electron— 
electron interaction has been counted twice. We first calculate E,,,,°". Since 
¢,(r) = Ze/r, we have 


xo 


Z 
Eno = — 4nea? | dxx?n(x) <= 
ox 


0 


Ae ea, ise 27 aa), 
~ a [8\4) Z | 9ona. |}, xt? ~~ 


where we have used (9.15), (9.17) and (9.22). 
On simplification we get 


. re Ze" ca 
pot ~~ P xi/2 x 


a 


Now, using the TF equation (9.19) we can write 
xo yale 
[ ae ax = | x00 = [x'(*)]o* = x'(%o) — x’) 


tho) 0.71) 


Xo 


where we have used (9.27) and (9.67). Thus 


Z*e? 
Evatt" = — E ‘ al (9.72) 


OL x5 
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We next evaluate E,,,,°°. Since 


B= b+ bale) = blr) + 


we have 


a= = | nia] dn — 2 lanr*dr 


= — 2nea3 i* n(x [2 Sa eRe [rae 


where we have used (9.12) and (9.15). Substituting the value of n(x) from 
(9.22) we get 


yl? 


Ze 
Bes = =$Ze E (7 — ato pelle?! dx 
o x 0 
Ze EPA 
—_— ae ax | 
Cealig a 


Since y?/? = x'/?y” (see (9.19)) we have 
| x*/* 93/2 (xe = | eyed = | ee) — x(x) Jdx 
ry) 0 o dx 
= [xx'(x) — x(x) ]6° 


= 7(0)=1 (9.73) 


where we have used the fact that the quantity [xy’(x) — y(x)] vanishes at 
X =Xq because of the second boundary condition in (9.27). Now, the 
potential at the boundary should vanish, i.c., 


(ro) =0 (9.74) 
and therefore (9.12) gives us 


Ze Ze 
E> aka ae 9.7 
do ro x(Xo) Xo Xo (9.75) 


(see also the first footnote on p. 106). We substitute the above relations in 
the expression for E,,,.°° and also use (9.65) and (9.71) to get 


Ze Zex VARS 
Ee = ~42¢| 758 desk, Xo" = 2 (% ate B) | 
19) 


aX a 


mel - | -$B+ 9x0! x08? 2 | (9.76) 


Xo 
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Substituting for E,,,°" and E,,,°° from (9.72) and (9.76) in (9.68) we get 


6 Ze? 
Boo = — 3 a IB 4X0 7X60 1 


iz 7/3 
= 92 C4) B+ 4x0! 40°7] (9.77) 


For an isolated atom, we also have the relation 
A ie) le a (9.78) 


where the superscript oo implies that we are referring to an isolated atom. 


Fig. 9.3. The variation of the total energy (as given by the TF model) 
with scaled volume (ZV) at various values of kT/Z*/>. The limiting 
curve (shown as the dashed curve) corresponds to T = 0. (Adapted 
from Latter (1955).) 


kT 
=T =8x10%eV 4x 10% 2x 104 1x 10* 


zi 


10? 


10° 


(E-E~)/zi 


or 


10% [ 1x 107 \ 


10-5 


+6 


10728 ] 0776 1 0-24 1 0722 1072° 
ZV (cm?) 
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Now, using (9.66) and (9.77), the total energy will be given by 


e2 (2Z)7/3 


OS Sa Bap 


[FB — 35X07 X07] (9.79) 


For an isolated atom xo = 0 and x) = 0 and we have 


= e (2Z)’"° 3 Ro 
Gy (en 


(9.80) 


We may therefore rewrite (9.79) as 


e2 (2Z)7/3 


E(xo) — E(0o) = ao (Bn) 


[5(B? — B)eeex5 X01 (9.81) 
In Fig. 9.3 we have plotted [E(xy) — E(oo)}/Z"? as a function of ZV at 
different temperatures. The parameter ZV depends only on x, as can be 
seen from the following: 


4 4 
ZV = Zr Z Zw x9" 
3x3 
= Fy 40° Xo” (9.82) 


We must remember that (9.81) corresponds to T =0 and it therefore 
corresponds to the dashed curve in Fig. 9.3. (The formula for T > 0 will be 
discussed in Section 9.5.) We may also use (9.37)-(9.40) and the numbers 
given in Table 9.3 to calculate E(x.) and if we are content with the 
approximations involved in (9.37) and (9.38) then it is not necessary to solve 
the TF equation to evaluate E(x). 

We next evaluate the total energy for an isolated atom and compare with 
experimental data; this will enable us to appreciate the errors involved in 
the TF model. We first note that for an isolated atom (for which x, = oo and 
Yo = 0) we have’ 


2 
Exin(00) = —Epo(00) © 0.7687 zn(=) (9.83) 
0) 
where 
e? 
— w436 x10 * ergs = 27.2eV (9.84) 
ao 
t The relation E,;, = —4£, (for an isolated atom) also follows from the virial 


theorem (see Section 9.4). 
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The total energy will therefore be given by 


e2 
E(00) = Exin(00) + Ego(00) = ~ Ein(00) © — 0.7687 zin(=) 


(9.85) 


The quantity — E represents the total binding energy of the atom (ce., the 
energy required to remove all the electrons to infinity). As an example, we 
consider the Hg atom (Z = 80). The experimental value for the total binding 
energy is 
ee 
— Ea = 1.813 x 1or(=) (9.86) 


Ao 


whereas the Thomas—Fermi value (9.85) is given by 


2 
=F = 2.100)x 1or(<) (9.87) 
ao 
which differs by about 17%. For lower Z values, the error gets bigger; for 
Z = 12, the error is 27%. As stated earlier, the TF model gets better with 
increase in the Z value. 
Schwinger (1980) has given a correction factor to the TF expression: 


D. 
— E =0.7687 zr| =| (9.88) 


ao 
where the correction factor F is given by 
F =1—-—0.6504 Z~ 1/3 + 0.346 Z~ 2/3 (9.89) 


Using (9.88) and (9.89), the experimental results for the total binding energy, 
for Z = 26 down to Z = 6, are reproduced within 1%; for higher Z values, 
the error is less. For example, for Z = 80 one obtains 


2 ; 

— Ex 1.839 x 1o*( =) (9.90) 
Qo 

which may be compared with (9.86). We may mention here that the term 

proportional to Z~ '/? in (9.89) arises from compensating for the error of the 

TF model in giving the electrons an infinite density at the nucleus. The term 

proportional to Z~ 7’? takes into account exchange effects. 


9.2.5. Calculation of pressure 
According to the laws of thermodynamics the pressure is given by 
(see, e.g., Pathria 1972, p. 16): 
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dE 
—— (F).. (9.91) 


where E is the energy, V the volume, N represents the number of particles 
and S the entropy. In our case V will represent the atomic volume 
( = (42/3)ro°). In Section 9.3.1 we will use (9.91) to derive an expression for 
the pressure when the effects of exchange are also taken into account and 
the formula derived in this section will be a special case of that. Here we will 
make use of kinetic theory considerations according to which the pressure 
is given by 


= $n(Xo)Exin (9.92) 


where n(x.) is the number of electrons per unit volume at the surface of the 
atomic boundary and E,,,, is their mean kinetic energy. Now, at x = Xo, 
there are no Coulomb forces and therefore one can use the equation of state 
for the Fermi—Dirac gas (without interactions); thus, we have (see (6.28)): 


2 
Bein = 33x2)2 5 [n<0) ?” 0.3) 
Thus 
2 
P =(3n2)? nlx)" (9.94) 


which is consistent with (6.29). Substituting for n(x.) from (9.22) we obtain 


P 128 / 4 \?8 ey, ]5? 
7108 Abn? aa) aaa | te 


: BPA 
wm 1.524 x 10% | dynecm~? (9.95) 
Xo 


For an isolated atom x)= 00 and y,=0 so that P=0 (obviously). In 
general, for a given gas of atoms, we have to first calculate x, (9.28) and then 
use numerical methods to determine 7. In Fig. 9.4 we have plotted P/Z!°/? 
as a function of ZV at different temperatures; the parameter ZV depends 
only on Xv (9.82). We must remember that (9.95) corresponds to T = Oand it 
therefore corresponds to the dashed curve in Fig. 9.4. (The formula for T > 0 
will be discussed in Section 9.5.) Once again, we may also use (9.37)—(9.40) 
(and the values given in Table 9.3) to calculate P and, if we are content with 
the approximations involved, then it is not necessary to solve the TF 
equation. As an example, for x, = 10, 79 = 0.0550 (using (9.38) and Table 
9.3) and P/Z!°? = 3.42 x 10’ dynescm~? and ZV ~ 4.31 x 10> 77 cm? (see 
the curve corresponding to T = 0 in Fig. 9.4). 

Regarding the validity of the equation of state derived from the TF model 
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(viz. (9.95)) March (1957) writes ‘...no claim is made regarding the validity of 
such equations of state over a wide range of pressures;... it is only when 
dealing with pressures of the order of 10’ atmospheres that the results will 
be at all generally applicable, and even then the effect of exchange should be 
considered’ — we will consider the effect of exchange in Sections 9.3 and 9.6. 

We may note here that at very high pressures, the results should be the 
same as for a free electron gas with electron density equal to Z/V where V 
[ = (472/3)a3x,.?] represents the volume associated with an atom. In this 
approximation, the pressure will be given by (see (6.29)) 


h2 Z 5/3 
P(g e 
cor es 


$na>x,° 


128 (4 \?3/e\ 0, 1 
eee oe pay 
saz) (S)z oe la 


Fig. 9.4. The variation of pressure (as given by the TF model) with 
scaled volume (ZV) at various temperatures. The limiting curve 
(shown as the dashed curve) corresponds to T = 0. (Adapted from 
Latter (1955).) 
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Comparing with (9.95) we get 


32/3 1 


19 Se MOTERO TS, oi 


Indeed, starting from the TF equation March (1957) has shown that 


32/3 31/3 
~~) ——e 1 —————— ete * 
Xo " | i0 Xo + | (9.98) 
which leads to the equation of state 
h? Ze 1 
PV =— 2)2/3 (eee (AT, 1/3 ae : 
ae (a1-) al al (4ZV)h° + | (9.99) 


When xz, is small, (9.98) can be written in the form 


1 


<n a TT arms | 9.100 
ko * 048075 xo[1 +.0.14422x,+-] ene) 


which is consistent with (9.38) with C,s given by Table 9.3. Indeed C,, C, 

and C, were chosen in such a way that one obtains the correct behaviour for 

small values of x,. For large values of x, (i.e., low pressures) Gilvarry (1954) 

has derived the following expression 
 16(3 + 2) 


Xo ~ 
i 


(9.101) 


with 
A= 2773 + 7) = 7.7720 (9.102) 


Indeed, for large values of xo, (9.38) becomes (9.101). 

It is of interest to mention that when all forces are derived from 
Coulomb’s law, the kinetic and potential energies are related through the 
following equation 


2E xin + Epo = 3PV (9.103) 


Equation (9.103) is known as the virial theorem and will be derived in 
Section 9.4. If we substitute for E,;, and E,,,, from (9.66) and (9.77) we would 
get 


a eae, 


= tlt” (0.108 


Further, if we now use (9.82) we would get (9.95). Thus the virial theorem 
(which is exactly valid for a quantum mechanical system as well as for a 
classical system when the exact equations of motion of the electrons and 
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nuclei are taken into account) remains valid in spite of the simplifying 
assumptions introduced in the TF model. 


9.3 Inclusion of exchange interaction: the Thomas—Fermi Dirac 
equation 
The ‘exchange energy’ is the effect of the antisymmetrization of the 
electron wavefunctions on the electrostatic interaction energy. This 
exchange energy (per unit volume) for a system of free electrons was first 
evaluated by Bloch (1929) and is given by (see also Brush (1967)): 


~e¢,.nt/3 (9.105) 


3 1/3 
Ge -1¢(2) (9.106) 


T 


where 


Thus the total energy will be given by 


B= e (nS? - c, {nt ~ 26 |" ae 


+3 [sone EU a dt, (9.107) 


Ir, —TF,| 
We now use the same procedure as used in Section 9.2.3 to obtain 
3¢,n7/3 —4¢,.n'/3 — (ep + p) = (9.108) 


which is an equation quadratic in n'/*. Solving the quadratic equation we 
get the following expression for the electron density 

go [18c.?7 + Pe (ep + uw]? (9.109) 

5 CoeelGy 

where we have disregarded the negative sign in front of the square root so 
that if we neglect the exchange term (i.e., substitute c, = 0), (9.109) becomes 
the TF relation (viz., (9.5)); furthermore, it has been shown that the solution 
corresponding to the negative sign does not correspond to any physical 
situation (Plassket 1953). Substituting for c, and c, and simplifying we get 


(2m)?/2{ ( me* \1/2 1/2773 
Ure 3n7h3 Qn h2 (5 2p2 + (e+ 1) | (9.110) 


The above equation is known as the Thomas—Fermi- Dirac (TFD) relation 
which when combined with (9.9) gives the TFD equation. 
We rewrite (9.110) as 


2 3/2 
nln) = [a + [60) — bo +22 @.111) 
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where 
as (2me?)*/2 
= aa (9.112) 
and ¢,) = — p/e. We substitute for n(r) from (9.111) in (9.9) to obtain (cf. 
(9.10)): 


4e 


V7(~ — do) = 3 y3 2me)*?Ea +(b —$ +.a2)!/299 (9.113) 


We use a procedure similar to that used in Section 9.2 and define P(r) 
through the following equation (cf. (9.12)): 


Z 
(r) — bo +a? = = P(r) (9.114) 
Substituting in (9.113) and carrying out simple manipulations we get 
d2y W(x) 1/23 
where x = r/a (see 9.15) and 
3 Ve 0211873 


Equation (9.115) is known as the Thomas—Fermi- Dirac (TFD) equation.’ 
If we substitute «=O then (9.115) becomes the TF equation (9.19). 
Substituting (9.114) in (9.111) and carrying out simple manipulations we get 


apy Ae (Pia? 

noy= gas] e+ (= (9.117) 
which may be compared with (9.22). It can be easily seen that the boundary 
conditions prove to be as in the TF model, viz. 


x “e¥ 
YO d —— =| 9.118 

oar ad Leper |. —_ 
which may be compared with (9.27). Furthermore, P(x) can be expanded in 
a series of the form (cf. (9.29)) 


W(x) = 3 bys 


KOM aes 
=14+b,x'?4+b,x+-- (9.119) 
where we have used the fact that since ‘¥(0) = 1, by) must be equal to 1. Using 


* An alternative derivation of the TFD equation has been given by Slater and 
Krutter (1935). 
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a procedure similar to that used in Section 9.2.2 we find 


be= deere b, SE ab? (9.120) 
bg =5b, + 7308 
bo = Fy — xoxb2? + Hh b2e — gzbn7e7 + $38? + HE" 


etc. It can be seen immediately that for a given value of ¢, the complete 
solution is known if we know the value of the initial slope (= 5,). The 
numerical solution of the TFD equation has been discussed by several 
workers — see, e.g., Slater and Krutter (1935), Jensen et al. (1938), Feynman 


Table 9.5. Summary of the numerical 
results for Carbon (Z = 6) ( for 
p=2.25gcm 3, xo x 6.28). 


—b, Xo W(Xo) 

1.6740 3.2617 0.23194 
1.6800 S733 0.169 46 
1.6800 4.3784 0.108 16 
1.6858 5.1678 0.061 24 
1.686 3 BPA | 0.039 42 
1.6867 7.008 4 0.01079 


Notes: Table adapted from Feynman, Metro- 
polis & Teller (1949). 


Table 9.6. Summary of the numerical 
results for Uranium (Z = 92) (for 
p=19.0gcem~ 3, xo = 16.47). 


—b, Xo W(Xo) 
1.603 94 6.5139 0.101 64 
1.604 44 7.4877 0.07495 
1.604 84 10.2143 0.035 07 
1.604 88 11.3326 0.026 23 
1.604 90 12.4037 0.01991 
1.604 91 13.3862 0.015 51 
1.604 91 14.294 1 0.012 28 
1.604 92 15.608 4 0.008 71 
1.604 92 19.430 1 0.002 86 
1.605 00° 0 


Notes: Table adapted from Feynman, Metro- 
polis & Teller (1949). 
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et al. (1949), etc. We should mention that whereas for the TF equation a set 
of universal solutions was found which could be applied to any value of Z 
by a simple change of scale, in the case of TFD equation, it is necessary 
however to obtain separate solutions for each Z. For example, Slater and 
Krutter (1935) have reported numerical solutions for Z = 3, 11, 29, Jensen et 
al. (1938) for Z = 18, 36, 54 and Feynman et al. (1949) for Z = 6 and Z = 92. 
In Tables 9.5 and 9.6 we give the values of x, and ‘P(x,) for different initial 
slopes for Z = 6 and Z = 92. 

We should hasten to point out some of the difficulties of the TFD model. 
Firstly, there is a solution of (9.115) for which the x-axis is tangent to the P- 
curve; however, the tangent occurs at a finite value of x. (We may recall that 
for the TF equation this tangency occurred at x = oo and therefore the 
solution corresponded to an isolated atom.) Brillouin (1934) suggested that 
the solution which is tangential to the x-axis should be taken as the ‘best’ 
representation for isolated atoms. However, there has been lot of con- 
troversy on this point — see, e.g., March (1957). Fortunately, the value of x 


Table 9.7. Initial value of the slope — b,, in the Thomas—Fermi- 
Dirac case for which the x-axis is tangent to the ‘¥(x) curve. 


Atom Z g —b, 
Thomas-—Fermi 0 1.588 08 
Cu 29 0.022 437 1.622 5 
Na 11 0.042 818 1.6536 
Li 3 0.101 815 1.7427 


Note: (Table adapted from Slater & Krutter (1935).) 
Fig. 9.5. The variation of the initial slope (— b,) with ¢ corresponding 


to the solutions of the TFD equation for which the x-axis is tangent 
to the ¥-curve. (Adapted from Slater and Krutter (1935).) 


1.70 


2s 


1.64 


1.58 
0 0.04 0.08 
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at which the x-axis becomes a tangent to the ‘¥-curve is usually much 
greater than the interatomic distance. In Table 9.7 we have tabulated the 
values of the initial slope for which the x-axis becomes a tangent to the ‘P- 
curve. A plot between — b, and cis very close to a straight line (see Fig. 9.5). 

Another difficulty with the TFD equation (which has not been satis- 
factorily resolved) is the fact that Y = 0 does not imply the electron density 
to be zero (9.117) and therefore the solution leads to a discontinuity in the 
charge density at the boundary - once again, we refer to March (1957) fora 
discussion on this point. 


9.3.1. Calculation of pressure 
We will use the relation 


p=-(F a ee 9.121 
5 a Se a 


for the calculation of pressure. In (9.121), V (=42/3(ro°)) represents the 
atomic volume and 


ro 

N =| n4nr7dr (9.122) 
0 

represents the total number of particles. It should be noted that in carrying 

out the differentiation with respect to ro (in (9.121)), N should remain 


constant, 1.e., n must vary so that 


AN _ 
ce (9.123) 
Thus, according to (9.122)' 
dN 1 dn 
echoes 2 
ira N(ro)4aro~ + | an 4nr? dr = 0 (9.124) 


Now, the expression for the total energy is (9.107) 


To ro ro n 
= 5 
ey nat —c |) nar — Ze | ~—dt 
=0 r=o0"r 


3f | HO ede 
oe 16 
oo (oe ee 


F(x) i S(y)dy 
10) 


then 
dF/dx = f(x) 


Further, the second term in (9.124) comes from the dependence of n(r) on noe 
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where dt = 4nr*dr. Thus carrying out elementary differentiations we get 


dE 
eT iT , 
Gate (9.126) 
where 
wy 2 ro , 
Tr, = ioe Sati? key, list See n(r’) dr’ 
0 dro r Ms Ir a r’| 
(9.127) 
and 
F, =4ar,” | ens” eit — En etal) | | 
i r=fro 
(9.128) 
If we now use (9.52) and (9.108) we would readily get 
os dn 
r, = Hf, Ca. 
= Se (9.129) 


where in the last step we have used (9.124). We again use (9.108) to obtain 


Vr, = — (en? —$e.n'9 — ed Jn(ro)4aro” 


Ze? n(r’)e? 
7 | ean = 4en'3 pa onan et " ) 7 dt’ W(ro)4nro” 
r ai 


(9.130) 
where in the last step we have used (9.52). We should point out that the 
quantity inside the square brackets is simply u and therefore independent of 
r ~ SO we may evaluate it at any value of r. We finally substitute for , and 
I, from (9.130) and (9.128) in (9.126) to obtain 


oS drs en oe (9.131) 
dro 

Substituting in (9.121) we get 
ie {3¢,[n(ro) 1°! Ea Na (122) 


If we neglect exchange effects (i.e., put c, =0) and substitute for c, from 
(9.48), the above expression for P will become identical to (9.94) (obvi- 
ously!). Using (9.48), (9.106) and (9.117) we get after simplifications 


128 ( 4 \?3/ e? Wise) a | 
P= ae Z10/3 Resenee OZ, 
aselan) ae)" |S) 


; 5e/4 
| — wa | vee 
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which may be compared with (9.95). Following Jensen (1938) we write 
(9.133) in the form 


P=2¢,(fa)? = Pfs? (9.134) 
where 
Zz Z 
i ee 9.135 
7 1 (42/3)ro il 
h2 
P =2¢,75 = Ce no! (9.136) 
m 
and 


a XG, BiG) \ . 52/4 es 
p= 7g | (eel ) +e E aes | (9.137) 


Obviously, P represents the pressure resulting from a uniform distribution 
of all the electrons throughout the volume (see (6.29)). Now, for a given gas 
of atoms fi (and hence P) can easily be calculated and therefore if we know 
the dependence of f on x, and Z then the value of the pressure can readily 
be determined. Jensen (1938) and Feynman et al. (1949) plot f as a function 


Fig. 9.6. The variation of f with € for different values of Z. The 
parameter f is related to the pressure corresponding to the TFD 
model (at T = 0) and the parameter € is related to the atomic density 
(see (9.138)). The curves allow easy interpolation for intermediate 
values of Z. (Adapted from Feyman, Metropolis and Teller (1949).) 


Without 
oneuauacas 
if 
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of a parameter (¢) which is proportional to (Z/V)'/%; they choose 


i. 1/3 Z 1/3 
Sey | 7 a : 
: co] | ool aaa | 


2/4" 1 _ 0.7007 
0 

The factor Z~ 7/3ay was chosen such that & depends only on xy. Figure 9.6 
gives the dependence of f(¢) on é for Z = 3, 6, 11, 18, 29, 36, 54 and 92. From 
these curves it is very straightforward to carry out an interpolation 
procedure to determine the value of f for given values of x) and Z. We have 
also plotted the curve corresponding to the TF model to which the TFD 
curves approach in the limit of Z > oo. Obviously, the effect of the exchange 
is to lower the pressure and energy of the TF model. Once again the 
expression for the pressure given by (9.133) (or, (9.134)) is expected to be 
valid at rather high pressure (> 10 Mbar = 10'3dynecm  ”) when there is 
very little effect of the outer shell structure of the atoms. 


= mans (9.138) 


9.4 Derivation of equation (9.103) using the virial theorem 

In this section we will use the virial theorem to derive (9.103). The 
derivation will closely follow the treatment given by Latter (1955). We start 
with the virial theorem according to which the total kinetic energy of a 
system of particles is given by 


Ew f (9.139) 
where 
I=— (SF) (9.140) 


is known as the virial; F; denotes the force acting on the ith electron whose 
position is given by r; and angular brackets denote a space (or time average). 
The virial theorem is proved in Section 15.6. Now, the force acting on an 
electron may be due to electron-electron interaction, electron—nucleus 
interaction or collisions with the atomic boundary, the interactions will be 
designated by superscripts ee, en and eb respectively. We therefore write 


js oI oat (a (9.141) 


Since the force applied by the boundary is directed towards the centre of the 
sphere and occurs at the atomic boundary where r = ry, we have 


[e> ee (SF) 


— (xR) =Tro[4aro?P] (9.142) 
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where in the last step we have used the fact that the time average of the 
boundary force is just the pressure P times the area of the boundary 
( = 4nro’). Since V = (4n/3)ro* we have 


I? =3PV (9.143) 


We next consider the electron nuclear interaction for which 
(9.144) 


the negative sign showing that force is directed towards the origin. 
Thus 


2 
je = (x2 ) = — Eqg® (9.145) 


Ry Ui 


where E,,,°" is the potential energy arising out of electron—nuclear 
interactions. Finally, we consider the force due to electron—electron 
interactions which will be given by 


Rese) (9.146) 


j lr, —r,l? 


where the summation is over all possible values of j excepting j = i. Thus 


~ 
° 
o 
| 
| 
hax} 
ie) 
—— 
ia 
M 
—|-" 
~ 
Ba 
alos 
— 
oe 


i ij r—tr,; 
one me (r; r;) (r; r;) 
= 2 (EE Ir; F|° 
e? 1 . 
590) ee (9.147) 
I i j 


where E,,,°° represents the potential energy due to electron—electron 
interactions. Substituting the expressions for [°, [*° and I in (9.141) and 
then substituting for I in (9.139) we get 


QE Ein tee = OPP (9.148) 


which is identical to (9.103) since the total potential energy is given by (9.68). 
We may mention here that based on similarity considerations, Feynman 
et al. (1949) have given a very general proof of the virial theorem. Fur- 
thermore, the virial theorem can be applied equally well to calculations 
with exchange effects; this follows from the fact that the exchange energy, as 
all other potential energies, is proportional to e?/r. Thus (9.148) takes the 
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form 


2B gin FE pot” + Epo + Ee = 3PV (9.149) 


2 i) The Thomas—Fermi model at finite temperatures 

Until now our considerations have been for T = 0. In this section 
we extend the analysis to finite temperatures’ — our treatment closely 
follows the analysis of Feynman, Metropolis & Teller (1949) and Latter 
(1955). We start with (9.2) and rewrite it in the form 


Oe | ” pls pidp (9.150) 
0) 


where 

i 4np? 
P(r, P) =F a3 a p? _ eo — bo) sa 
Pom” iF 


(9.151) 


represents the number of electrons (per unit volume) whose momenta lie 
between p and p+ dp. We introduce the dimensionless variable 


é=— (9.152) 


where r=r, represents the atomic boundary (9.25). Furthermore, we 
introduce the variable ¥(é) defined through the following equation (cf. 
(9.12)): 


e(d — Go) 
kT 


oa e(p — Po) tr 


9.153 
1 Me ( ) 


¥(¢) = s 
If we now use the Poisson equation (9.9) and introduce the variable 


2 


Pp 
—— 9.154 
y 2mkT ( ) 


we would get 
kT 1 df ,d/(¥) 
e°rdr| dr re 
4ne [eee oot 
~ 47Fn? Jo expLy —(‘P(¢)/c)J +1 


t The analysis for the Thomas-Fermi-Dirac model for finite temperatures is 
fairly involved; for a perturbation treatment we refer to Umeda and Tomishima 
(1953), a more rigorous analysis has been given by Cowan and Ashkin (1957). 
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On simplification we obtain 


d?y i 
ra a atta 4 | (9.155) 
where 
r Ps 
Ae (‘) (9.156) 
C 
nh? 1/2 1,602 x 10~?cm 


(where T;,, is the temperature measured in kilovolts) and 


I,(n) = (2 oan ey (9.158) 


is known as the Fermi—Dirac function. The functions I;/.(), I ,;2(y) and the 
derivatives of J,,.(y) appear not only in the calculation of the equation of 
state but also in other areas of statistical physics. McDougall and Stoner 
(1938) have given detailed tables of these functions; we reproduce these 
tables in Appendix 3. 

Now, as r-0, ¢(r) should behave as Ze/r and we immediately have 


Ze 


es ir 


(9.159) 


Further, the boundary condition at r = rg (i.e., at € = 1) gives us (see (9.26)) 
Aly 1) (9.160) 


where primes denote differentiation with respect to ¢. The electron pressure 
is given by (cf. (9.92)) 


2 fee) 2 
P=5 [ (£. )otra dap (9.161) 


where the electron density is evaluated at the atomic boundary. Substitut- 
ing for p from (9.151) and using (9.153) and (9.154) we get 


(2mkT)>/2 


pa 
6n7h>m 


T3/2(P(1)) (9.162) 


which Latter (1955) writes in the following form: 


_ ZkT2 a 


"V9 (0) sar 32( PO) (9.163) 
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V [ = (417/3)ro°] represents the atomic volume. Now, the kinetic energy per 
electron is p?/2m, therefore the total kinetic energy will be given by 


00 Ce) 2 
Ekin = | andr | lr, p)—dp (9.164) 
0 0 2m 
Using (9.151) and (9.158) we get 


5 
Exin = lsat |, aeety,( 2) (9.165) 


mmh? e 
which can be rewritten in the form (Latter 1955): 


er ¥(2) 
Buin = ZT iy p ae Iya] : | 


In order to calculate the potential energy we must know n(r) and if we use 
(9.150)—(9.154) we readily get 


(2mkT)°!? | 
LYE) |r 


(9.166) 


n()= : (9.167) 


Thus, using the fact that ¢,(r) = Ze/r, (9.70) gives 


en _ (2mkT)* : ¥(¢) 
En a = Aire capoge (0) : dee? | é |4 (9.168) 


Further, since 
$60) = $0) — b4(0) = (7) 


Mey 26, 22 (9.169) 
eg r 


(9.69) becomes 


3/2 1 
Ego = — 2ne _ ro dea] | 
0 


2n7h3 € 
kT Ze 
x [FH + 60-7 | (9.170) 
Since ¢(r,) = 0, we have 
bel lis Dene (9.171) 


kT 
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Thus 
§/ 25 ook wy 
E vot om Ee” an Eon a ont | atty,| | 
x Gi (6) eel) + 0) 
a [' ‘¥(¢) 
== ZT 5H) | a8] 2 lew aes: 1) alae 


(9.172) 


Using (9.163), (9.166) and (9.170) it is possible to derive (9.148) — the analysis 
is a bit involved and we have given it in Appendix 4. This again shows that 
the virial theorem remains valid inspite of the simplifying assumptions 
introduced in the TF model. 

Latter (1955) has derived an expression for the entropy which is given by 


a 
Zk ZkT 
Finally, Feynman et al. (1949), making use of similarity considerations, 
have derived the following relation 


3(Epot + Exin) = Epo” — ZEy + PV + $Te, (9.174) 


ete tebe + Eee ee Ol) (9.173) 


where c, is the specific heat per atom at constant volume and E,, represents 
the ionization energy of the outermost electron. If we now use the virial 
theorem (viz. 2E,;, = 3PV — E,,,) and the relation E,,,, = E,o°° + Epo°" we 
would get 


BPV + SE po + 6 Epo = — ZEy + 3TC, C2) 
We may note that for an isolated atom at T = 0, we get 

(Exo Ir=0 = — MEpo )r=0~ 
which is identical to (9.78). 
9.5.1 Calculation of thermodynamic functions 

In principle, the procedure for the numerical evaluation of 
thermodynamic functions is simple: for a given value of a, the TF equation 
(9.155) is first solved subject to the boundary conditions given by (9.159) 
and (9.160). Once ‘¥(£) is known, all quantities like P, Evins ExgyS etexcan be 


evaluated. We should mention that if we substitute the values of ro andc 
(from (9.28) and (9.157) in (9.156) then the parameter a can be written in the 


form 
Ky ek a | 1 kT PN? | 
a= 4( 2 (e*/hc) manne| ze | ~o (9.176) 
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Since e*/he = 1/137 and mc? ~0.511MeV =0.511 x 10°eV we get 


a= O2705T Vx? (9.177) 
where 
kT 
r= aa (9.178) 


kT being measured in electron volts. If we use (9.82) then we get 
a= 4.7426 x 1035 14/2(v.z)2/3 (9.179) 


where V ( = (4z/3)ro*) is measured in cm>. Now, in terms of the parameter 
I, (9.162) can be written in the form 


P— (2m)3?? 


Zs 3727 T°? 75/5(P(1)) (9.180) 


Thus, in Fig. 9.4 we have plotted P/Z!°’? as a function of (VZ) for different 
values of the parameter I. Latter (1955) has also plotted the variation of 
P/Z'°? with (VZ) for different values of total energy and also for different 
values of entropy. In Fig. 9.3 we have given the dependence of the total 
energy on ZV. 

Finally, we outline the numerical method for solving (9.155). We first note 
that it is more convenient to obtain a numerical solution if we put the 
equation in the following form’ 


weo= "neta any — Oa] “| (9.181) 
S 


If we write the above equation as 


é i 
¥(2) = wang —af | | din? Ly] mm | 


$ Sd 
= c| arnt] “|| 
1 4] 


* Equation (9.181) immediately follows from the fact that if we integrate the 
differential equation twice 


ie 
de 


then we would readily obtain 


g 
‘P(¢) -| (C — nm) f(n)dn + c¢ 


where c is a constant. 
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¥(¢) 


$ ah 1 
ae | dnt] | a hal || 


= W(1)+ af ants | (9.182) 


u] 


1 


Fig. 9.7. The dependence of ‘¥(0) on ‘P(1) for various values of a. 
(Adapted from Latter (1955). For a more detailed graph see Latter 
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from which it immediately follows that Y’(1) = ‘P(1); thus, (9.181) satisfies 


the boundary condition given by (9.160). If we differentiate (9.182) once 
more we would get (9.155). Furthermore, from (9.181) it readily follows that 


Sd 
¥(0)=a | dna] 2 | 
) 4 


i 
= | dyn?" (n) 
0 


1 1 
= | Wn 
0 0 


= ¥'(1) — '¥(1) + ¥(0) = ¥(0) 


= jen 


where we have used (9.155) and (9.160). The numerical integration of (9.181) 
becomes much easier if we introduce the following variables: 


€=u? and n=v? (9.183) 


In these variables, (9.181) becomes 


Y(u) = P(1)u? + 2a 


v 


dojo. — et, 22) (9.184) 


In principle, the procedure is to start with particular values of (1) and a 
and then iterate (9.184) to obtain ‘¥(u). The result of such a calculation is 
shown in Fig. 9.7. Latter (1955) has shown that the difference equations 
corresponding to (9.184) can be written in the following form: 


os = Y(1)u,? Sug 2a{5Aul (49,41 ate In+ 2) ar Un (4fn+1 aa Sn+2)] 


+ Qn+2— Un? Paro}; n=N—2, N —3,... (9.185) 
where 
Au 
On = (Gn + Adu 1 + Gn40l4+ O42 (9.186) 
Au 
Pyr= yin t Afni + In+2) + Pasa (9.187) 
t= va] | (9.188) 
b id 
f.=lya] = (9.189) 
and 


Au=1/N (9.190) 
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N being the total number of integration points. In order to use the above 
equations it is necessary to know Wy, Qy, Py and Py_-1,Qn-1,Py—1 which 
are given by the following equations: 


and 


where 


and 


Qy-1= ao 


Py=l1 
Qy=0 
P= 0 


ai 
Pye. = P(Duy_1 74a yO es 


[imtecc (t Sj 
(k+1(k+2)  (k+2)(k +3) | 


| [0 te ttc] 


PP... == 
‘a 3 Kl os) fo 


ee, (1 —uy_,7)**? (1 —uy_,?)**? 
k+2 k+3 


re o A, (tye ee 
Bao 9 k! k+1 k+2 


Ag = 1, 2[%()] 
A,=0 
A,= aly. TPO) VJ, 20VO)] 


A,= 2al 2’ [PDN 2S%O)) 


(9.191) 
(9.192) 
(9.193) 


(9.194) 


(9.195) 


) =| (9.196) 


(9.197) 


We may use the Table given in Appendix 3 to obtain the numerical solution; 
alternatively, it would be very convenient to have simple analytical forms of 


I,;2(n) which have been given by Latter (1955) - 


(a) 


(b) 


—-o<n<—2.0: 
Jn e” e773? gt gS 
I, )2(n) = el ~ 93/2 + 33/2 — 4ane aia 53/2 63/2 
—2.0<<0: 


I, )2(n) = 0.678 091 + 0.536 196 677 + 0.169 097 487? 
+ 0.018 780 82373 — 0.002 357 544 674 
— 0.000 639 610 797° 


we give them below: 


eo" 
UE 73/2 
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(c) 0<n< 3.0: 
1, /2(n) = 0.678 091 + 0.536 38 + 0.166 823 5n? 
+ 0.020 606 7? — 0.006 014 917* + 0.000 490 39875 
(d) 3.0<n < 10.0: 
1, 2() = 0.757 064 709 + 0.392 288 87 + 0.270 552 5n? 


— 0.016 829 33% + 0.000 825 836 4n* 
— 0.000 018 197 717° 


(e) 10.0<< 10°: 


1.2337005 1.0654119  9.7015185 
Iyaln) = 30°? | 1+ + 


n n* n° 
~242.71502 12313.691 
oe 
4 4 
(f) 10° << 00: 
Ti j2(n) = $n??? (9.198) 


The fractional error in the fitting of the above functions with the exact 
numerical values of J ,,.(y) was found to be never greater than 6 x 107° and 
except for a few isolated regions, less than 1 x 10~ > (Latter 1955). Once (¢) 
is known, all thermodynamic functions can easily be evaluated. 


9.6 Exchange and quantum corrections to the Thomas--Fermi model 

In Section 9.3 we discussed the effect of the electron exchange 
interaction which led to the Thomas—Fermi-—Dirac (TFD) model. The effect 
of the exchange was found to lower the pressure and energy of the TF 
model. Kompaneets and Pavlovskii (1957) showed that there is an 
additional correction term (usually referred to as the quantum correction) 
which is of the same order as that due to exchange effects. Kirzhnits (1957, 
1959) has evaluated finite temperature, quantum and exchange corrections. 
The model is usually abbreviated as the TFC (quantum and exchange 
corrected) model and the basic physics of the model has also been discussed 
by McCarthy (1965). The theoretical details of the model are rather 
involved; we give here the final results. The corrected expression for the 
electron density is given by 

dn 


n(C) = nyp(Crr) + E L« — Cre) 


+ 6, n(Crp) + 62n(C rr) (9.199) 
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where 
ys ep — o) _ ¥(C) 
~ kT E 
(2mkT)?/? Oa 


nt = ae I j2(Crr) = Sea 


in(¢) = a, (F) Ze = 


24n?\ 3 Nt 
xf Halil + 204 )2"(QV*C] 


d,n(C) = (OF 
kT 
@=7748 
a Cao) 
~ (4n/3)ro°Z 


(9.200) 


(9.201) 


(9.202) 


(9.203) 


(9.204) 


(9.205) 


Notice that (9.201) is the same as (9.167). Thus one has first to solve the TF 
equation (viz. (9.155)) and then use that solution to evaluate the corrections. 
The subscripts | and 2 (ie., 6,n and 6,n) refer to quantum and exchange 


corrections respectively. Now, 


C(2) = Cre(¢) + 5,06) + 62C(¢) 


(9.206) 


where the corrections to the potential (6,¢ and 6,¢) are obtained by solving 
the Poisson equation with the approximate expression for the electron 


density. Indeed, if we write 


» = 746 


Z 
6,0(¢)= ae giz (1 1)2' +4, (¢)] 


(2Z-28 


6,0(é) = 6n “91/2 u,(¢) 


then u, and u, satisfy the following equations 
V7u,(é)— al, )2'Uy(€) = aL(,/2')? + T4/2"T3)2) 
V?u2(€) — al 1/2'u2(€) = 6aL (I; /2’)?] 

with the boundary conditions 


u(0)=0] i= 1: quantum correction 
uj(1)=0} i=2: exchange correction 


(9.207) 


(9.208) 


(9.209) 
(9.210) 


(9.211) 
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The argument of all Fermi—Dirac integrals (like J ipa sed ga SUC IS Gary. 
The numerical technique of solving (9.209) and (9.210) has been discussed 
by McCarthy (1965) and as before, it is convenient to introduce the variable 
n=¢?. 

The pressure is given by 


jad = Prr(Crr) + 6,P SF 6,P (9.212) 
where 


2mkT)°>/? 
Peale) — Tail 


aye 


0°? Ts/2[Cre(1)] (9.213) 


Fig. 9.8. A comparison of the equation of state calculations using the 
TF, TFD and TFC models corresponding to lead at T =0K. The 

experimental zero temperature isotherm is from the Soviet Hugoniot 
data (Altshuler et al. (1962)). (Figure adapted from McCarthy (1962).) 


Pressure (Mbar) 


—--—TFD 

——-—TF 

—~--— Mie-Gnineisen 
(From Soivet shock 
data) 
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a5 Ty j2(CrrQ)) 1 9.214 
he ar cae ) (9.214) 
— 2/3 
5,P _v2 Z 


an OFT ere] 
o(1) 
x \s/ (I4)2')?dt + Iyer) ua} (9.215) 


& = | represents the atomic boundary. Finally, the correction to the energy 
of the atom is 


6E=6,E+6,E (9.216) 
where 
Zz e2 1/2 
spee_|— ; 
ei | er | u,(0) 
4R? f} 
tg |, oo ban + TG +e (9.217) 
T4() =Tyjalsj2' (9.218) 
orl) 
r,(¢) =6 | (Tan eat (9.219) 
c(z) = 7.342 396 61 Z°/3 eV/atom (9.220) 


and the argument of the Fermi—Dirac integrals is the TF potential Cyp. 

In Fig. 9.8 we have given a comparison of the equation of state 
calculations using the TF, TFD and TFC models. The experimental zero- 
temperature isotherm is from Soviet Hugoniot data (Altshuler et al. (1962)) 
employing a semi-empirical Mie—Griineisen equation of state. 

In Appendix 5 we have tabulated TF pressures and energy with their 
corrections for scaled temperatures from 10~? to 10° ° eV. The first column 
represents ZV which is the scaled volume. The second and fourth columns 
(P/Z'°3 and E/Z7'?) represent the TF pressure and energy. The third and 
the fifth columns (DP/Z®/> and DE/Z*'*) represent the corrections to the 
pressure and energy and contain both quantum and exchange corrections. 
The units of thermodynamic functions are 


ZV: A3/atom (1A3 = 10724 cm?) 
P/Z!°3 and DP/Z®/3: Mbars (1Mbar = 10'* dynes cm” *) 


E/Z7? and DE/Z*!*: Mbars cm? g~' (1 Mbarcm? g™? 
= 10'7ergsg™) 
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Griineisen equation of state 


10.1 Introduction 

The equation of state is described by a functional relationship 
between the thermodynamic variables defined for a system in equilibrium. 
If one neglects the electron—phonon interactions then the thermodynamic 
functions can be expressed as a superposition of terms. In particular one can 
write the energy E and the pressure P in the following form 


E=E,+ Ey, + Ere (10.1) 
P=P,+Py,+ Pre (10.2) 


where E, and P, are the energy and the pressure at zero temperature 
(T =OK), E,, and P,, are the contributions of the atom vibrations (about 
their mean positions) to the energy and the pressure, while E;, and Py, are 
the appropriate electron thermal contributions. In this chapter we discuss 
the relation between E;, and P7,. 

The Griineisen equation of state is given by (Griineisen 1926)' 


Shy ; (10.3) 


where is called the Griineisen ratio (or parameter) and it is assumed to bea 
function only of the specific volume V. The derivation of (10.3) is the main 


topic of this chapter. 

We assume a solid of N atoms to be described by a system of harmonic 
oscillators with 3N independent modes of vibrations. The vibrations are 
quantized so that the energy of the j mode of vibration is given by 


En Sey FS 1)2,.<.53N (10.4) 


* This equation is occasionally called the Mie—Griineisen equation of state. 
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where h is Planck’s constant, n, is an integer and v, is the frequency of 
vibration of the j mode. Denoting by E, the potential energy of the solid at 
zero degrees Kelvin (T = 0) where all the amplitudes of the oscillations 
vanish, the energy of the solid crystal is described by 


3N 
E; = Ening...nay = >, (Nj +4)hv; + Eo (10.5) 
j=l 
or equivalently one can write 
3N 
E,;= ¥ n,hv, + E, (10.6) 
j=1 
where 
1 3N 
Be =~ hv; + Eo (10.7) 
2j=1 
The main assumption of this model is that E., y; for j=1,...,3N and 
Enyno...nzy May be a function of the volume V but not of the temperature T. 


The partition function Q of the oscillator system, with an energy given by 
(10.6), is 


ee) a) 3N 
0= yea y a » exp( - ey pbs, ~ BE.) (10.8) 
i m=O yy =0 j=l 
where as usual 
ple 10.9 


and k is the Boltzmann constant. The exponential sum of (10.8) can be 
rewritten as a product of terms where each product has a single value of an 
index of summation, namely (see also Chapter 3 for an explicit example) 


3N 3N 3N 
O=e y e7 Bnihvs Y e7 Bn2hv2,., y @ 7 Anzyhv3sy (10.10) 


ni, =0 n2=0 N3y=0 


Since each sum in the product is a geometric series, one can write 


3N eo) 
6 emai =(1-— e7 Ahvs)~ 1 = reap e7 Anyhvy (10.11) 


This series converges since Bhv,; > 0 for every j. Moreover, since N is very 
large (of the order of 107°!), it is possible to neglect the second term on the 
right hand side of (10.11), so that the partition function can be written in the 
following way: 


3N 
o=—ce = Ht — exp(— Bhy,)]~? (10.12) 
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The Helmoltz free energy F is given by 
3N 
F=—f 'inQ=E,+p'Y In[1 — exp( — Bhv,)] (10.13) 
j=l 


The average energy E of the solid and its pressure P are obtained using the 
appropriate thermodynamic relations, 


OF ae ae 
E= ij 
fie (3), ain ‘i opis] (10.14) 
OF dE. | 
ae eae Bhy; __ 
ns (F),-- awity7 >) yhv,/[e™ — 1] (10.15) 


where in the last equation y, is defined by 


-_“(%)\ __falny 10.16 
Bee NGV) Olay). re) 


The first term in (10.15) is the pressure at zero temperature, T = 0. The 
second term describes the thermal pressure. This thermal term differs from 
zero since y; does not vanish, implying that the vibrational frequencies 
depend on volume. The dependence of the frequency on the specific volume 
is explained by the fact that the compression of a solid makes it harder and 
thus the restoring forces become greater which in turn implies an increase in 
the vibrational frequencies. Therefore one would expect v, to increase with 
decreasing volume and }, to have positive values. 

In order to derive the Griineisen equation of state, (10.3), from (10.14)— 
(10.16), one has to introduce at this stage a further assumption. Two 
models which lead to the Griineisen equation are discussed (Brush, S.G. 
1967). 


10.2 The Einstein model of solids 

Einstein (1907, 1911) developed a simple model in order to explain 
the experimental observations that the solid heat capacity decreases at low 
temperatures below the Dulong—Petit value of 3R (per mole). Einstein 
assumes that the thermal properties of the vibrations of a solid can be 
described by a lattice of N atoms vibrating as a set of 3N independent 
harmonic oscillators in one dimension where each oscillator has a 
frequency v. The energy of the oscillators is quantized in a similar way to 
Planck’s quantization of the theory of black body radiation. 

The main assumption of this model is that all frequencies are equal 


w=v j=1,2,...,3N (10.17) 
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Substituting this equation in (10.14)-(10.16) gives 
E=E,+3Nhv/(e® — 1) (10.18) 
P=P,+3Nhvy/[V(e*" — 1)] (10.19) 
where the cold pressure P, is defined by 


dE, 


Po=— dV (10.20) 
and the Griineisen parameter in this model is 

l= -“(5) (10.21) 
Defining the atomic thermal contribution to the energy and pressure by 

Ex, =E-—E, (10.22) 

P,,=P—P, (10.23) 


one obtains from (10.18) and (10.19) the Griineisen equation of state, (10.3). 
In this model the specific heat at constant volume c, is obtained from 
(10.18) 


_(0E\ _ hv \?_ exp(hv/kT) 
o=(5),=39«( Fe] [exp(hv/kT) — 1]? (10.24) 


or equivalently for a mole of atoms one has 
7 2 
C ==5K (2) efsiT (eTs/T _ 4)? (10.25) 


where R = Nk is the gas constant and N in this case is Avogadro’s number. 
The characteristic temperature 7; (the Einstein temperature) is defined by 


hv =kT, (10.26) 


and for most of the solids it can be fitted in the range of T,, ~ 100-300 K. 
The temperature T;, = 300 K is equivalent (from (10.26)) tov = 5 x 10!757 1, 
which is a typical magnitude of atomic oscillation frequency. Einstein’s 
model predicts c, +0 as T +0, however, the experimental data are found to 
be only in qualitative agreement with (10.24). The decrease of c, with 
temperature was experimentally slower at low temperature than predicted 
by Einstein’s (10.24). It has been suggested by Einstein himself (1911) that 
his formula can be improved by assuming a large number of different 
frequencies which are associated with elastic sound waves. This model was 
developed by Debye (1912). 
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10.3 The Debye model of solids 

In Debye’s theory the single frequency assumed by Einstein is 
replaced by a spectrum of frequencies. The atoms are coupled and vibrate 
collectively. Debye assumed the solid to be a continuous medium and he 
calculated the number of standing waves in this medium. Since the solid 
contains N atoms, only the 3N lowest frequencies occur. Therefore the 
number of standing waves g(v)dv which can be fitted in a solid of specific 
volume V between the frequencies v and v + dv is given by (see Appendix 1 
for a typical calculation of this problem) 


t 


g(v)dv = anvtavy (, + =) (10.27) 
1 


where u, is the longitudinal wave velocity and u, is the transverse wave 
velocity. The maximum frequency vp is determined by the requirement that 
there are only 3N oscillating modes possible, i.e. 


1 i 
N= dav (542) v?dy (10.28) 
uy u, 0 
implying 
4n yg! 2 F 
=— — +— 10.29 
3N 3 Vip (<s +3) ( ) 


Comparing (10.27) and (10.29) one can write the number density 


Nv?dv ° 
gv)av == 8 (10.30) 
D 


It is customary to express vp in terms of the Debye characteristic 
temperature 7, defined in a similar way to Einstein’s temperature (10.26) 


hyp =kTp (10.31) 


The Debye temperature range between 100K and 400K for most of the 
metals, e.g. Tp = 390K for Al, Tp = 150K for Na, etc. Using the notation 


hy hdv 
oa Remar 


the atomic thermal energy E,, is obtained from (10.14) by using (10.30) as 


(10.32) 


(10.33) 


YD ONh (’? vedv 
Ey, = hvg(v)dv = — ehkT _ 4] 


) Vp 
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or by using the notation (10.32) for a mole of atoms 


Ip 3 (Tpd/T Code 
=E,= = 10.34 
E,, = Ep onr( 2) i fo ( ) 


where Ep is defined as the thermal energy of one mole in Debye’s theory ofa 
solid. The specific heat per mole in this model is 


GEp Ti Sie dir/ a eftdé 
=(—— | =9R| — SS 10.35 
ai a: a \ (eel) : 
At high temperatures T/T « 1 and one can approximate T — oo in (10.34) 
and (10.35) so that €0, e* — 1 implying 


ecg (10.36) 
c,=3R (10.37) 


which is the Dulong—Petit value for c,. At very low temperatures T/T > 1, 
the upper limit of the integral in (10.34) is taken to be infinite and the 
integral can be exactly calculated, 

7) re) ed é 


Ep = 9RT(| — 
‘ ( re 


Ts (10.38) 


Since e~* < 1 one expands (e* — 1)~* to the power of e~ 


n* 


fe 6) 3 fea) io.2) (oe) 
1 0 n=1 


(a) | n= 15 


so that the Debye energy in this case is 


Se ag Lag 
Do ay (10.40) 


and the specific heat per mole is 


12n*R/( T \3 T \3 
i (=) -233.78R( 7) (10.41) 


D 


This is the famous T* law derived by Debye in order to explain 
satisfactorily the low temperature specific heat. 

The Griineisen equation of state (10.3) in the Debye model (Griineisen 
1926, Slater 1939, Kittel 1956) 


ie 
Pra maeD (10.42) 
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is obtained from equations (10.14) and (10.15) by making the assumption 
y=y7 J=1,2,...,3N (10.43) 


In order to understand this statement and the meaning of y it is possible to 
assume that v, depends on the volume by the simple relation 
Cj 
=D (10.44) 
since v, increase with decreasing volume. c; is a constant, therefore from 
(10.44) one gets 


dinV a 


so that the y defined in (10.16) is independent of j and the Griineisen 
assumption, (10.43) is justified. 

In a more general way one can derive (10.42) using the following 
thermodynamic identities, (Kittel 1956) 


pe eehOP fein) 
oii Mele - 
OF 
poe ( 7), (10.46) 


and the approximation 
F=F,(V) + F/(T, V) (10.47) 


where Fp is the contribution of the lattice vibrations to the free energy in the 
Debye model. It is assumed that Fp can be specified by 


Fp a F(T, T,(V)) 
so that (10.45)—(10.47) yield 


p-—dFe _9Fp 9T (10.48) 


In the Debye model (10.34) one has 
Ep = TRT,/T) (10.49) 
therefore using (10.45) F, must be of the same form 


Fp = Tf(Tp/T) (10.50) 
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implying 
ie es ge) | 28 (10.51) 
Oly o(1/T) Tp 

Substituting this result in (10.48) one gets the Griineisen equation of state 
P=P, +2 (10.52) 


where the Griineisen parameter is defined by 


VdTy,_ = dinT) 


Trav dinvV 


(10.53) 


10.4 The Griineisen relation 
Taking the derivative with respect to temperature of (10.52) for a 
constant specific volume one gets 


oP yc, 
(=), aa (10.54) 


The linear expansion coefficient a is (one third of the volume expansion 
coefficient) 


oan 10.55 
“BAN OF 15 ie) 


Using the thermodynamic identity 


& _ (aP\ (av : 
| alee +), (10.56) 


and the definition of the isothermal compressibility x, 


ene: OV 

= 7a (10.57) 
one gets from (10.55)—-(10.57) 

pe oP 

=3\ar), (10.58) 


Using the Grtneisen equation of state as given by (10.54) and (10.58) one 
obtains the Griineisen relation 


_ sav 


y — 
KC, 


(10.59) 
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The quantities on the right hand side of this relation can be measured 
experimentally and are given in Table 10.1. In this table a comparison is 
also made with the » values calculated by Slater and described in the next 
section. The agreement between Slater’s calculations and the Griineisen 
relation given by (10.59) seems to be fairly good. 


10.5 Slater—Landau calculation of y 

According to Debye’s theory the frequency spectrum is determined 
by the maximum allowed frequency, denoted by vp (see (10.30)). If vp 
changes then all other oscillations will change their frequencies in the same 
ratio, so that the Griineisen’s assumption that y is the same for all 
frequencies is justified. Using this justification Slater (1939) assumes 


dIn vp 
=— 10.60 
ts din ae 
From (10.29) one has 
1 Bey 
vo=eonst ¥~!"( 1542) (10.61) 
Uy u, 


From the theory of elasticity one obtains the velocities of sound propa- 


Table 10.1. Values of Griineisen parameter y as obtained from (10.59) 
and (10.72) with the appropriate values of P, and P, 


2S 
ae ae } 

ie, Be 3 P, Griineisen 

(cgs) (cgs) (10.72) (10.59) 
Li 0.115 x 10! 0.149 x 10! 0.63 ely, 
Na 0.064 0.160 1.83 1.25 
Al 0.757 1.46 E27 PANG 
K 0.028 0.090 DS 1.34 
Mn 1.24 8.1 5.8 2.42 
Fe 1.73 40 1.7 1.60 
Co 1.85 $.1 2.1 1.87 
Ni 1.90 5.4 Pps 1.88 
Cu 1.39 3.6 1.9 1.96 
Pd 1.93 5.9 2.4 D3 
Ag 1.01 3.2 2.5 2.40 
W 3.40 8. 1.7 1.62 
Pt 2.78 11. 3.8) 2.54 
Pb 0.42 1.30 2.42 DS 


Source: Taken from J.C. Slater Introduction to Chemical Physics, McGraw Hill, 
New York, 1939, p. 451. 
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gation as 
3(1 =) |'? 
“| pt)| a 
a Eee (10.63) 
2xp(1 + o) 


where x is the volume compressibility (10.57), o is the Poisson ratio and p is 
the density. Assuming that the Poisson ratio is independent of the specific 
volume V, one can write from (10.61)—(10.63) 


Vp = const V/%x~ 1/2 (10.64) 


where the constants are the volume independent terms and we have used 
the fact that the density is inversely proportional to the specific volume V. 
The relation (10.64) yields 


In vp = $In V —41nx + const (10.65) 


so that the Griineisen coefficient which is given by (10.60) can be obtained 
from the relation 


Jey 
6 2dinV 


y= (10.66) 


Using for the compressibility the definition of (10.57) one has 


oP 
Ink = —In vin] -(F7) | (10.67) 


implying, by (10.66) 
1 i \ im 


Gaz dinV 
see y 0?P oP 
eS Ma ae a) 
The derivatives of (10.68) are estimated from the following expansion 
Vo-—V V—-V /P? 
P=Po+P,) a |+?f - | (10.69) 
0 Vo 


where in general P,, P, and P, have positive values and are functions of 
temperature. P, is the pressure one has to apply to a solid in order to reduce 
its volume to Vo, which is the volume at T = 0 under no pressure (note: 
P,)=0 at T =O). From (10.69) 
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OP\ PP, , 2P2/Vy—V 
ee (a ) an) 
OP\ 2P; 


Calculating the Griineisen value of y at T = 0 (i.e. for V = V,) one gets from 
(10.68), (10.70) and (10.71) 


y(Vo) = — a sete (10.72) 


The values of P, and P, can be calculated from the experiments by using the 
following approximation, 
Vo ra V 
Vo 


ai aee pe .- (10.73) 


where dp, a, and a, are in general functions of temperature and they can be 
fitted experimentally. Substituting (10.73) into (10.69) 


P=P,)+P,(—a) +4,P —a,P? + ve) 
+ P,(— 2a .a,P + 2aja,P? + a,*P* + ++) (10.74) 
where a,” was neglected as a small quantity (a, = 0 for V = Vy and P = 0, 
while a, is approximately the compressibility x which is in general much 


larger than ay), and equating the coefficients of the different powers in P one 
has 


Po 
ap 
1 1 2P.P- 
= ——_——_ x —| 1 
io P, — 2a oP, =I "i Pig 
a el 10.75 
ti  eP, Pol Pe ee) 
Solving for Po, P, and P, one gets 
ao 
Po =— 
oer 
1 & 
P, =>(1 7 2 | (10.76) 
ay ay 
Pa 
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Since the values of a are measured experimentally, Py, P,; and P, can be 
calculated. In Table 10.1 the values of P, and P, are given and the 
Griineisen coefficient is calculated from (10.72). 


10.6 Results and discussion 

Equation (10.68) (or (10.72)) is not the only model that has been 
suggested in order to calculate the Griineisen coefficient y. The main 
assumption which seems to be unjustified in the Slater-Landau model is 
the statement that the Poisson ratio does not change with volume. 
Therefore several other models have been developed in the literature and 
their results are summarized by the following equations (Altshuler 1965) 


zm 2 ¢ Vide 2t/3 d 2t/3 
Wi= (5-5) Fae |r. ) (10.77) 


sas 

The most popular values for t are t=0 or 1 or 2, where the value t=0 
corresponds to (10.68) (note y does not depend on T so that one can take the 
derivatives at T =0). The value of t=1 was suggested by Dugdale and 
McDonald (1953). These three models for y give almost equal values as the 
pressure is increased and they differ mainly at low pressures. More recently 
(Romain et al. 1979) a generalization of (10.77) has been proposed where t is 
a characteristic parameter for each material. 

The Slater-Landau and Dugdale-MacDonald formulae have been 
extensively used in analyzing shock wave Hugoniot experiments (see 
Chapter 13). It has been observed from these shock wave data that to a good 
approximation one can write 

VO 257 

Ve V (10.78) 
This empirical result together with the fact that at very high compressions 
the limiting value for » for all materials is 4 suggested an interpolation 
formula for »(V), 


V2 V 
pata Hs -+) (10.79) 


which is used in the SESAME library of equations of state (1978). It is 
possible to construct other interpolation formulae in order to fit the 
experimental data, and other theories for the solid state equation of state 
have been developed (e.g., Born & Huang 1954). 
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An introduction to fluid mechanics 
in relation to shock waves* 


| Fluid equations of motion 

The state of a moving fluid or gas can be defined in terms of its 
velocity (u), density (p), and pressure (P) as functions of position (r), and time 
(t). These functions are obtained by integral equations or differential 
equations which are derived from the conservation laws of mass, momentum 
and energy. 


11.1.1 | Mass conservation equation 

We define p = p(r, t) to be the mass density at a point (r, t) and u(r, t) 
its velocity. The change of mass in a volume T is (0/6t){-pdV. This change is 
balanced by the mass flow $,pu-dA (dA is an area vector) across the surface 
S enclosing the volume I. Therefore, the mass conservation can be written 
in an integral form by 


0 
— pav +6 purda=0 (11.1) 
Ot Jr F 

Using Gauss’ theorem, one can write (11.1) in the form 


al pav + | V(pwidieo (11.2) 
ot Jr r 


Since this last relation is true for any arbitrary volume I, we obtain the 
following equation describing the conservation of mass 


OP vom = 
aed (pu) = 0 (11.3) 


The above equation is known as the equation of continuity. 


* A detailed account of the physics of shock waves can be found in Zel’Dovich and 
Raizer (1966, 1967). 


166 Introduction to fluid mechanics and shock waves 


11.1.2 Momentum conservation equation 

It is convenient to consider a moving volume whose surface 
encloses a constant amount of fluid. For this purpose one defines 6/dt as a 
partial derivative with respect to time at a given point in space, and D/Dt as 
a total derivative describing the change in time of a moving fluid volume. 
This fluid mass pdV, sometimes called a ‘fluid particle’ has a vector velocity 
u. The relation between the two derivatives is given by 

D o 

Dera" Vv (11.4) 
Denoting the surface forces by a tensor f, with dimensions Newton/m? in 
m.k.s. units, and the body forces by a vector F, dimensions Newton/m?, one 
can write the Newton’s second law as 


D 
[epeav=draa+ [ Fav (11.5) 
Cc Ss r 


The surface forces are usually described by the stress tensor f,; where i, j 
(= 1, 2, 3) denote three orthogonal directions in space, i.e., x—y—z directions, 


Ou; Ou 


ae ou) (11.6) 


Ox; 
where 7 is the fluid viscosity and P the pressure. Since in this chapter the 
viscosity contributions are neglected, it is assumed that 


f= —(P + $nV-u)d,; + n( 


so that the total force acting on the surface in the ith direction is 
- OP 
¥ t,d4,= > Pad, = -| dV (11.8) 
sj=1 S r OX; 


where Gauss’ theorem has been used in the last step of (11.8). Thus, using 
(11.7) and (11.8), (11.5) can be written in the form 


D 
p—dV=—| vpdv+| Fav (11.9) 
r Dt r ie 


Since the last equation is true for an arbitrary volume I, the differential 
equation describing the motion of the fluid can be obtained from (11.9) 


Du 
Pp, =~ VPt+F (11.10) 


The body forces F are acting on the volume element of the fluid and differ 
from one problem to another. For example, the electromagnetic force due 
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to the motion of free charges is equal to F = p,E + J x Bwhere Eand Bare 
the electric and magnetic fields respectively, J is the sum of the conduction 
current and the current flow due to the convective transport of charges and 
p, is the electric charge density. In a similar way, for appropriate processes 
the polarization force, the magnetization force, the gravitational force or 
any other force acting on the volume elements should be taken into 
account. In the discussions of this chapter, the volume forces will be 
neglected so that 


F=0 (11.11) 


Therefore, the equation of motion (11.10), with the assumption (11.11), 
takes the form as suggested by Euler: 


pot + p(u'Vu= ~VP (11.12) 


where we have used (11.4). This differential equation describes the 
conservation of momentum if the viscosity and the volume forces F are 
neglected. 


11.1.3, Energy conservation equation 

In order to discuss energy conservation, we consider the energy in 
the frame of reference of the moving fluid. The increase of the fluid particle 
energy is given by the rate of change of its kinetic energy 
Jr4(Du?/Dt)dV(Joule s~*) and its internal energy |, p(De/Dt)dV, where ¢ 
is the volume density energy of the fluid (Joule m~ *). This energy should be 
balanced by the external energy sources Q,,(Joule s~ ') entering the system, 
the energy rate of heat conduction Q,,, and the work (per unit time) done by 
the volume forces (W,) and by the surface forces (W,). The energy 
conservation can be written in this case by 


D(u2/2 D 
p UP) ay 4 PZ 0, 9, (11.18) 
De Pua bY, 


The rate of work done by the surface forces is obtained by integrating u-f 
over the surface of the fluid particle, 


3 3 
NY j=) s 


where (11.6) has been used with 7 = 0. Applying Gauss’ theorem, the rate of 
work is given by 


i -{ V-(Pu)dV[Joules~*] (11.14) 
Tr 
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The rate of work done by the volume forces is 

We= | Fuav (oul cao | (11.15) 
and the energy entering per unit time by heat conduction is 

Oy = - | v4 T)4V[Joules™*) (11.16) 
where x is the coefficient of thermal conductivity and T is the temperature. 
The rate at which external energy enters the fluid particle depends on the 


system under consideration. For example, electric (ohm) deposition of 
energy is given by Qex = frE-J dV. However, in this chapter we assume 


Orx=0 Qy=Olie. e=0) W,=0 (ie. F=0) (11.17) 


therefore, under these assumptions the energy conservation equation 
(11.12) becomes 


D 
Ore — V-(Pu) (11.18) 
where (11.14) has been used. Applying the transformation of (11.4) on the 
left hand side (LHS) of (11.18) and using the mass conservation equation 


(viz. (11.3)), one gets 


0 
LHS of (11.18) = pa +4u?) + pu-V(e + 4u7) 


0 fa) 
= 5 (pe + 3pu)— (e+ bu) 
+ V-[(pe+ dou? hu] — (6 +4u2)¥-(0u) 
=< [ple +4u1+Ve[pule+4u2)] (11.19) 


Substituting this relation in (11.18), we obtain the following differential 
equation which describes the conservation of energy. 


= (ole +4u2)] = —V-[pu(e +4u7) + Pu] (11.20) 


where we have neglected viscosity, thermal conductivity, volume forces and 
external energy sources. 

In conclusion, in our introductory discussion of shock waves, our 
starting point will be the equations of mass conservation (11.3), momentum 
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conservation (11.12) and energy conservation (1 1.20). In general the study 
of flow phenomena is based on these macroscopic equations of motion. 


11.2 Sound waves and Rieman invariants 

From now on, we shall consider only waves in one dimension 
with planar symmetry. This approach is justified if we are far from the 
source so that the wave form is nearly plane. For such a case, the variables 
describing the wave phenomena are functions only of the displacement x 
and the time ¢, i.e., the pressure P, the density p and the flow velocity u are in 
general functions of x and t. The physics of sound waves is described by the 
motion of the fluid and the changes of density of the medium caused bya 
pressure change. Assuming an equilibrium pressure P, and density po, then 
for the case of a sound wave, the changes in pressure AP and density Ap due 
to the existence of sound waves are extremely small. 


A 
P=po+Ap eel 
- (11.21) 
AP 
P=P,+AP p<! 


We assume now that the undisturbed flow velocity uy is zero and the flow 
speed caused by the pressure disturbance is Au, so that 


A 
u=Up+Au uy =0 —<«! (11.22) 
where c is the speed of sound defined later in (11.30). The continuity 


equation (viz., (11.3)) and the momentum conservation condition (viz., 
(11.12)) can be written in the form 


0(Ap) Ou 
oe ys 11.23 
Ct Po ox ( ) 
Ou oP 
Pr tien 11.24 
Po ot Ox ( ) 


where we have neglected second order quantities in Ap, AP and u. Taking 
into account that the particle motion in a sound wave is isentropic, ice., 


S(x) = const (11.25) 
one can relate the pressure changes to the density changes by 


ap=(2) Ap =c’Ap (11.26) 
Op /s 
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Differentiating (11.23) with respect to time and (11.24) with respect to space 
(x) and adding the equations one gets the wave equation 

d7(Ap) __, 6°(Ap) 

7 =C ax2 (1 127) 
where (11.26) has been used. From (11.27) it is evident that c is the velocity of 
the Ap disturbance which is defined as the velocity of the sound wave. The 
pressure change AP and the fluid velocity u satisfy an equation similar to 
(11.27). Equation (11.27) has two families of solutions 


Ap 
AP >= f(x —ct) (11.28) 
Au 
Ap 
AP >= g(x + ct) (11.29) 
Au 
where 
1/2 
c— +(Z) (11.30) 
dp /s 


Disturbances of the first type are propagating in the positive x direction 
while the second type are propagating in the negative x direction. Using the 
solutions (11.28) and (11.29) in (11.23) and (11.26), one gets 


Atp hte eee (11.31) 


In order to get an idea of how the temperature varies in a sound wave, we 
calculate the relation between the sound velocity and the temperature for 
an ideal gas. As mentioned above, the pressure variation with density in a 
sound wave does not allow heat flow so that the process is adiabatic. The 
equation of state for an adiabatic process in an ideal gas is 


pay 
p=P,( 2) (11.32) 
0 
Thus, (11.32) gives us 
yP 1/2 


where » denotes the ratio of c,/c,. Introducing temperature through the 
ideal equation of state 


N 
pe) 


7 (11.34) 
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where k is Boltzmann’s constant, T is the temperature and m is the mass of a 
molecule of the gas, we get 


7 yk 1/2 
c= (27) (11.35) 


Since y does not usually depend strongly on the pressure or density of the 
gas, the sound velocity in a gas is proportional to the square root of the 
temperature, therefore for a given T the value of c does not depend on the 
pressure. It is important to note that from (11.35) one can easily see that the 
velocity of sound in a gas is of the same order of magnitude as the mean 
thermal velocities of the molecules. 

If the undisturbed gas or fluid is not stationary, but moves with a 
constant velocity u, then the waves are carried by the flow-stream. By 
making a transformation from the coordinate system moving with the flow 
to the laboratory (rest) frame of reference, one finds that the sound wave is 
travelling with a velocity u + c for waves going in the + x direction and with 
a velocity u—c for waves travelling in the — x direction (u is in the + x 
direction). The curves in the x—t plane in the direction of propagation of 
small disturbances are called characteristic curves. For isentropic flow there 
are two families of characteristics described by* 


dx 
Cea u+c 
C:Fau-e (11.36) 


so that the variables P and p do not change along these stream-lines. In 
general, the C,, characteristics are curved lines in the x—t plane because u 
and c are, in general, functions of x and t. 

Defining a curve x = ¢(t) in the x-t plane, the derivative of a function 
J (x, t) along the curve ¢ is given by 


(2) BET A ee lage f 
¢ 


= [ie 
a (11.37) 


~ 6t éxdt @t ax 


For example, along x = constant ¢’ = 0; along a stream-line, ¢’ = u, alonga 
characteristic C , , 6’ = u +c, etc. Using the definition (11.37) we now derive 
the fluid equation of motion along the characteristics C, and C_. 


* There is a third possible characteristic for an adiabatic flow which is not 
isentropic, i.e., S(x) # constant but DS/Dt = 0. This case is possible if the 
entropy of a particle does not change with time but different particles do not 
have the same entropy. This type of disturbance in entropy does not 
change the other variables P, p and u, since the disturbances in S are localized 
within the particle along a stream-line described by the third characteristic Cy 
which satisfy the equation dx/dt = u. 
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In general the density p is a function of two variables, e.g. P and S$ 
(entropy). However, for an isentropic process one has 
p =ap(P) (11.38) 
so that the p derivatives can be expressed in terms of the P derivatives 


2. (2) OP al OF 


ét \@P/),ét c? dt 
dp 16P 
ae (11.39) 


If we now use the continuity equation (viz. (11.3)) and momentum 
conservation equation (viz. (11.12)), we get 


ae tor Ou | 


peat * pedx *°x 

ee (11.40) 
Adding and subtracting these two relations we get 

[Sr wrom|+ 2] Pr wrac |=0 (11.41) 

axe om |-a| 5 +u-o% |=0 (11.42) 


Equations (11.41) and (11.42) are derivatives along the characteristics C, 
and C_ respectively which can be rewritten as 


1 
dJ, =du+—dP=0 along C, eee 

pc dt 

1 (11.43) 
oa a along C_ ee 


Equations (11.43) are the dynamic equations describing isentropic flow in 
one dimension with planar symmetry; dJ , are total differentials and can be 
integrated 


|Z jee (11.44) 
J_=u— |—=u—- | c— 
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where (11.26) has been used (dP = c*dp). Since dJ, = 0 along the curves C m 
one has 


J, =constant along C, } (11.45) 


J_ =constant along C_ 


J, and J_ are called Riemann invariants and are usually used to solve the 
equations of flow given of (11.43) following the invariants. Note, however, 
that for non-isentropic flow p and c are usually functions of two variables, 
1.€., p = p(P,S) and c = c(P, S), so that dJ, are no longer total differentials 
and J, have no physical meaning. 

As an example we calculate the Riemann invariants J, and J_ for an 
ideal gas. The equation of state for an acoustic disturbance is described by 
(11.32) and the appropriate sound velocity by (11.33). From these two 
equations the following relation can be derived which relates the density p 
and the sound velocity c 


Wd 
<= (4) (11.46) 
0 0 


Substituting the above in (11.44) and performing the integrations, we get 


J,=ut (c —Co) (11.47) 


y-1 

where cy is the sound speed for u=0. The Riemann invariants are 
determined within an arbitrary constant, which in the above example was 
chosen as Cy. Equation (11.47) enables us to express the flow velocity and 
the sound velocity in terms of the Riemann’s invariants 


u=3(J,+J_) 
@—€o—ai7 (aI _) (11.48) 
The characteristics C, are given by 
dx +1 3-y 
Cupaute= I, 42 7I_ +095 Fe) 
dx 3- y+ 
Cipau-e=-7"I, 477 —J_=cy2F04.J-) (1149) 


Since J, is a constant along C,, the change in the slope (i.e., in dx/dt) of a 
characteristic is determined only by the change in J_. 


113 Rarefaction waves 
We now consider the case where the pressure is suddenly dropped 
in an isentropic process. If one follows the variation in time for a given gas 
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element (ie., a fluid particle in the previous section) one gets 


DP <9 eG (11.50) 


In general we have shown in the previous section that disturbances with 
small amplitudes satisfy the wave equation (11.27) and the solutions are of 
the form f(x — ct) and g(x + ct) (see (11.28) and (11.29)). The forward ( + x) 
propagating waves are described by 


ech ae —pcdu (11.51) 
while the backward ( — x) propagating waves are 
g(x+ct) dP=-—pcdu (1152) 


where c is the velocity at which the small disturbances are moving into a 
material at rest. 

For example, one can imagine the motion of a gas caused by a receding 
piston (moving in the — x direction). In this case a forward (+ x direction) 
rarefaction wave is produced so that the gas is continually rarefied as it 
flows in the — x direction. This type of motion is schematically described in 


Fig. 11.1 A forward moving rarefaction wave. The propagation 
velocity at each point is u +c. 


Piston Gas 


(a) 


Po, Uo, Co 


Undisturbed 
Material 


(b) 
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Fig. 11.1. One can consider the rarefaction wave to be represented by a 
sequence of jumps dp, du, etc. so that (11.51) can be integrated to obtain a 
relation between P and u for the points in the rarefaction front of F geld 


u—ug=| — (11.53) 


The equivalent relation for a rarefaction wave moving in the —x 
direction (backward) is obtained from (11.52) 


"rar 


Po pe 


U— Uy = — (11.54) 


From (11.53) and (11.54) one can see that the rarefaction waves satisfy 


P 
ut | —=up=constant (F155) 

Po PC” 
where the — and + signs correspond to forward and backward moving 
rarefaction waves respectively. Comparing (11.55) with (11.44) we get the 
relation between Riemann invariants and a rarefaction wave. Thus, 
the forward rarefaction wave moving into a material in the undisturbed 
state described by pressure (Po), density (po) and fluid flow (ug) satisfies the 
condition 


r dP 


Po pe 


J_ =u =u- (11.56) 
Over the entire physical part of the x—t plane. 

Assuming now the case of an ideal gas with a constant y, one can use 
(11.47) to obtain J_, 


i 
- =u———(c—co) =u (11.57) 
From this relation one has 
c= C9 + Hy — Iu uo) (11.58) 


In the above example the piston is moving in the — x direction and at the 
gas—piston interface, the gas velocity is the same as the piston velocity 
which has a negative value.’ Therefore from (11.58) one can see that the 


" The negative gas flow velocity is limited, from the equation cg +3() — 1)(u 
— Uo) =0, which is derived using the fact that the sound velocity is always 
positive (by definition, see (11.30)). For ug =0 the maximum absolute value of 
the flow velocity is |u] = 2co/(y — 1). 
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speed of sound is decreased since u is negative (i.e., C <Co). This implies, 
using (11.46), that the density and similarly the pressure (see (11.32)) are 
decreasing as expressed mathematically in (11.50). 


11.4 Shock waves and the Hugoniot relation 
The smooth disturbances previously discussed in this chapter are 
evolving into discontinuous quantities as a result of the nonlinear nature of 
the conservation equations (11.3), (11.12) and (11.20). The development of 
these nonlinear effects into shock waves had already been discussed by 
Riemann, Rankine and Hugoniot in the second half of the last century 
(1860-1890). 
One can see from (11.46) that different disturbances of density travel with 


Fig. 11.2. Wave steepening due to nonlinear effects. 
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different velocities, so that for larger p the wave travels faster. Therefore, an 
initial profile p(x, 0) becomes distorted, with time. This is true not only for 
the density but also for the pressure P(x, 0) (see (11.32)), for the flow velocity 
u(x, 0), etc. A schematic picture of wave distortion is given in Fig. 11.2. The 
density at point A of Fig. 11.2 is higher than the density at point B, therefore 
from (11.46) one gets a propagation velocity of point A higher than for point 
B, so that at a time t, > ty the shape of Fig. 11.2(a) has changed into that of 
Fig. 11.2(b). This type of nonlinearity develops in time until F ig. 11.2(c) 
might occur. However, the situation illustrated in F ig. 11.2(c) is not 
physically possible since in this case the density is not sufficiently defined in 
space. Mathematically, this situation can be visualized as intersecting 
characteristics (of C, in this case). Therefore, the final physical picture 
which can develop is given in Fig. 11.2(d). This type of singularity in the flow 
of a gas or a fluid is defined as a shock wave. 

We assume a gas initially at rest, up = 0, having a constant density Po and 
pressure Py. The gas is compressed by a piston moving into it with a 
constant velocity u. A shock wave starts moving into the material with a 
velocity denoted by D. Behind the shock front the material is compressed to 
a density p, and a pressure P,. The gas flow velocity in this region is equal 
to the piston velocity u. This case is schematically illustrated in Fig. 11.3. 
The initial volume that is being compressed in a time t is equal to ADt where 
A is the cross-sectional area of the tube. At the end of the compression this 
volume is A(D — u)t as can be seen from Fig. 11.3. The mass of the gas that is 
set into motion is p,ADt, which by using the conservation of mass equals 
p,A(D — u)t. Therefore one gets 


PoD=p,(D—u) © (11.59) 


The momentum of the gas put into motion is py ADtu, which is equal to the 


Fig. 11.3. Shock wave created by the motion of a piston. 
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impulse due to the pressure forces (P; — Po)At, so that by Newton’s second 
law (i.e., momentum conservation) one has 


PoDu — P, = Po (11.60) 


The increase of internal energy and of kinetic energy due to the above 
described motion is (99 ADt)(E, — Eo + 4u7), where E is the internal energy 
per unit mass. By conservation of energy, the work done by the piston, P, A 
ut, should equal the energy increase in the gas, so that 


2 2 
pod(E, ~ y+) =P (11.61) 


Now making a transformation to the shock surface frame of reference, so 
that the undisturbed gas flows into the shock discontinuity with a velocity 
— D and leaves this discontinuity with a velocity — (D — u), we have (in this 
frame of reference): 


U=—-D u,=—(D—u4) (11.62) 


Substituting the transformation (11.62) in the conservation equations 
(11.59), (11.60) and (11.61), a symmetric set of equations is obtained: mass 
conservation: 


PiU; = Polo (11.63) 
momentum conservation: 
P, + pty? = Po + pou” (11.64) 


energy conservation: 
Pd 2 


Equations (11.63), (11.64) and (11.65) can be obtained more rigorously from 
the fluid equations (11.3), (11.12) and (11.20). Writing these fluid conserv- 
ation equations explicitly for the case of one dimension with planar 
symmetry one gets 


op_ 

ae (pu) (11.66) 
ie = _s 2 

a (pu) = a (P + pu’) (11.67) 


a m ued u3 
mpl PEt Patna peut p+ Pu (11.68) 
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Performing the integration of Equations (11.66)-(11.68) over the shock 
wave layer and assuming that the thickness of the layer tends to zero (i.e., for 
two points x9 and x, lying on both sides of the discontinuity one assumes 
that x; — Xo goes to zero) one can write 


im | ay Jdx +0 


*17X0 J xo at 


sim ["20 dvet W.-C he (11.69) 
where [ ] represent the different terms of (11.66)—(11.68). Using (11.69) in 
(11.66)-(11.68) the conservation equations (11.63)-(11.65) are obtained. 

We now derive some algebraic relations using the conservation equ- 
ations (11.63)-(11.65). It is convenient to define the specific volume 
V[(cm?/g in c.g.s. units] 


1! 


V=— (11.70) 
p 
and to solve (11.63) and (11.64) for ug and u, in terms of Vy and V; 
Aas (11.71) 
Vi Po wy 
BaP 2 
is 11.7 
wae) Soe 
| eae —P» ie 
= 11.73 
u, v (P= 4) ( ) 


The particle velocity (i.e., the flow velocity) inside the compressed shock 
region in the laboratory (rest) frame of reference is given by u, 
|u| =u — uy, =[(P; — Po)(Vo — V,)]*” (11.74) 


If the shock wave is created by the motion of the piston, as described in the 
above example, then |u| is equal to the piston velocity with respect to the 
undisturbed gas. Substituting (11.72) and (11.73) in the energy conservation 
equation (11.65), one gets the so-called ‘Hugoniot relation’ 


E,(P,,V,)— Eo(Po, Vo) =3(P; + Po(Vo — V;) (11.75) 


The thermodynamic relation E(P, V) is the equation of state of the material 
under consideration, and assuming this function to be known, one gets from 
(11.75) a curve 


P=P,(V, Po, Vo) (11.76) 
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known in the literature as the Hugoniot curve. P}, is shown schematically in 
Fig. 11.4. The Hugoniot curve is a two-parameter (Po, Vo) family of curves, 
so that in order to plot all possible curves P,, it is necessary to start with an 
‘infinity squared’ of points corresponding to all possible values of the 
parameters P, and Vg. In this respect, the Hugoniot curve is different from 
the isentropic curves of the pressure Ps, 


P=P,(V;S) (11.77) 


which are a one-parameter family of curves, where the single parameter is 
the conserved quantity of entropy S. 

We now consider the shock wave relations for an ideal gas with constant 
specific heats. As mentioned above, in order to plot the Hugoniot curve a 
knowledge of the equation of state is necessary. For an ideal gas this 
equation can be written as 


PV 
f= 
= (11.78) 
Substituting (11.78) in the Hugoniot relation (11.75) the Hugoniot curve is 
obtained for an ideal gas 


Py_(+1)Yo-- 1M 
Po QaHY,—G— DV 
From (11.79) it is evident that the compression ratio V)/V, = p,/p> does 


not increase above a certain value determined by the value of y. In 
particular, for a very strong shock wave where the pressure of the shock 


(11.79) 


Fig. 11.4. The Hugoniot curve. 
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rises to infinity one gets 


Pr 2) Vee 
ri =; _° oe 11.80 
(Ss) (F min Y — 1 ( ) 


The maximum density compression caused by a planar shock wave in an 
ideal monatomic gas is 


5 A) 
‘heiesem flier = 4, 11.81 
3 (& max - ( ) 


in a diatomic gas with the vibration frozen, i.e. assuming that the 
vibrational modes are not excited, one has 


d 1) 
y= (2 =6 11.82 
5 (4 max ( 
while in a diatomic gas with vibrational modes 
2 es) 
y=> [— =§ (s3 
i (é: max 


Solving (11.72)—(1 1.73) for an ideal gas described by (11.78), one gets for the 
fluid velocities 


V, 
Uo? => Ly—1)Po t+ (y+ 1)P i] (11.84) 
Vo (@ Po a) 
u,?=— (11.85) 
* ZN Cy—1)Po ++ HPi] 
while for the velocity of sound (see (11.33)) one has 
C=aPV (11.86) 


The ratio of the flow velocity to the sound velocity is known as the Mach 
number M, and in the process of a shock wave flow in an ideal gas the Mach 
numbers are given by, 


2 apps 
Me =(“2) =o ae 1)P,/Po (11.87) 
0 
So 6) eee ee (11.88) 
1 


In the limit of a weak shock wave, defined by P, = Po. one has 


M,=M,~1_ (weak shock wave) (11.89) 
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while for a strong shock wave, defined by P; > Po, 
M,>1 M,<1 (strong shock wave) (11.90) 


The meaning of the last relation is that in the shock frame of reference, the 
gas flows into the discontinuity at a supersonic velocity (M, > 1) and flows 
out at a subsonic velocity (M, < 1). In the laboratory, rest frame of the 
undisturbed gas, one has D = — u, for the shock velocity, and therefore one 
gets the ‘well known’ result that the shock wave propagates at a supersonic 
speed with respect to the undisturbed gas and at a subsonic speed with 
respect to the compressed gas behind it. 
The entropy of an ideal gas is given by 


S=c,InPV’+S, (11.91) 
where the specific heat at constant volume is 
PV 
C= (11.92) 
ye 


The increase in entropy during a shock wave process is given by 
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From this expression one can see that for a weak shock wave (P, = Po) 
the entropy does not change significantly, S, + Sy, while for a strong shock 
wave there is an increase in the entropy. The increase in entropy indicates 
that a shock wave is not a reversible process, but rather a dissipative one. 
The entropy jump of a fluid compressed by a shock wave increases with the 
strength of the shock wave. As seen above, the change in entropy AS, in 
pressure AP, in density Ap, etc. are determined solely by the conservation 
laws, however, the mechanisms of these changes are described by viscosity 
and thermal conductivity. This subject and the related relaxation pheno- 
mena will not be discussed here. 

We end this chapter with the formulation of achieving high compression 
by applying a sequence of shock waves to an ideal gas. As explained by 
(11.80), one single planar shock wave can reach a fixed maximum 
compression given by that equation. Assuming now, that a sequence of 
shock waves satisfying 


Oe Se 


=r 
Po Pi P2 Pn-1 (11.94) 
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are applied to a material in such a way that shocks do not overtake earlier 
ones and that all the shock waves arrive together at some time t at the place 
to be highly compressed. The shock created at time t jj = 1,...,n) overtakes 
the one formed at time t,;_, at time t if 

Dt — t;)=D,;_,(t —t;_,) j=1,...,n (11.95) 
where D, is the velocity of the jth shock wave. The set of equations (11.95) 
has the solution 

t =(D,t, — D,t,)(D, — D,). (11.96) 


In order to calculate the pressure and the compression obtained in this case, 
we use (11.79) and (11.94) 
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As a numerical example we take r = 2 for a sequence of 10 shock waves 
(n = 10). In this case one has a compression of 2!° (= 1000!) obtained only 
with a pressure of P,/Po = 2.8 x 10°!, ie. for an initial pressure of 1 
atmosphere, one can achieve a compression of a 1000 with pressures less 
than a megabar if the pressure is ‘tailored’ in space, time, and intensity (i.e., 
shaped) in a proper way. 


12 


Derivation of hydrodynamics from 
kinetic theory 


12.1 Foundations of hydromechanics 

In the previous chapter we discussed how the state of a moving 
fluid or gas can be described by macroscopic (hydrodynamic) quantities 
like velocity, density and temperatures under the action of pressure and 
other forces given electric or magnetic fields or by gravitation. The 
hydrodynamic equations were derived from Newton’s mechanics and from 
the geometry and mathematics of macroscopic field quantities. In order to 
provide a closer link with the preceding chapters on statistical mechanics, 
the derivation of the macroscopic hydrodynamic equations (Chapter 11) 
from microscopic kinetic concepts is given here. 

The description of a gas is possible by studying the mechanical motion of 
its atoms or molecules whose number is N. The equations of motion for 
each mass m, (in most cases of the same value) with coordinates x,,, y,,2, and 
with forces are the following set of 3N differential equations 


WX, _ op 0x, OZ 
m diz ae Re Xi9+-+Zny An ae 
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m dt2 mF ( aye tg GE (12.1) 
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The computation of the state of a gas or of a fully ionized plasma for one 
million particles with large computers using Eq. (12.1) is well established 
(Valeo and Kruer (1972)) where simplifications on the range of the forces 
beyond a certain number of neighbour particles were necessary. Such multi- 
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particle simulation reproduced the main properties of the state (with some 
restriction due to the range of the forces), however, not all interesting 
properties such as Coulomb collisions have yet been included in these 
simulations. The generation of large electric fields and inhibition of thermal 
conduction could have been derived from these simulations immediately in 
the same way as from an experiment, but the neglect of collisions and other 
simplifications caused difficulties. The other problem was that the general 
models and their computer output had to be analyzed on the questions of 
interest. So it was that the electric fields in laser produced plasmas and the 
derivation of thermal conduction were first derived from macroscopic 
theory (Hora et al. 1983) in agreement with experiments (Eliezer and 
Ludmirsky 1983) before the same properties were ‘detected’ in the computer 
output of multi-particle computations. 

The kinetic theory or the theory of kinetic equations simplifies the N- 
particle problem with its 3N coordinates and equations (12.1) by defining a 
continuous function f(x, y, z, v,, V,, v,) which describes how many particles 
are to be located in an element of the phase volume dxdydzdv,dv,dv.. A 
mathematical discussion of this distribution function then arrives at a very 
detailed description of the microscopic state of the plasma, though some of 
the information of the most general N-particle problem was lost. Still, the 
distribution function covers the description of non-thermalized states, 
contrary to the more purified macroscopic (hydrodynamic) picture which is 
produced from the subsequent integration of expressions of the f-function. 

The kinetic theory, therefore is a link between the single particle 
description of the microscopic theory and the macroscopic continuum 
theory of hydrodynamic quantities such as particle densities, net velocities 
and temperatures. Any temperature is an approximation even at equilib- 
rium conditions for which the kinetic theory can give a more realistic 
description e.g. for cases where the microscopic state of the fluid or gas 
cannot be determined by one or several ‘temperatures’ of the plasma 
components. 


12:2 Distribution functions and the Boltzmann equation 

Fora straight-forward understanding, an ad-hoc description of the 
elements of the kinetic theory is given in this section. We have first to 
underline that distribution functions do not necessarily relate in a 
philosophical sense — to probabilities, uncertainties, or inaccuracies. If one 
has to find the average value of a set of N integers a;: 


N 
Y a,N 
it (12.2) 
iM N 
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one can arrange the numbers in sub-sets j = 1,...,n, where f; determines 
the number of elements in each micro-set. The task of finding the average 
value in Eq. (12.2) is then solved by 


Therefore, a set of f; or, continuously, a distribution function f (x) can then 
determine the average value of a quantity a(x) 


ao = [reratsax| [reo (12.4) 


The same procedure with distribution functions is used to reduce the 
microscopic N-particle problem with its 3N differential equations (12.1) 
as follows: The geometric space is subdivided into cells of volume 
d?r =dx,dx dx, about x and the velocity space is subdivided into cells 
d3w = dw, dw, dw, about w. Instead of describing each of the N particles by 
its differential equation (12.1) in time, we ask, how many particles are 
distributed into the cells, depending on time t, given by the distribution 
function 


Sf (%1,.X2,%3,W1, Wo, W3,t)d?xd?w (12.5) 


The density of the particles (number of particles per cm’) is then from this 
definition with the subscript e or i (electrons or ions) 


+0 
nif, t) = | | f(r, w, t)d?w (12.6) 
Similarly to (12.4) we find the value of any physical quantity Q(r, w, t) 
depending on the velocity w at a point r at a time t¢ as 


O(r, t) = {Ff ormosiemndw/ [| |” feamnaw 
_ -— (12.7) 


The average velocity of the N particles at r and t¢ is then 


v(r,t) = [[[wreemoaw [||P stem t)d?w (12.8) 


If Q(w) does not depend on r and t, we find the following relations, using 
(12.6) 


[ow Larw == | 0m ser (12.9) 


12.2. Distribution functions and the Boltzmann equation 187 


Jowm-vsarn=v- [owmnsatw= vow) (12.10) 


where the vector operator V = (0/€x,; 0/dx,; 6/0x;3) is called ‘del’ or nabla. 
Using a general vectorial function F and the operator V,, = (6/dw,; 6/dw,; 
0/dw;) 


fowre. w)°Vfdew= — [rvaotFe, w)Q(w)}d?w 


and using the fact at partial integration of f(+ 0) =0 (for reasons of 
convergence of (12.6)), 


fowre. w, 0): V,, fd3w = —nV,,-(FQ) (211) 


We arrive at a kinetic equation for the distribution function f by the very 
trivial statement that, if there are no changes, there is no explicit 
dependence on time, or - in other words — the total derivative 


ff =0 (12.12) 


has to be zero. Taking into account all seven variables of f, (12.5), we find by 
partial differentiation 
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or using the velocity vector w = (0x/0t; dy/0t; 0z/6t), and the force density F 


F = 1 . 


if all particles have the same (or averaged) mass m, we arrive at 


af F 
LD NRO ele se om 12.15 
eee: (12.15) 


This equation is a kinetic equation and is called the Vlasov equation. If the 
force is due to electrical quantities (E ~ electric H ~ magnetic field strength, 
c = velocity of light) 


1 
F=e(E+twxH)] 


Zwvs+£(E+twxH}-V,f=0 (12.16) 


then 


ot 
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If f does depend explicitly on the time, the total differentiation in (12.12) 
is not zero but equal to the change due to collisions (subscript c): 


oF ew ‘Vf+— 2 V f= (F) (12.17) 


which is the Boltzmann equation. The whole problem is then concentrated 
in the collision term on the right hand side. An approximation for collisions 
with neutral atoms is the Krook collision term 


() Sleaih (12.18) 
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where f, is the distribution function of the neutral atoms and 1 is the 
averaged collision time. 
For Coulomb collisions, (12.17) can be approximated using binary 
collisions by the Fokker—Planck equation 
df _< (=i 


= a mf) AL 23.0) (12.19) 


where the as are the Fokker-Planck coefficients (Ray and Hora 1977). 

Without discussion we mention Liouville’s theorem: for a conservative 
system, f is constant along a dynamic trajectory. This means that the 
volume d3rd3w which is taken by a number of particles, does not change 
with time. 

The kinetic equations provide the possibility of treating a plasma without 
having reached thermal equilibrium. The limiting case of equilibrium is 
expressed by a special distribution function. If one normalizes f at each 
point of certain particle density n(r,t), the factor fy in 


f(t,w, 0) =n(r, 1) fult, w, 0) (12.20) 
is called the Maxwellian distribution (or Maxwell—Boltzmann distribution) 


~ 


vale 
f= (sore | exp(— W7/vip”) (12.21) 


using Boltzmann’s constant k and the average thermal velocity 
Vin =(2kT/m)'!/?. Equation (12.21) takes into account positive and 
negative velocity components. Based on the scalar magnitude of the 
velocity, w, one defines another distribution g(w) by 


| “Heinle: | ” f(wyd?w 12.2) 
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where 
m 


3/2 
gear icf 3 ene 4 1 
ar) w> exp(— w*/0,,°) (12.23) 


g(w) = 4an(r, a( 


to be distinguished from f. 


3 Loss of information 

The description of the kinetic equations in the preceding section is 
sufficient to understand the derivation of the macroscopic equations in the 
next section. In this section, some basic problems of the kinetic theory 
should be mentioned. Boltzmann’s basic problem was the description of the 
collisions, even in the most simplified way where the collision time can be 
neglected. The derivation of the Boltzmann equation can be based on the 
more general Liouville distribution function for N particles 


F(t 8 occas Enea Wa s0e0s Wrst) (12.24) 


which gives the combined probability of finding particle 1 atr, with velocity 
w,,and particle 2 atr, with velocity w,, and particle N at ry with wy. A one- 
particle distribution function f defines the probability of finding a particle 
at x, with a velocity w, at a time t from integrating (12.24) over all but the 
first particle coordinate: 


fixie [Pea 77 de>, «dy Elk)... Cy) (12:25) 


If the particles move independently, an expression by factors is possible: 
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(12.26) 
F satisfies the Liouville equation 
<+ [F,H]=0 (12.27) 


where the Poisson bracket of F with the Hamiltonian H of the complete 
system 
NwOH-Or Giver 


= (12.28 
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remembering Hamilton’s equations 
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and converting from the generalized coordinates q; to the Cartesian x; and 
from the generalized momenta p; to velocities w; equation (12.28) can be 
written 


N F 
[F,H]= ¥ (w-vF+E-v,,F (12.29) 
i=1 
rewriting (12.27) into 
Cages VRE P= (12.30) 
ot i=1 : m yy ; 


Integration over N — 1 coordinates as in (12.25), results in the collisionless 
Boltzmann equation 


0 F 
— : — Vif = 1231 
a f+wvf+—-V.f =0 (12.31) 


Following the results of Blatt and Opie (1974), there are fundamental 
deficiencies concerning the loss of information about the initial state when 
the system is described by the kinetic equations. The approximation (12.26) 
particularly, is a severe restriction. But there are even considerable doubts 
whether the Liouville equation (12.27) with a general F represents any real 
thermal system adequately (Blatt, 1959). The careful derivation of the 
kinetic model (Blatt and Opie 1979) is also made on the basis of minor 
approximations appropriate to a very dilute gas, ignoring effects of ternary 
and higher order collisions. 

These arguments should be taken into account if criticisms of the 
macroscopic hydrodynamic models are discussed: the kinetic models also 
are still not free of deficiencies, especially for the high densities of laser 
produced plasmas. A return to the single particle description of the 
microscopic models based on equations (12.1) is difficult in relation to 
computer capacity, the necessary neglect of low range interactions, the 
neglect of the Coulomb collisions especially with respect to small angle 
scattering, and the approximation of collective effects. 


12.4 Derivation of macroscopic equations 

In this section the macroscopic equations of continuity and 
motion will be derived from the integration of the Boltzmann equation 
(12.17) 

of of 


F 
Lewy s+tvs=(L) (12.32) 


after multiplication by a factor. Each term will be integrated over the whole 
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velocity space d*w, if we assume that there are no velocity dependent forces. 
The forces are then holonomial following the definition of H. Hertz. 


12.4.1 The equation of continuity (mass conservation ) 
Multiplying (12.32) by the trivial factor 1 and performing the 
integration by d°w from — oo to + co of the first term results in 


of ae eee 


following (12.6) and (12.9). Integration of the second term of (12.32) based 
on (12.10) with a quantity Q = 1 results in 


[wv saw=v-Grw) = Venu (12.34) 


where the velocity of the particles was split into the drift velocity u and the 
random (thermal) velocity v 


w=v+u (12.35) 
with 
v=0 (12.36) 


Integration of the third term of (12.17) using (12.11) with @ = 1 produces 
F —_ 
[Evra =— [rere = —nV,F =0 
m 


which is zero because we assume velocity independent (holonomic) forces F. 
The right hand side of (12.32) results in 


+00 of 7 
ile (Z) arw=o (12.37) 


because collisions cannot change the average total number n of particles 
percm?. 

Summarizing (12.33)-(12.37) results in the velocity integral of the 
Boltzmann equations 


Owae (12.38) 
ot 

which is the hydrodynamic equation of continuity (11.3), the equation of 
conservation of mass, remembering that p = mn. 


12.4.2 The equation of motion (momentum conservation ) 
Another integration of the Boltzmann equation over the velocity 
space, after multiplying by a factor (mw) of momentum and integration will 
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lead to the hydrodynamic equation of motion (equation of conservation of 
momentum). From (12.32) we obtain 


F 
| mw 5 fa + | mww-v fw + [mw Vase 


= [mo ( d3w (12.39) 
‘a he 
We use, as before, (12.8)—(12.1) where 

QO(w) = mw (12.40) 


The first term A is from (12.8) 
A= Pe eee (12.41) 
- ot ~ Ot 


where the separation into drift velocity u and random velocity y, (11.35), 
leads to 


6 — -—0¢ 
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and using v= 0 to 
0 0 
ASI Wits ant (12.43) 
The second term B from (12.9), (12.35) and (12.40) becomes 


B= | mww-¥ few 


= V-nwmw = V-nm(v + u)(v + w) 


= V-nm(vv + uu + vu + uy) (12.44) 


where the last two dyadic terms are zero (u= 0). 
It is furthermore 


B= a0-Vmn + mnu-VWv + nmvV-u + Vemnvv (12.45) 
The third term of (12.45) r.h.s. is obtained by use of the equation of 


continuity 
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of which the last term cancels with the first in (12.45). The other terms on the 
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t.h.s. of (12.45) cancels with the second term r.h.s. of (12.43) when adding A 
and B, resulting in 


F) oe 
A+B=mn—u-+mnu-Vu + V-mnvv (12.46) 


Here the first two terms on the r.h.s. can be written by using the equation of 
continuity 


ae + mnu-Vu = He + ss 
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using a rearrangement of terms and using the temporal derivative on the 
l.h.s. and the spatial derivative on the r.h.s. 
There remains the interpretation of the last term in (12.45). Writing 


mnvy = 2mn4v" 1 (12.48) 


(12.47) 


using the unity tensor 1 =i, i, +i,i, + i,i, and remembering that 
m 
at =$kT (12.49) 


we find, for isotrope geometry with respect to the unity tensor, 
V-mnvv = V 3nkT (12.50) 


In (12.49), the equation of state for the ideal gas of single atoms or fully 
ionized plasma particles was derived from the random velocity u of the 
kinetic theory. 

The macroscopic assumption is that the pressure is related to the 
macroscopic adiabatic constant 


y=(2+ f/f (12.51) 


with the degree of freedom /, this has to be interpreted as a one-dimensional 
pressure, mentioned by Denisse and Delcroix (1963) as being ‘somewhat 
open to criticism’. The subsequent derivation of these relations from the 
kinetic theory (Boltzmann equation) was shown by Lalousis and Hora 
(1983). 

At this stage, it should be noted where the modification of the derivation 
of the macroscopic equation of motion includes the general equations of 
state. The velocities w of bound or osciliating particles in degenerate states 
have then to be formulated from the beginning in the Boltzmann equation 
and have to be identified and interpreted at the level of (12.48). 

It should be mentioned that for the case of ‘strong coupling’ in the sense 
of a plasma parameter A of the Coulomb logarithm to have values much 
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below two, Hansen (1980) has reviewed the derivation and arrived at the 
transport coefficients for these special cases of the equation of state. 
The third term C in (12.39) is shown in (12.10), (12.11) and (12.40). 


C— | mw Waf aw = —n,Fmw= —nF-V,,w—mnw,,F 
m 
(12.52) 


The second term in the last expression vanishes because the forces F should 
not depend on the velocity w. 


V F=0 (12.53) 


The tensor of the first term in the last expression of (12.52) is 


V.w=i,i en ee g 
= —— —_ ie 
w ay, 1 aw, 2 Lawn EY 


+i,i,; —w, + ini, Ftd lla Fs W3 


* Ow, *éw 


0 0 
Bas w, +131, ia Bw, V2 bls are 


where all non-diagonal terms vanish for Cartesian coordinates; therefore, 
using 


Viw=1 
and from (12.52) we arrive at 
C=mnF-1 = —mnF (12.54) 


the forces in plasmas should be 
Z 
F = ZeE +—“uxH+F, (12.55) 


where Z is the number of charges for the equation of ions, while Z = 1 for 
electrons, and F, are forces of gravitation, Coriolis forces and others. 
The last term D in (12.39) 


De mn (SE) aw (12.56) 


expresses the net momentum per volume transferred to the ions by 
collisions with the electrons 


D=P,, (12.57) 
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If there are no asymmetric velocity distributions of the electrons, 
lige) (12.58) 


This is not the case e.g. if an electron beam is fired into the plasma. 
Putting together the results of A, B, C and D, we arrive at 


0 
mu + mnu:- Vu = V — (nkT) 


1 
+nmze| E uae x H | +m, (12.59) 


where the second term of A, (12.43) and (12.46), and the first term of B, 
(12.45) cancelled because of (12.46), and the first and second terms of B 
(12.45), using a vortex force motion (12.45) led to the second term on the 
right hand side of (12.59). This is the kinetic pressure, whose gradient is 
usually neglected in comparison with the static pressure nkT. The 
macroscopic (hydrodynamic) equation of motion is then 


0 1 
ot + mnu:Vu = —VnkT + mnZel B+ 2 x H | tamnk 
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(12.60) 


where again we emphasize that the first term on the r.h.s. is correct only for 
the equation of state of an ideal gas. 


mndu/dt =f (12.61) 


where f is the force density in agreement with (11.10). 

From (12.59) we immediately derive the Bernoulli equation for a vortex- 
free stationary (d/dt = 0) motion without external forces F, and fields E and 
H 


v(nir +S?) =0 (12.62) 


or using the (static) pressure p = nkT and the density p = nm, integration of 
(12.62) results in Bernoulli’s equation 


pt+ cu = constant (12.63) 
It should be noted that the macroscopic equation of energy conservation 


is achieved by multiplying the Boltzmann equation (12.32) by a factor mww 
and integrating over the whole velocity space. Again, the interpretation of 
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the kinetic velocity integrals leads then to the various formulations of the 
equation of motion similar to the case we described earlier from the correct 
interpretation of (12.48) which led to the equation of state of the ideal gas as 
the most simplified example. As the procedures for the integration of the 
Boltzmann equation for the energy equation, reproduce the equation of 
state in the same way as in the case of the equation of motion, we are not 


presenting this case here. 


bs 


Studies of equations of state from 
high pressure shock waves in solids 


13.1 Introduction 
The laws governing the propagation of shock waves through 
condensed matter are related to the physics of the equations of state (see, 
e.g., Altshuler (1965), Davison and Graham (1979), McQueen et al. (1970), 
Rice et al. (1985), Zeldovich and Raizer (1967)). Particles in a solid state are 
attracted to each other at large distances while they repel each other at 
short distances (as a result of the interpenetration of the electronic shell of 
the atoms). The atoms can be separated to a large distance by supplying the 
binding energy (~ leV/atom) in order to overcome the binding forces, 
while in order to compress a condensed matter it is also necessary to supply 
energy to overcome the repulsive forces. These forces increase very rapidly 
as the distance between the atoms is decreased. At zero temperature and 
zero pressure mechanical equilibrium of a solid is reached by the balance of 
the attraction and repulsion of the interatomic forces, implying a minimum 
of elastic potential energy. This minimum of energy is taken as E, = 0 and 
the specific volume at this ‘zero point’ is Vp,. The value of Vo. is smaller than 
the volume of the solid at standard conditions, P=0 or !atm and 
Ty © 300K. For a volume V larger than V,, the atoms are attracted to each 
other, while for values of V smaller than V,, the repulsive forces are 
dominant. The cold pressure increases rapidly with compression and 
becomes negative with expansion. The negative sign of the pressure denotes 
the fact that the expansion of a body from its equilibrium at T=0 and 
P=0 is carried out by a tensile force. This tension force is balanced 
by the binding forces which react to return the solid to its equilibrium 
volume Vo,. 
Small pressures only are needed to compress a gas highly by a shock 
wave, for example a shock pressure of the order of 100-1000 atm can 
compress a gas to few times its initial density. However, in order to 
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compress a cold metal by 10% only, an external pressure of the order of 
10° atm is needed. This fact can be seen from the values of the compressi- 
bility, Ko 


1 (ov 
ee een ¥3.1 
= -7( ap), ee 


which is of the order of 10° °atm~! for metals at standard conditions. To 
compress a solid by a factor of 2 one has to apply pressures of the order of 
several million atmospheres. At these high pressures, the elastic com- 
pression energy is of the order of 10eV/atom and it rises rapidly with 
further increase of compression. These energies (or the appropriate high 
pressures) are sufficient to change the crystal structure into a close packing 
type of liquid. Thus the high pressures of the shock waves cause phase 
transitions that are related to changes of the crystal lattice symmetry. We 
will ignore these phase transitions and will describe physical situations 
below or above the phase transition points. 

There are a number of basic techniques for achieving high pressure shock 
waves, in particular the following are used: 


(a) high explosive driven shock waves 

(b) shock waves generated by the impact of accelerated projectiles 

(c) laser generated shock waves (see, e.g, Salzmann, Eliezer, Krumbein 
and Gitter (1983), F. Anisimov, Prokhorov and Fortov (1984)) 

(d) shock waves generated by nuclear explosives (see, e.g., Ragan 1980) 


Using the first two techniques (a) and (b) pressures of up to a few megabars 
(1 megabar = 10° atm) were achieved in the laboratory, while using big 
laser facilities or sophisticated guns to accelerate projectiles, pressures 
higher by an order of magnitude are expected. In all these experiments, high 
energies are released in a short period of time (in the region domain of 
picoseconds to microseconds), and therefore very fast measurements are 
necessary. The experimental measurements are usually taken from a remote 
location and the diagnostic system must be as complete as possible, since 
the system cannot be returned to its original state for verifying and checking 
the measured quantities. It is beyond the scope of this book to discuss the 
experimental techniques and the equipment used in high pressure shock 
wave experiments. Rather it is assumed that a strong shock wave is created 
and the necessary parameters are measured in the laboratory, without 
discussing how this is achieved (for this purpose see, e.g., Altshuler (1965), 
Davison and Graham (1979), Rice et al. (1958)). We assume a planar one- 
dimensional steady state shock wave which satisfies the Rankine— 
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Hugoniot relations as obtained from the conservation of mass, momentum 
and energy, 


~ 


a ee 


"alae ae (13.2) 
Pao 2 ly pop (13.3) 
PoD(Ey — Eo + $u?) = Pyu (13.4) 


In (13.2)—(13.4) the subscript 0 refers to the stationary material ahead of the 
shock (initial conditions for the shock wave experiment). The material 
behind the shock wave front reaches a pressure Py, adensity p=1/V anda 
specific internal energy Ey, while the shock wave is moving with a velocity 
D and the particles behind the shock surface are moving with velocity u. 
Using (13.2)-(13.4) a Hugoniot curve is obtained 


Ey — Ey = 3(Py + Po)(Vo— V) (13.5) 


For a known initial state (Po,V) it is necessary to measure any two 
quantities from (Py, V, Ey, D, u) in order to fix a point on the Hugoniot 
curve, usually described by P,, as a function of V (or p). 

The P-V diagram of Fig. 13.1 describes the Hugoniot curve P,,(V) for the 
initial conditions Vj, Ty and Py = 0. Note that the atmospheric pressure is 
negligibly small in comparison with pressures related even to very small 
changes in the specific volume V,, therefore Py = 0 or 1 atm are equivalent 
initial conditions for shock wave experiments in solids. The difference in 


Fig. 13.1. The variation of P,,, P; and P, with V. 
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Fig. 13.1 at any particular value of V between P,, and the cold pressure Po is 
equal to the thermal pressure P; that is caused by the shock wave. Since P; 
is positive, the cold pressure at room temperature turns out to be negative, 
P.(Vo) < 0. Also in Fig. 13.1 the isentrope P, passing through the foot of the 
Hugoniot is plotted, so that the qualitatively mutual positions of the curves 
P., Ps and Py, are illustrated. 

The existence of an extremely large non-thermal pressure P, (which does 
not exist in gases) in condensed matter determines the basic physical 
behaviour of solids and liquids compressed by shock waves. Besides this 
cold pressure P, caused by the repulsive forces, a thermal pressure i. 
caused by the atomic and electronic motions inside the shocked material, is 
also created. For pressures up to the order of 0.5 x 10° atm, the P, term is 
the dominant one, while for shock waves causing pressures of the order ofa 
few millions of atmospheres the P, and the P; terms are comparable in 
magnitude. As the shock wave pressure increases further, the thermal 
pressure becomes dominant. 

In Section 13.2 a Griineisen type equation of state is assumed and an 
integro-differential equation is developed for the elastic pressure P,(V). In 
Section 13.3 the equations for the initial conditions necessary to solve the 
equation for P, are stated. It is shown how a polynominal fit to the shock 
wave experimental data is used in order to calculate the parameters of the 
equation of state. Next it is shown how the Hugoniot data together with the 
knowledge of the Griineisen coefficient enables one to calculate the 
isentropic process near the Hugoniot curve. This is associated with the 
velocity of the end surface of the target, a knowledge of which is needed for 
the measurement of the second parameter, besides the directly measured 
shock wave velocity. In Section 13.5 the equations of state from Hugoniot 
data are calculated for aluminum, copper and lead. An alternative possible 
calculation is given in Section 13.6, where the cold pressure is calculated 
using an interpolation method from room temperature empirical data to 
the Thomas—Fermi—Dirac model. 


13.2 The Griineisen coefficient y(V) and an equation 

for the cold pressure P, 

In order to study the equation of state deduced from shock wave 
data it is necessary to assume a model for the equation of state. In 
particular, one can use the Gruneisen model, which takes into account the 
lattice oscillations, for a solid state of matter (see Chapter 10) 


y 
ai (13.6) 
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The thermal pressure (P;) and the cold pressure (P.) are added to give the 
total pressure (P) 


P=P,+ P, (13.7) 
and similarly for the appropriate energies 

E=E,+E;, (13.8) 
using (13.6) (13.8), the following equation of state is obtained 


P(V,£)= PV) + OTE — £(V)] (13.9) 


which has been found experimentally to be valid near the Hugoniot curve 
(McQueen etal. 1970). Since the temperature, the entropy and other 
thermodynamic functions cannot be calculated explicitly from (13.9), this 
equation of state is incomplete. A complete equation of state can be 
obtained, for example, by combining the Griineisen pressure—energy 
relation given in (13.9) with the Debye relation between thermal energy and 
temperature. In the classical limit 


So iey & (13.10) 
And the specific heat c, has the value (Dulong and Petit law) 
c, = 3R[ergmol ! deg™'] (13201a) 


where R is the gas constant, R = 8.314 x 10’ergmol 'deg™! and the 
energy in (13.10) is measured in erg mol~’, or equivalently 
3R 
Cc, =——~[ergg ‘deg™'] (13.11b) 
OO) 
where ¢ A > is the average atomic weight (g mol ~'). In this case the energy in 
(13.10) is measured in erg g~ ', which is in general our standard convention. 
The good agreement between (13.11) and experiment is demonstrated in 
Table 13.1. Using (13.6), (13.10) and (13.11) the thermal pressure is given in 


Table 13.1. 

cay 3R/< A> c,(exp) 

gmol”'! 10°ergg 'deg™' 10°ergg 'deg™! 
Al (aluminum) ay 9.24 8.96 
Cu (copper) 63:55 3.92 3.83 


Pb (lead) 207.2 1.20 1.29 
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this case by 
P,=3RyT/V (13.12) 


From this equation it is evident that an accurate knowledge of y is needed in 
order to calculate the temperature T from the pressure measurements. 

In the three-dimensional space of P -V-T (or P-V-S, etc.), the Hugoniot 
curve is a single line, while the equation of state is a surface. Therefore, it is 
evident that one cannot obtain the complete equation of state from shock 
wave data, in particular taking into account that for practical reasons the 
known initial conditions are usually the standard values of pressure (Po), 
specific volume (Vo) and initial temperature (To). However, the experi- 
mental Hugoniot data is useful to obtain limits on the parameters of 
the equation of state, similarly to obtain relations between 
measurable quantities. In particular, we shall show how a Gruneisen-like 
equation of state can be calculated using experimental Hugoniot shock 
wave data. 

Several models have been suggested to relate the y function in the 
Griineisen model to the curvature of the cold compression curve. As an 
example we use the Slater-Landau model in order to relate y(V) to P, (see 
Chapter 10) 


ree ar, dP. 13.13 

m= "3 2\ av? // \av Ge 
Equation (13.13) is not the only relation suggested in the literature between 
the Griineisen coefficient y(V) and the derivatives of the cold pressure, 


P.(V). The models that have been proposed in the literature can be 
summarized by the following equation (Altshuler 1965). 


eae 2 t V d? 2t/3 d 2t/3 
W)= (3-5) Saath my iP Pl (13.14) 
The most popular values for t are t=0 or 1 or 2, where the value t=0 
corresponds to (13.13) and t = 1 was suggested by Dugdall and McDonald 
(1953). These three models for y give almost equal values as the pressure is 
increased. Therefore, one can choose the model that gives the best value for 
low pressure data without significantly changing the high pressure results. 
However, it is important to note that the fact that all three models of (13.14) 
(i.e., t= 0, 1,2) converge to the same value, does not necessarily imply that 
any of these models is correct. As mentioned above, we choose t = 0, i.e., 
(13.13) to pursue our development of the equation of state from shock wave 
data. 
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Using (13.9), y is related to the experimental Hugoniot pressure (P,,) and 
energy (E,,) by 


Y= Phy — be) (13.15) 
From (13.13) and (13.15) and the thermodynamic relation 
dE.(V) 
P(V)= os (13.16) 


one obtains an integro-differential equation for P,(V), or a third order 
differential equation for E,(V), which can be integrated numerically. 
Equation (13.13) and (13.15) give 


2 V{d?P dP 
y= V(Py— Po/(En— E.) = -3-3(Ga)/(#) (13.17) 


Substituting E,, from the Hugoniot relation, (13.5), into (13.17), one obtains 
the following integro-differential equation for P.(V), 


V(Py — P.) = ? (art) / (Se) 
V — ae 2 
Eo +4P,(Vo— n+ | P.dV — BY 


Voc 


(13.18) 
where V,, satisfies the relations: 
P.(Vo.)=0 E.(Vo.) = 0 (13.19) 


The initial conditions required for the numerical integration of (13.18) are 
the specific volume V,, and the slope (dP,/dV),,_, as well as the internal 
energy E, for the experimental initial conditions (V5, T>). Eg can be 
obtained by integrating the Debye specific heat curve from T=0 to Tp, 


To 
Es= | eid T, (13.20) 
0) 

The experimental initial data (Vo, T)) before the arrival of the shock wave 
should be known. The initial conditions for solving (13.18) can be derived 
from extrapolations of available data at standard conditions. The solution 
of (13.18) for P,(V) and subsequently the knowledge of »(V) from (13.17) 
give the desired equation of state of the model under consideration as given 
by (13.9). However, in order to reach this goal, the initial conditions 
necessary to solve (13.18) numerically are needed. For this purpose we now 
derive an equation from which the value of Vp, can be obtained. 
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13.3. The specific volume V,, of the ‘zero point’ and the initial 
conditions for the P, equation 
First, we use the first order Taylor expansion for y(V) in terms of 
the initial experimental value Vo(= 1/po). 


dy 
Vod=r0+( Sh), (Voc — Vo) (13.21) 


where yp =y(Vo) and (dy/dV)) =(dy/dV)y-=v,, Yo 1S given in terms of 

experimental quantities measured in the laboratory (see Chapter 10) 
3Vou 
CyKo 


(13.22) 


o> 


where « is the coefficient of (linear) thermal expansion, Ky is the isothermal 
compressibility and c, is the specific heat at constant value of T= Tp 
(usually room temperature). From (13.9) and (13.5) one gets 


V(Py— P.) = y[Eo + 2Pu(Vo — V) — E.] (13.23) 


Evaluating P,, at V= V,,, i.e., using E,(Vp,) = Oand P,(Vo,) = 0, (13.23) can 
be rewritten as 


VocPu(Vo.) = Y(Vo.) [Eo + 3Py(Vo.)(Vo — Voc) ] (13.24) 


Equations (13.21) and (13.24) yield the relation that the initial specific 
volume should satisfy 


dy 
VocPu(Vo.) = E a (4). (Vous v3) | 
x [Ep + 3Pu(Vo.)(Vo — Voc)] (13.25) 


In order to solve (13.25) for Vo,, the value of (dy/dV), is needed. It is shown 
in the next few paragraphs how to reach this goal. 

The Hugoniot curve, P,, as a function of V, can be fitted experimentally 
by the following polynomial 

= - H k ae ee Vo 
Pie A,’ (6 — 1) ee (13.26) 

where as usual, p is the density behind the shock wave front and pg is the 
density of the initial state ahead of the shock wave front. For example, 
Altshuler et al. (1960) make an experimental fit with N = 7 for shock wave 
pressures in aluminum, copper and lead up to 5 x 10° atm (= 5 Mb); the 
coefficients are given in Table 13.2. 

A similar expansion to (13.26) can be made for an isentropic curve 
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(dS = 0) near the Hugoniot curve, 
- p 
Ps= ¥ aS(o—1), o=—=— (13.27) 
k=1 
There is a second order tangency at the origin of the coordinate between the 


Hugoniot and the isentropic curve (see, e.g., Zeldovich and Raizer (1967), 
p. 56 and pp. 63-7), i.e., 


dPs = dPu (13.28) 
dV /y, dV /y, : 


d+P. 7 GPs 13.29 

dV? a. dv? Vo 
These two relations for the polynomial expansions, (13.26) and (13.27), 
imply 


a,°=A,", a,°=A," (13.30) 


A third relation can be obtained by using the Griineisen equation of state 
y= V(Ps5 — Py)/(Es — Ey) in the limit V- V,, where 


¥ 
Vo 


and the Hugoniot relation Ey = E, + $Py(Vo — V) is used. This relation, 
obtained in Appendix 6, is 


a,” =A = 45" (13.32) 


The isotherm T=0 is an isentropic process as well, since for T= 0 the 


Table 13.2. The coefficients A," appearing in the 
expansion of Py (see (13.26)) 


Values of A," in 10'° dynecm~? (x 10 kbars) 


k Al (aluminum) Cu (copper) Pb (lead) 


1 73.1 137.0 41.4 
2 1527 PANT) 101.7 
3 143.5 224.0 120.0 
4 — 887 1078 — 43 
5 2862 — 2967 547 
6 — 3192 3674 — 801 
7 1183 — 1346 a12 


Note: Table adapted from Altshuler et al. (1960). 
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entropy is S =0 (Nernst’s theorem), thus P,(V) describes an isentropic 
curve. Assuming that (13.13) for y(V) is also true for other isentropic 
processes not too far from T = 0, in particular that (13.13) is also valid for 


the isentropic process passing through the foot of the Hugoniot at V = Vo, 
we can use the polynomial expansion for Ps at V = Vo to calculate y) and 


(dy/dV)o 
2 V,(d?Ps dP, 
my ot Se as 13. 
Yo = (Vo) ra) (7 mil dV )y (13.33) 
dy\ _(97\ _1] (4?Ps dPs 
dVJo \dV Jy, 2|.\4V7 Jyol VAY v0 
d?P, dP, d?P,\? |(dPs\? 
+ Ge), | (ae), lav), Gr), 


(13.34) 


and 


Substituting (13.27) in the last two equations and taking the limit V > Vo 
one gets, using (13.30) and (13.32) also [see Appendix 6] 


(13.35) 


dy a,s a,s a,°\? 
V,{ —- | =44+7—-~-3- Por . 
or using (13.30) and (13.32) to relate to Hugoniot parameters 


d Ace Ase Aes A,# 
vo( 3] 3447455 42(1 45) ~ ah + 3078 
0 1 1 1 


(13.37) 


A," y> and thus A," are measured experimentally at room temperature, 
since a,° is given by the isentropic compressibility coefficient (Ko *) 


oP 1 
Vo 


and yy is given by measurable quantities in (13.22). Thus, A, "andes ate 
measured experimentally at standard conditions, while A," is taken from 
the experimental fit of the Hugoniot. In this way one can calculate Vo, from 
(13.25). The standard volume of metals Vo is usually only about 2% larger 
than V,,. 

Finally, in order to solve the integro-differential equation (13.18), the 
initial slope (dP,/dV)(Vo,) is needed. For this purpose, once again the 
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Griineisen equation of state is our starting point. Substituting P = P,, in 
(13.9), 


Beg th 7 (En _E.) (13.39) 


and subtracting (13.39) from (13.9), the Griineisen equation of state can be 
rewritten as 


P—Py=<(E—Ey) (13.40) 


Taking the derivative of this equation at V = V,, we get 


dP dP 
V, c a __H 
oe( 5 Vox dV ). + Py(Vo.) 


d dE 
a EnYoe( - Vea Se) (13.41) 
Voc Voc 


where E,, is given in (13.5) with P, =0 for all practical purposes. Vo, is 
known from the solution of (13.25), y(Vo,) and (dy/d V)y,. are obtained from 
(13.21), while yp and (dy/dV), are derived in (13.35) and (13.37) in terms of 
the parameters A,", A," and A," from the experimental fit of the Hugoniot 
curve. Taking all these into consideration, the last of the initial conditions, 
(dP./dV),,., necessary for the numerical solution of (13.18), is obtained. 

At this stage, a short summary, of the long procedure carried out so far to 
calculate the equation of state, might be useful. First, a model given by (13.9) 
is assumed for the equation of state. In this equation, P,(V) and y(V) are not 
known. The next step is to obtain a relation between »(V) and P.(V). This is 
given in our example by the differential equation (13.13). (13.9) and (13.13) 
are used together with the Hugoniot relation, (13.5), to obtain an integro- 
differential equation (13.18) for P,(V). In this equation P, is given by the 
shock wave experimental data, fitted, for example, by the polynomial of 
(13.26). From the solution of P,(V) the function (V) is obtained from 
(13.13). However, before being able to calculate »(V) and P,(V) from (13.18), 
one needs the initial conditions V), and (dP,/dV),,_ in addition to (13.19). 
For the calculation of V,, (13.25) was introduced. This equation needs as 
input the values of y) and (dy/dV) , which were obtained from the fit of the 
experimental Hugoniot in (13.35) and (13.37). For the initial condition 
(dP./dV),,. one has to solve (13.41), so that knowledge of the initial 
conditions is complete. Therefore, simultaneous solution, as described 
above, of (13.5), (13.9), (13.13), (13.18), (13.19), (13.25), (13.26), (13.35), (13.37) 
and (13.41) enables us to calculate numerically the Griineisen equation of 
state. 
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13.4 Isentropic processes near the Hugoniot curve and the 

free surface velocity 

We will next show how the Hugoniot data together with the 
knowledge of »(V) enables one to calculate the isentropic (dS = 0) process 
near the Hugoniot curve. After the determination of the volume depen- 
dence of y(V), one can differentiate (13.40) with respect to V for an isentropic 
process (i.e., P = Ps and E = Eg in (13.40)) to obtain 


dEy d (V V(dPy Ps 
= = — = —| — -—— 13.42 
Ps= Seay pan (“\+ 2 (GF dV (Be. 
where the relation 
ae 13.43 
dV Ps ( ) 


for a dS=0 process has been used. Equation (13.42) is a first order 
differential equation for an isentropic change in the pressure P,;(V) in terms 
of the known P,(V) (experimental data), Ey(V) (13.5) and »(V) (13907). 
Numerical integration of (13.42) gives the pressure Ps as a function of the 
specific volume. The temperature change in this transition is obtained using 
the thermodynamic identity 


Pascal (37) dvV=0 (13.44) 
OT Jy 
and the relation 
oP 
=| — 
,) (#7) |e (13.45) 
The solution of (13.44) and (13.45) is given by 
Y vdV 
ie exp( - | iv) (13.46) 
Vo Vv 


where Ty and Vy are the initial conditions for the isentropic process. 
Equation (13.46) together with the solution of (13.42) can be used to obtain 
the temperature at a (P, V) point near the Hugoniot curve. 

One of the objects of calculating isentropes is for the evaluation of the 
Riemann integral which is associated with the particle velocity in the 
rarefaction wave. Such a wave results for example when a shock wave 1s 
reflected from a free surface. When the shock wave reaches the end surface 
of the solid bounded by the vacuum (or the atmosphere), the free surface 
develops in a very short time (~ 10 psec) a velocity U,, given by 


Cao u, (13.47) 
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where uw is the particle velocity relative to the shock wave and appears in 
(13.2)-(13.4) (the Rankine-Hugoniot equations). The material velocity 
increase, u,, due to the rarefaction wave from some point on the Hugoniot 
to zero pressure is given by the Riemann integral along an isentropic 


V(P=0) dP 1/2 
u=| (-$) dv (13.48) 


V(Pu) 


The derivative in (13.48) is obtained from (13.42), so that a knowledge of iP. 
gives the value of u,. Layers adjacent to the free surface go into motion 
under the influence of the shock transition from Po, Vo towP, V and 
subsequent isentropic expansion in the reflected rarefraction wave from 
P,V to Po, Vo’ (> Vo). Although these two processes are not the same, it 
turns out that for u<« D (shock velocity) one has 


ux u : (13.49) 


r 


From (13.47) and (13.49) the following practical relation is obtained: 
U,, = 2u (13.50) 


Therefore, from free surface velocity measurements, one can calculate the 
particle velocity of the shock wave compressed material. This free surface 
velocity together with the experimental measurement of the shock wave 
velocity might serve as the two necessary quantities (out of five: Py, 
V, Ey, D, u) to fix a point on the Hugoniot. 

We conclude this section with the important remarks that the procedure 
described here to obtain information about the equation of state from 
Hugoniot data is not unique. For example the Hugoniot polynomial fit in 
(13.26) is not the only possible experimental fit. The shock wave data can be 
fitted very well by (Altshuler (1965), Davison and Graham (1979), McQueen 
et al. (1970), Rice et al. (1958)) 


D=A+Bu (13.51) 


Table 13.3. The coefficients A and B (see 
(13.51)) obtained from experimental fit 


A (kms~!) B 
Al 5.328 1.338 
Cu 3.958 1.497 
Pb 2.028 1.517 


Note: Table adapted from McQueen & Marsh 
(1960). 
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where D and u are defined in (13.2)-(13.4) and A and B are constants. 
Typical values of the constants A and B (obtained from experimental best 
fit) for aluminum, copper and lead are given in Table 13.3. Sometimes a 
higher order polynomial (in u) is needed in (13.51). Algebraic solution of 
(13.2), (13.3) and (13.51) yield the following fit for the Hugoniot curve 


A*(V_—V) 


Pu= Bop [AVIA—1)— Vol? 


(13.52) 


Although the difference in the Hugoniot curve between Py as given by 
(13.52) and Py, from (13.26) (the polynomial fit) is negligible, less than a 
fraction of 1% in V/Vo, the differences in the solution of »(V) might be 
significant! Therefore, taking this fact into consideration, the difficulties in 
calculating P, in a well defined and unique form (e.g., (13.13) is not unique!) 
and also the uncertainties in estimating the thermal pressure and energy, it 
can by said that the study of equations of state from shock wave data is not 
yet complete and more research is needed. 


13.5 Equations of state for aluminum, copper and lead 

The pressure and the internal energy of a material can be 
considered as divided into two contributions: (a) the elastic term related to 
the interaction forces between the atoms of the material, which is therefore 
independent of temperature; the appropriate pressure P, and the energy E, 
are defined as the ‘cold pressure’ and ‘cold energy’ respectively and 
(b) the thermal term related to the temperature T of the body. This latter 
contribution is usually divided into two parts, one part describing the 
motion of the atoms in the lattice and the second part related to the thermal 
motion of the electrons. The thermal lattice pressure and energy are 
denoted by P,, and Ey, respectively, and the appropriate thermal 
contribution to the pressure and to the energy by the electrons is Py; and 
E,,. Therefore we can write the equation of state as follows: 


P=P,+ Pr + Pre (13.53) 
E = E. + Evy ae Exr (13.54) 
The cold pressure and energy are related by the thermodynamic relation 
(see (13.16)) 
V 
Eo=— | P.dV (13:55) 


where V,, is the ‘zero point’ specific volume which was discussed in 
Section 13.3. The lattice thermal energy and pressure are related through 
the Griineisen equation of state (see (13.6)), and the energy is described by 
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the (Debye) solid state theory. Therefore in this approximation one has 


Ex, =¢,(T— To) + Eo (13.56) 
Pry = Y(V)Eq/V (13.57) 


where c, is the lattice specific heat at constant volume and is given, toa good 
approximation, by the Dulong and Petit law (13.11b), Ty is the initial 
temperature in the shock wave experiment, usually the room temperature, 
Eg is the internal energy at Ty defined by 


To 
Eo | car (13.58) 
0 

For a constant value of c, Eqs(13.56) and (13.58) imply the previously 
mentioned (13.10). The values of E, can be obtained from tables given in the 
solid state literature (see Table 13.4). For high temperatures (T > T,) one 
can write (13.10) as a very good approximation even if c, is not a constant 
since the difference between E, and c,Tp is negligible in comparison with 
c,T. y(V) is the Griineisen coefficient and it is assumed to be a function only 
of the specific volume V. This coefficient is related to the cold pressure 
derivatives through (13.14). 

Assuming for the electron excitations an equation of state similar to the 
Griineisen equation of state for the lattice, namely 


Pop = YeEqe/V (13.59) 


Table 13.4. The normal density p. (= 1/Vo), the lattice 
specific heat at constant volume c,, the internal energy at 
normal conditions Ey, the coefficient of compressibility at 
constant temperature Kc, the coefficient of linear thermal 
expansion a, the Griineisen coefficient at normal conditions yo 
(using (13.22)) and the electron specific heat coefficient By for 


Al, Cu and Pb 
Al Cu Pb 

1 
po(gcm~3) =— 71 8.93 11.34 

Vo 
c,(10° erg g~ 1 deg~ 1) 8.96 3.83 1.29 
E,(10’ erg g~') 161.0 Tiel 32.3 
Ko(10~ 12 cm? dyne™ *) 1.37 0.73 2.42 
a(10~ © deg™ 1) 23.1 16.5 29.0 


Yo ‘ " 
Bo(ergg” ' deg™ ?) 500 110 144 
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and a relation between the energy Ey, and the temperature as suggested 
from the free electron model (c,¢ ¥ T; Err ¥ T”) 


1S (13.60) 
one gets 
Pre =4yeBT?/V (13.61) 


In order to find a relation between f and the specific volume V one can use 
the thermodynamic relation 


OE oP 
—— | = fl 13.62 
(a),- 7s), cy 
Substituting (13.60) and (13.61) in (13.62) one has 
ee (13.63) 
OV OV 


or after integration 


p= poero( |») (13.64) 


It was found (Altshuler et al., 1960) that it is accurate and consistent with 
shock wave data up to a few megabars pressure to take 


eee | 
oe (13.65) 
so that (13.64) has the solution 
V Li2 
i fol 7) (13.66) 
0 


At extremely high pressures, where the TF model is applicable, the value 
found for the electronic Griineisen coefficient y; = 4. The value of Bo is 
measured experimentally at very low temperatures since for T-+0 the 
lattice specific heat is dominated by quantum effects which imply c, ~ as 
for lattice, while the electron specific heat is proportional to T only. At 


Table 13.5. The ‘zero-point’ specific volume V,, and the initial condition 
for the cold pressure (dP,/dV)y,. for Al, Cu and Pb 


Al Cu Pb 


Voe/Vo 0.988 0.990 0.979 
Vo(dP./dV),,. (10° dyne cm =?) =T74 —1428  —459 


Note: Table adapted from Altshuler et al. (1960). 
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room temperature, on the other hand, the electronic specific heat is usually 
smaller by a factor of 10-100 relative to the lattice specific heat. The 
measured experimental values of fi, are given in Table 13.4. Substituting 
(13.65) and (13.66) in (13.60) and (13.61) and using them together with 
(13.55), (13.56) and (13.60), the equations of state (13.53) and (13.54) can be 
written in the following form, 


Loe Vas 
Pa Pot F Led Te) + El +552 12) si (13.67) 


is 


V 
ES -| Pdvaae(T — Te) + Eo +4Bo( 7 
0 


Voc 


1/2 
) 7 (13.68) 


Substituting in the left hand side of (13.67) the Hugoniot data as suggested 
by the best fit of (13.26) (the polynomial fit of P,,), and for the left hand side 
of (13.68) we take the Hugoniot relation (13.5) (again taking (13.26) into 
account for P;,), one has two equations with three unknowns: P,, y and T. 
The third equation is the differential equation for P, as suggested in the 
previous sections (see (13.14) or (13.18)). The initial conditions are found as 
suggested in Section 13.3 and the derived values of Vo, and (dP,/dV),,. are 
given in Table 13.5 for the shock wave experiments carried out with 
aluminum, copper and lead. The experimental input data necessary to solve 
the set of the integro-differential equations ((13.14)', (13.67) and (13.68)) 
is given in Tables 13.4 and 13.2 for aluminum, copper and lead. The 
numerical solutions of the equations of state for these metals are given in 
Tables 13.6, 13.7 and 13.8 (Altshuler et al. (1960)). 

Table 13.6 illustrates shock wave experiments for aluminum up to about 
2 Mbars. One can see that in this region the thermal electronic contribution 
to the equation of state is negligible. However, the thermal contribution of 
the lattice is about 25% at a pressure of 2Mbars and about 10% for a 
pressure of 0.5 Mbars. From the table one can see that the temperature 
increases with the strength of the shock wave. However, for a 2 Mbar shock 
the temperature is still less than one electron volt. The value of the 
Griineisen coefficient decreases with increase of compression. 

Table 13.7 for copper and Table 13.8 for lead illustrate shock wave 
experiments up to about 4 Mbars. One can see from these tables the trend of 
the thermal contributions relative to the cold contributions. It is important 
to note that for strong shock waves with high compression the electronic 
thermal contribution starts to be significant. In all three metals the decrease 
of y(V) with density was observed. 


* Altshuler et al. (1960) use t = 1. However, a similar solution with t = 0 changes 
the given results very little (less than 1-2%). 
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13.6. Semi-empirical interpolation EOS old 


We conclude this section with Fig. 13.2 in which the scaled TF electronic 
zero pressure (P.) is plotted against the atomic scaled volume given by 


Zola 
ZV=—| — 
Z| 


where A is the atomic mass and N, the Avogadro’s number and py is the 
experimentally measured normal density. In the figure, the calculated 
values are compared with the shock wave experimental data of Altshuler 
et al. (1958, 1960), Krupnikov et al. (1963) and McQueen and Marsh (1960). 


13.6 Semi-empirical interpolation equation of state 

As was mentioned in Section 13.4, the experimental shock wave 
data can be fitted to within 1% to a polynomial of Py(p/p,) as given in 
(13.26) or by a simple polynomial of shock wave velocity D(u) as given by 
(13.51). In the second case the Hugoniot pressure is given by (13.52), which is 
analytically completely different from (13.26), although numerically both 


Fig. 13.2. The TF electronic zero pressure (P) plotted against the 
atomic scaled volume compared with experimental cold isotherms 
derived from the shock wave experiments of Altshuler et al. (1958, 
1960), Krupnikov et al. (1963), McQueen and Marsh (1960). (The 
authors would like to thank Dr H Szichman for plotting this figure 
and carrying out the calculations.) 
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functions (13.26) and (13.52) are to within 1% equal! However, both 
approaches (13.26) and (13.52) can give different values for y(V) not only in 
magnitude (e.g., 30%-40%) but also in the nature of the solutions. This is 
due to the fact that y(V) is dependent not only on the values of the Hugoniot 
pressure Py, but also on the derivatives of Py (see (13.14)) which are not 
determined from experimental data. 

This difficulty can be avoided if one can calculate P, from principles other 
than the Hugoniot data, and use the shock wave experiments for a 
consistency check and to calculate the thermal contribution of the 
Hugoniot. (see, e.g., Kormer and Urlin (1960)). For example, assuming that 
we know the function P,(p) and use it in (13.67) and (13.68) where P = Py, 
and E = Ey in these equations. In this case we have to solve two equations 
with two unknowns, namely y(p) and T(p) for every Hugoniot point 
Py, Vu(=1/p). For this purpose we will now develop an interpolation 
formula for the cold compression P, and cold energy E.. 

The cold compression is described by the equation (Kormer and Urlin 
1960). 


6 
P.(p)= om aos (13.69) 
6 = p/p. = Vo-/V (13.70) 


The six coefficients a,...a¢ are found from the properties of the material 
under normal conditions (room temperature) and by using the Thomas— 
Fermi—Dirac model at high compressions. p, is the density of the material 
at zero point (P = 0, T= 0) as was discussed in Section 13.3. However, since 


— Vi —V, 
P.— Po i 9 Oc 1% 
Po Vo 


(13.71) 


for simplicity, we take for the expansion of the cold pressure the ratio 
g =p/po, where po is the density of the material at room temperature, 
instead of the ratio 6 which one really should take in the expansion of 
(13.69). That (13.71) is a good estimate can be seen from the following 
Taylor expansion, 


P-(T = 0) = po(To) + (#) (0 — To) = poll + 30To) (13.72) 
P 


where G/dp = —(1/V2)(0/@V) and the definition of « as the thermal 
expansion: 3a = (1/Vo)(@V /OT)p, was used. At po and p, one has P = 0, so 
that equation (13.72) is justified. Substituting the values of «from Table 13.4 
one gets the approximation (13.71). A much better and reliable approach 
was discussed in Section 13.3. 
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The six coefficients a,, a,...a¢ are calculated in the following way For 
6 = 1 the cold pressure is zero, thus 


6 
>y a, =0 (13.73) 


The cold energy Ec is given by 


V p d 
Pos -| panjav= | Po) (13.74) 
Voc Pc p 
so that the binding energy is given by 
° P.dp aoe a; 
-,= <—-=—— jy — 13:73 
r \. p pom i ~~ 


and E, is knwon experimentally and for p, one can take py as mentioned 
above. The compressibility x is given by 


a omnes 13.76 
~ V\OP}, \ 66 ane) 
so that using the approximation 6 = p/p, = 1, one has 
6 /j 
m= S (5 +1)a = +4 = (13.77) 


where Ky is known experimentally from room temperature measurements; 
see Table 13.4 and (13.73) which were used for the right hand side of 
equation (13.77). Now using.(13.13) to relate the cold compression to the 


Table 13.9. The coefficients a,(i=1,...,6) 
describing P, in (13.69), the binding energy E,, the 
chosen values for the high compression 6, and the 
appropriate TFD pressures for Al, Cu and Pb 


Al Cu Pb 

E,(10!° ergg~ ') 11.64 537 0.90 

5.0 6.0 14.67 
jas )(Mbar) 24.6 244 © 659.7 
ay x 10> — 192.28 1291.48 —49.83 
an 1052" 1823.01 —10971.62 440.13 
as aro" " — 4927.19 2777197 988.1 
a,x ide?" 5347.01 —31202.77 728.67 
aseald *° — 2473.48 16090.45 — 145.12 


Gexl0a 422.93 —2979.51 14.25 
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Griineisen coefficient 


1 i od?P. dP, ! od7eadE. 
ee) = aS 


PE a gee ee 13.78 
5° da? dg 8. 2edon de Ce 


and again assuming this relation for 6 = 1 and y = yo (for a more accurate 
expression see (13.21) and the following calculation) 


tit $ tas \al 3 5a (13.79) 
i RN oie 
where 7, is known from experimental measurements at room temperature 
(see (13.22) and Table 13.4). So far we have obtained four equations: (13.73), 
(13.75), (13.77) and (13.79) for the six coefficients in (13.69). All these 
expressions are based on experimental input from ‘room temperature’ 
measurements. The other two expressions are obtained by using the 
Thomas-—Fermi- Dirac (TFD) theory at high compression, €.g., ford —a0. 
Let us assume that P, satisfies the TFD model at 6 = 6,, then 


a,6,"3*) = Prpp(6,) (13.80) 


4 


1 


s i dP 
Bes 3 =e 13.81 
da(5+1)s ( do Den 


so that (13.80) and (13.81) complete the set of equations necessary to 
calculate P,. The numerical solution from Kormer and Urlin (1960) is given 
in Table 13.9. The values for P;p and 6, in the table were chosen at 


(Pre — Prrp)/Prr < 9.2 (13.82) 


where Py, is the pressure in the TF model, since in this region the TFD 
model seems to be justified. The coefficients from Table 13.9 for a;(i= 
1...6), together with (13.67) and (13.68), fit the experimental shock wave 
data with an accuracy better than 10% for pressure regimes up to 5 Mbars. 

We end this section with the comment that the interpolation formula 
given by (13.69) is not unique. Moreover this interpolation does not have 
the correct asymptotic value for the TF model, so this expansion is limited 
to pressures of a few tens of Megabars and cannot be extended to the regime 
of the TF model. 

In conclusion we may say that the study of equations of state from shock 
wave data is not yet complete and more research is needed. It is necessary 
to increase the strength of the shock waves by using sophisticated techno- 
logical devices and also to improve our theoretical and computational 
knowledge in order further to advance this important field of physics. 


14 


Equation of state and inertial 
confinement fusion 


Having guided the reader through the details of the equations of 
state, the application to the field of high density, high temperature plasmas 
will be explained. Though this is a very important field and activities are on 
a huge scale, examples will be given showing the poor or modest level the 
field has reached with respect to the use of the correct equation of state. 


14.1 Pellet fusion 

Nuclear fusion refers to the phenomenon in which two or more 
light atomic nuclei combine to form a heavier atomic nucleus. These 
reactions for nuclei with low atomic numbers are exothermic. Fusion is the 
energy source of the Sun and other stars. In 1952 a large amount of nuclear 
fusion energy was achieved for the first time on our planet by a 
thermonuclear explosion, by utilizing fusion reactions in a mixture of 
deuterium (D) and tritium (T). Since then, research work has sought ways of 
using controlled nuclear fusion energy for peaceful needs. As water in the 
oceans contains one deutron for every 6000 protons the oceans are an 
inexhaustible source of nuclear energy. 

In order to realize nuclear fusion, the two light nuclei must come close 
enough to interact. Since each nucleus carries a positive electrical charge, 
the nuclei must have enough initial energy to overcome the electrostatic 
repulsion forces. The repelling force increases with the electrical charge, 
therefore it 1s desirable that the interacting nuclei should have the lowest 
possible charge. Thus the hydrogen isotopes are the best candidates for 
controlled fusion (Oliphant et al. 1934), 


D+D-*He +n+3.2 MeV (14.1) 
D+D~T+H+40MevV (14.2) 
D+T-‘*He+n+ 17.6 MeV (14.3) 
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where >He and “He are isotopes of helium, n denotes the neutron and the 
released energy per reaction is given in millions of electron volts (MeV). 

The electrostatic repulsion is overcome by raising the temperature of the 
fusion fuel. It is necessary to obtain a sufficiently high temperature for 
fusion reaction to occur. The temperature required for efficient fusion 
depends on the reactions that are being employed. From calculations based 
on measured cross-sections, it has been determined that the D-T fusion fuel 
is efficiently burned at 10 keV (about 10® K) (or less if reheat and ignition is 
involved (Hora 1981)). The fusion of deuterium alone, as described in 
reactions (14.1) and (14.2), would require an even higher temperature of 
about 30 keV. Therefore, it is believed that controlled fusion will be realized 
through the D-T reaction before other possible reactions such as D—D can 
be used. 

At these very high temperatures all the atoms will be stripped of their 
electrons and create a highly (or fully) ionized plasma. At the high 
temperature necessary for fusion, a plasma loses a considerable amount of 
its energy in the form of radiation. The main radiation results from 
decelerating electrons interacting with ions (bremsstrahlung). The system is 
self-sustaining when the rate of energy produced by fusion exceeds the rate 
of losses from the plasma by radiation. This requirement determines the 
critical ignition temperature of a nuclear fusion reaction. After the ignition 
temperature is reached, the plasma must be confined long enough to 
compensate for the supplied initial energy to heat the plasma. This criterion 
is due to J.D. Lawson (1957) and is expressed by the condition (see 
Appendix 7) 


nt = 10'*scm~? (for D-T) (14.4) 


when nis the plasma density in units of particles per cm* and tis the time in 
seconds for which the plasma of that density is confined. 

There are two basic approaches to achieve the desired controlled 
thermonuclear fusion: (a) magnetic confinement (b) inertial confinement. In 
the first approach the plasma is confined (i.e., t in (14.4) is increased) with the 
help of magnetic fields. Many different magnetic field arrangements have 
been proposed for the confinement of the high temperature plasmas 
required for fusion reactions. In this chapter we do not discuss magnetic 
confinement though it has to be mentioned that inertial confinement fusion 
research by lasers has revealed the basic mechanism of internal electric 
fields in inhomogeneous plasmas, causing a rotation within the magnetic 
fields as a basic (and not second order) property of these plasmas which was 
previously overlooked (Hora et al. 1983; Hora et al. 1984; Hora et al. 1985). 
In the second approach, the basic idea is to heat a pellet of deuterium— 
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tritium mixture very rapidly to thermonuclear temperature and the 
confinement is due to the inertia of free expansion. The Lawson criterion is 
obtained by maximizing n through the implosion and compression of the 
fusion fuel, while the confinement time t is fixed by the inertia of the 
imploded material. The pellet compression can be reached in principle by 
using the following drivers: (i)lasers, (ii)electron beams, (iii)ion beams 
(Yonas 1984). 

When the incident pulse of the driver is absorbed by a pellet, a plasma is 
created in the outer surface (corona) of the target. The expanding corona 
causes a recoil by transferring momentum to the inner pellet mass to move 
it rapidly inward, i.e., an implosion takes place. Converging shock wave 
pressure compresses and heats the D-T fuel very rapidly causing nuclear 
fusion interactions. The pellet compression is essential for such a scheme to 
work (Nuckolls et al. 1972). 


14.2 The limiting case of isentropic (shock-free) volume 

ignition (self-similarity model) 

In order to clarify the need for compression we will explain the 
ideal model of self-similarity compression which includes the ideal equation 
of state. This can be illustrated straightforwardly by following the 
mathematical behaviour of an idealized spherical plasma. Suppose that at 
an initial time t= 0, a plasma of density n, = Zn,, consisting of Z-times 


Fig. 14.1. Ideal adiabatic compression of a Gaussian density profile 
with compression velocities at times t, <t, for spatially constant 
plasma temperatures T(t,) < T(t,). 
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charged ions (subscript i) and electrons (subscript e), has a Gaussian density 
profile in radius, a spatially constant temperature, and a linear velocity 
profile in radius (see Fig. 14.1). Results originally obtained in astrophysical 
studies show that a ‘self-similarity’ solution exists to describe the time 
evolution of the system. According to this solution, the Gaussian density 
shape is preserved during compression (only the central density n,(t) and 
the plasma radius r(t) vary in time), and the linearity of the velocity profile 
is retained; only the angle of slope of v(x, t) in Fig. 14.1 varies with time: 


sie (14.5) 


The temperature T(t) follows an adiabatic law for ideal gases if there is no 
degeneracy 


T= To[n.(t)/n,(0)]*” (14.6) 


This has been shown on the basis of the Boltzmann equation (Hora and 
Pfirsch 1972). Ifa compression motion initially occurs (i.e., negative slope of 
vy at t = 0), the compression and kinetic energies of the imploding plasma are 
converted into increased temperature until (at a time t*, where ro(t*) = 0) all 
the kinetic energy of motion has been thermalized with a maximum value of 
Tax = T(t*). Thereafter, the velocity slope switches to a positive value, 
describing expansion and adiabatic cooling. Final transfer of all thermal 
energy into kinetic energy of expansion occurs at Rig=ico) =O 

This represents an ideal process (as entropy remains constant) for 
conversion of the low energy density into high density at t=¢* with 
conversion factors of 100 and more. In practice, however, the necessary 
initial conditions for such a compression are very difficult to achieve in the 
laboratory. The main difficulty is to suppress deviations of the initial linear 
velocity at t= 0 while producing a uniform radial velocity profile with a 
small deviation in the various directions. The model is (like the Carnot 
process for thermodynamics) the ideal case of isentropic compression. 

With the assumption that these initial conditions can be realized, the 
calculation of nuclear-fusion gains (G) can be carried out numerically, 
starting from an equivalent box-like compressed initial plasma density no, 
input energy Eo, kinetic temperature Ty, radius Ry and zero initial velocity. 
The resulting energy gains for a 50:50 DT plasma for the optimized kinetic 
temperature Ty = 10.3 keV follow the formula (derived in 1964 from a fit to 
computer plots; see Hora (1964) or Hora and Pfirsch (1972)) 


E; pie | No 2/3 
o-(5") im (14.7) 


14.2. Self-similarity model and volume ignition 225 


Here n, is the solid-state DT density, and the break-even energy 
Ege = 1.6 MJ. This formula is algebraically identical with the formula for 
the gain G~njRj derived independently by Kidder (1974) in order to 
substitute the Lawson criterion. The substitution can be seen from the use 
of the input energy into the pellet 


Eo = 2nRo3no(1 + Z)kTo (14.8) 


with an initial radius Ry and an initial temperature Ty of about 10keV 
derived from the optimum calculation of (14.7). With this value, (14.7) 
becomes 


G=constn)Ry const = 1.66 x 10722 cm? (14.9) 


where the agreement with Kidder’s (1974) constant was within a factor of a 
which has to be considered a good approximation. 

Equation (14.7) shows immediately how an increase of the initial density 
No, €.g., by a factor of ten, reduces the necessary input energy Ey 
quadratically (to 1/100 in the example). This is a straightforward illustration 
of the need for compression of the plasma. 

Fusion then occurs by a nearly homogeneous ignition of the whole 
plasma volume, i.e., ‘volume ignition’. An improvement of the model was 
possible through inclusion of added effects, i.e., fuel burn-up, bremsstrah- 
lung losses (with self-absorption), and reheat of the pellet by the energy loss 
in the fuel of the high-energy alphas created by fusion reactions (Hora 198 1). 

Despite the identity of Kidder’s (1974) result, (14.9) and despite it being 
based on the very simplified assumptions of neglecting alpha reheat, brems- 
strahlung losses and fuel depletion, (as for the Hora model (1964), its re- 
production with an alternative derivation is given here. This simple model 
assumes: (a) isentropic compression, (b) homogeneous compression and 
(c) spherical symmetry. In an isentropic compression the hydrodynamic 
work is preferable to the application of a shock wave sequence to compress 
the pellet. In order to describe the homogeneous compression (at least 
approximately with respect to internal friction) in a one-dimensional 
spherical coordinate system it is convenient to work in Lagrangian 
coordinates. 

The fluid equations with the variables (velocity, pressure, energy, 
entropy, etc.) described by functions of space coordinates and time are 
called the Euler equations, or equivalently the fluid equations in Euler 
coordinates. In contrast to the Eulerian coordinates which determine the 
fluid variables at a given point in space (for all times), the Lagrangian 
coordinates describe (in time) the fluid variables of a given fluid particle. 
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Mathematically the time derivative in Lagrangian coordinates is equal to 
the total derivative D/Dt which is related to the usual (Eulerian) time 
derivative 0/dt by the equation 


ee (14.10) 


where u is the fluid particle velocity and V is the usual (Eulerian) space 
derivative. The Lagrangian coordinates are useful in general for one- 
dimensional problems with plane, cylindrical or spherical symmetry. The 
particle is described either by the fluid’s particle mass or by the position of 
the particle at t=0. We summarize the Lagrangian coordinates in 


Table 14.1. A one-dimensional plane geometry 
ac SSS 


Eulerian coordinates | Lagrangian coordinates 


Up, P etc, are u, p, P, etc., for a given 
The flow variables functions of (x, f) fluid particle are functions of t 
ee eS Ee 
The coordinates x aorm= | pdx=poa = (A2) 
d d g (A3) 

m=pdx —=p— 

‘a Ox " om 

or 


da=—dx —=—— A4 
Po 0x Po da os 
(99 = p(x, t = 0)) 
Time derivative fe do 
Ot Dt 
0 
Continuity equation +—(py)=90 A = a or nee = = (A5) 
(mass conservation) dt ox ot dm V,et da 
(v=)) 
p 
Momentum conserva- bs +u oe =— Ae i =— of or 
tion (Newton’s law) t = ox p Ox ot dm 
Ou bey oP x 
at ° da 8) 


Note: In (A2)-(A6), the x coordinate does not enter explicitly in the Lagrangian 
coordinates. After the Lagrangian equation (A5)-(A6) are solved for V = V(m, t) the 
dependence of the flow variables is on m and t. 


14.2. Self-similarity model and volume ignition 227 


comparison with the Eulerian coordinates in two tables, one for a one- 
dimensional plane geometry and the second for a one-dimensional 
spherical geometry. We denote the fluid velocity by u, the density by p, the 
related specific volume by V = 1/p, the pressure is P, m is the mass of a 
column of fluid of unit cross-section in plane geometry and the mass of a 
fluid sphere of a radius r in spherical geometry. The comparison, made only 
for mass and momentum equations on the Eulerian coordinate x, is 
obtained by the integration of (A3) (A’ indicates equation numbers in 
Tables 1 and 2), derived from (14.10) and (A2) 


dx = V(m, t)dm (14.11) 


x(m, t) = | V(m, t)dm+x,(t) — (14.12) 
0 
where x, is the reference particle (or the point of reference necessary to 
measure the coordinate of the particles). 
It is convenient to describe the equation of motion using (A5) and (A11) 
by 


te =— t ae (14.13) 
Ot p or 
Table 14.2. Fluid equations in one-dimensional spherical 
Lagrangian coordinates 
The coordinates m or ro =r(t =0) 
m= | p4nr?dr tnro> po =| 4nr? pdr (A7) 
0 2 Dp 
dm = p4nr7dr dro =—— dr (A8) 
To Po 
é F) Con ee 
—= 2 __ ee ee A9 
or ae om Gr 19” Po Oro = 
Mass conservation 
ove a fev -1°@ 
— =— (4nr? —— = —(r? A10 
ot dm at) Vo Gt “F52-0r,, rn) ) 
Momentum conservation 
a , oP a 1 r? OP 


ape pane =— All 
at si om ot Polo’ Oro 
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and the mass conservation by using (A8) (instead of (A10)) in the following 
form 


2 
p _To Fo (14.14) 


Equations (14.13) and (14.14) are solved together with (A7) and the 
appropriate boundary conditions. For realistic problems, the energy 
equation (or the entropy equation) has to be considered as well. 

In the Lagrangian coordinate systems, r(t) is the instantaneous position 
of a mass point particle which has an initial position ro =r(6= O07 Mie 
volume element in a homogeneous compression changes with time 
everywhere at the same rate, so that one can write 


d3y = h3(t)d?ro (14.15) 


where in Lagrangian coordinates the position r of the fluid particle is a 
function of the initial position rp and time, 


r=r(ro»t) (14.16) 
and from (14.15) one can write with the separation function h 
r(ro, t) = ro h(t) aa 


Equations (14.15) and (14.17) are the actual description and the definition of 
the homogeneous motion of the fluid. The fluid velocity is derived from 
(14.17) 


d h 
ulro, =F =To Gg =Toh (14.18) 


where the dot denotes the time differentiation. Now using the mass 
conservation equation (14.14) and (14.17) one gets the compression 


Be ae ana (14.19) 


The momentum conservation of (A11) can be written and compared with 
the time derivative of (14.18) 


i= —-— Fee toh (14.20) 


r?/ro? is given in (14.17) while in order to calculate @P/ér the equation of 
state has to be used. For simplicity we use the EOS, of an adiabatic process 
of a fully degenerate Fermi—Dirac electron gas or a non-degenerate fully 
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ionized plasma (see Chapter 6) 
Po 
P(ro, t) = ar p'(ro, t) (14.21) 
Po 
where Py = P(ro, 0) is the initial profile of the pressure and py = p(o, 0) is 


the initial density distribution of the pellet. Substituting (14.20) in (14.21) 
one has, 


P= P,h->” (14.22) 
6P OP» 

ee Nao? ; 
oe ash; (t) (14.23) 


which can be inserted into the equation of motion (14.20) to yield 
a an pik) as (14.24) 


The left hand side of (14.24) is a function of time only, while the right hand 

side of this equation depends on ro, therefore each side should be equal to a 

constant since t and ry are independent variables. The constant of (14.24) is 

defined by — 1/t,”, where t, has the dimension of time. Now assuming an 

equation of state with y = 3, the differential equation of (14.24), 
1 


be 


Bh=— (14.25) 


with the initial conditions h(0) = 1, h(0)=0 has the solution (ice., h(O) = 1 
means r =r, while h(0) implies a zero initial velocity; see (14.17), (14.18)) 


h=(1—72)? r=t/t, (14.26) 


From this solution one can see that the time r, is the time of collapse, i.e., the 
time that the pellet collapses to zero radius. (It should be clear that we are 
discussing an idealization; in reality a pellet cannot collapse to zero radius.) 

For a pellet of radius R, the pressure at the surface necessary to cause the 
collapse of the pellet is given from (14.22) by 


P(R, t) = P(R,0)\(1 —12)79;, t=— (14.27) 


Next, one has to solve the spatial differential equation (14.24) 


i e 


14.28 
Pororero to" 


We take the initial condition for this problem in a rather artificial way 
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modifying Kidder’s (1974) derivation by assuming that the initial fluid state 
has a uniform entropy. For an ideal gas the entropy is proportional to 
In(P/p’), therefore Kidder’s assumption’ is 


BOT TeV (14.29) 
Oro \ Po’ 
or equivalently 
Jie, ee (14.30) 
Y Y 
0 Poo 


where Poo = Po(0) and poo = Po(0). The solution of (14.28) and (14.30) is for 
y=3 


ie = (1+ Bx9?)5? (14.31) 
0 
= Ro’ 
pay (14.32) 
x= R O<x)<1 (14.33) 
2_YPo) |, _s 14.34 
0 p9(0) (y =3) (14.34) 


where Cy is the sound velocity at the center of the pellet at t = 0. The radial 
solutions for density and the temperature (assuming an ideal equation of 
state) are 


PolTo) 2\3/2 

={{ 14. 
sa(0) 7 t xo") (14.35) 
To(ro) = 
7.0) =a+t Bx," (14.36) 


The time dependence of the temperature, density and pressure at every 
point inside the pellet is proportional to h~*, h~* and h” ° respectively (see 
(14.19) and (14.22) and the ideal EOS, P/p ~ T). Therefore, using (14.26) one 
has 

T(ro, t) = 1 5 Bx? 


T,(0) 1-7? (14.37) 


* Kidder compares his results with detailed numerical calculations and the ‘good’ 


agreement might be an a posteriori justification of the whole model discussed in 
this section. 
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(r, t) ie re 3/2 

Thal = age 
P( tf) = 2\ 5/2 

ae) -( = ) (14.39) 


The mechanical power that does the work to compress the pellet is given by 
Py = — 4nR?P(R, t)u(r, t) (14.40) 


where R = Ro A(t) is the external boundary of the pellet and Ro is the initial 
radius of the pellet. Using for P(R, t), (14.27), and for u(r, t), (14.18) and 
(14.26) one gets 


_4nRo?Po(O)(1 + B)*!?t 


ig 
” ted. a uy? 


cw] (14.41) 


The inertial confinement parameter <pR)> (which is equivalent to the 
Lawson parameter nt) is given by 


Ropo(0)f(B) 


<pR>= | pdr = az) (14.42) 
I= i (1 + Bx9*)?7dxo (14.43) 
wl+ip+ah t+. B«l) (14.44) 

1 Si 
a (B>1) (14.45) 


The relation between the hydrodynamic power Py and the laser power 
P, depends on the interaction physics between the laser and the plasma 
surrounding the pellet. Denoting by « the efficiency of the absorbed laser 
energy to convert into useful work to compress the pellet (see Linhart, 
1984), i.e., 


e = Py/P, (14.46) 


one can obtain the necessary laser pulse shape P,(t) (by using (14.41)). 
However, the value of ¢ is a result of laser—plasma interactions and it is not 
yet a very well known parameter. 

We end this section with the comment that the necessary energy (or 
power) to compress the fuel during the process of a ‘cold’ isentrope can 
increase significantly due to fast electrons or hard X-ray preheating. This 
can happen if these particles or photons have a mean free path of the order 
of the pellet size or the shell thickness for shell structure pellets. The preheat 
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can also be caused by undesired shock waves which might arise during the 
interaction processes. If we assume that there is some heating prior to the 
desired compression and that this heating is proportional to the com- 
pression energy: 


dO = — €PdV (14.47) 


with € as a parameter. Then using the first law of thermodynamics (i.e., 
energy conservation) 


dE=dQ — PdV = —(1+ ¢)PdV (14.48) 
together with the equation of state for a Fermi-Dirac gas or an ideal gas 
=3PV (14.49) 
we obtain for the energy requirement to compress the fuel, 
p 2(1+)/3 : 
Ei z.( £ | (14.50) 
Po 


where as usual p = 1/V. The preheating increases the value of E, as well as 
the p/p, contribution to the required energy. For example, if € = 10% then 
for a 10* ( = p/po) compression, E is increased by a factor of 1.85 relative to 
the case of no preheating (¢ = 0). 


14.3. Central core ignition with minimized 

entropy production 

The simple hydrodynamic transfer of laser energy into an ideal self- 
similarity compression profile (i.c., volume ignition) is prevented by the fact 
that the laser initially deposits its thermal and mechanical energy into a 
shallow volume of plasma at the pellet surface. However, the momentum of 
ablation of this hot plasma corona causes a compressing recoil to the 
interior. Then, including the thermal conduction from the hot corona, a 
thermalized, dense, thick, compressed plasma is generated in the interior of 
the target. The central core in this high-density and high-temperature 
region can undergo ignition. This, in turn, can cause a self-sustaining fusion 
combustion wave that travels outward, burning D-T fuel in the process. 
The energy-flux density (intensity) near the core required to cause this 
process is 10'° Wcm~? (Emmett et al. 1974). This central ignition process 
(Meldner 1981) has been studied extensively following the early 1974 results 
at KMS (Glass 1983) where a nearly 360° symmetric irradiation of DT-filled 
(10 atmospheres) glass balloons demonstrated that core compression (seen 
from X-ray pinhole pictures) was possible. The nearly symmetric irradi- 
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ation was achieved using only two beams together with a unique ‘clamshell’ 
focusing mirror system. 

An additional advantage of the high core density is the absorption of the 
a (= He*) particles by the dense material. Since the mean free path (1) of the 
a-particles is inversely proportional to the density, one has 


x R? (14.51) 


Thus, if for example the radius is reduced by a factor of 10, the mean free 
path of a-particles is reduced by a factor of 1000. In this case the energy 
carried by the a-particles, which is 3.52MeV per reaction, would be 
deposited within the pellet and a self-sustaining thermonuclear burn wave 
will propagate outward causing fusion to the rest of the pellet. In this case it 
is necessary to compress only the centre of the pellet in order to start the 
ignition process there. Moreover the rest of the compressed pellet should be 
as cold as possible in order to minimize the overall energy input into the 
pellet. 

The most effective compression is isentropic as shown in the preceding 
section and this might be achieved approximately if the ablation pressure 
could be increased according to an ideal time profile. Besides the time- 
shaping of the driver pulse, structured targets have to be used to vary the 
time-evolution of pressure on the compressed material and to avoid 
preheating of the pellet core in order to achieve the desired isentropic 
compression. These considerations have shown that high compression can 
be achieved by (a) shaping in time the input energy of the driver, and (b) 
‘clever’ pellet design. For example, Livermore designers (Ahlstrom 1982) 
suggested for a Nd:Yag laser driver, with maximum irradiance of 
10'* Wem ~?, a ‘double shell’ pellet with a profile such as that shown in 
Fig. 14.2. 


Fig. 14.2. Pellet concept for high gain laser induced fusion. 
LiH ablator 
High Z polymer shield 


Frozen DT-main fuel 
Low density DT gas 


Au pusher 


__-— DT-ignitor fuel 
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The main fuel region in Fig. 14.2 in the outer shell is physically distinct 
from the ignition fuel of D-T in the inner pellet. This structure makes it 
possible for the main fuel to be ona cold isentrope in order to maximize the 
pellet gain in energy. 

The interaction physics between the high power driver and the pellet, 
leading to high compression causing thermonuclear burn, can be sum- 
marized schematically by the following intercorrelated process: 


Energy absorption (of driver) > Energy Transport 
— Compression > Nuclear Fusion. 


The irradiated matter (by lasers, or ions, etc.) consists of a dense inner core, 
surrounded by a less dense and hot corona. The energy is absorbed by the 
outer periphery of the plasma and it is transported inwards to the pellet. 
Due to the strong heating of matter in the absorption region, high pressure 
is exerted on the surrounding material which leads to the formation of 
intense shock waves, moving into the interior of the target. The idea of 
compressing the pellet by convergent compression waves has significantly 
reduced the required energy for inertial confinement fusion. The Lawson 
criterion, (14.4), for the break-even condition may be substituted by the 
form (see (14.7) and (14.8)) 


pRz1gcem~? (14.52) 


where p is the compressed fuel density for a core radius R. 

The properties of matter at high density and high temperature are 
important to explain and to calculate the compression process. In 
particular the equation of state data for different materials (see, ¢.g., 
Fig. 14.2) are necessary to calculate the shock wave propagation into the 
pellet. For inertial confinement fusion a knowledge of the properties of 
matter is needed for temperatures up to 100 keV and for densities up to 10* 
times solid density. The corresponding pressures are enormous. For 
example, the pressure of the degenerate electrons of hydrogen with 104 
times liquid density (i.e. an electron density of about n, = 5 x 107° cm *) is 
about 101? atmospheres ( ~ 10° Mbars). This estimate is obtained using the 
expression for the Fermi degenerate electron pressure at zero temperature 


P=3n, ef (14.53) 


h2 3 2/3 
ES ae 7 (14.53a) 


where ¢, is the Fermi energy, m is the electron mass and h is Planck’s 
constant. For comparison, the thermal pressure of the non-degenerate ions 
P=n,kTwithn, =5 x 10?©cm~ 3 anda temperature kT of 10 keV is about 
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5 x 10'? atmospheres. Thus, it can be summarized that for inertial 
confinement purposes, one needs the data of equations of state for many 
materials in the domain of 


0<T<100keV io+*<l< 10* O0<P<10!3atm (14.54) 
Po 


where py is the initial liquid or solid density of the material under 
consideration. The numerical values in (14.54) are only orders of magni- 
tude, as it might be possible in one scheme or another to go above these 
values. 

As mentioned above, the main idea of inertial confinement fusion is the 
aim of achieving very high compression using laboratory facilities, up to 
p/Po = 10000! This concept (Nucksolls et al. 1972), can be easily under- 
stood by using a ‘realistic’ equation of state. Using for example the 
Thomas—Fermi model for the hydrogen isotopes; a D-T mixture with 
initial (liquid) density of p9 = 0.2cm%, one needs an energy of 3.0keV per 
atom to increase the temperature of the fuel to 1 keV (x 10’ K) without 
changing its density. However, for an extra energy of 0.2 keV/atom (i.e., an 
extra energy of about 7%!) at 1 keV temperature one gets a compression of 
p/Po = 20! Now using elementary knowledge of nuclear reaction cross- 
sections it is evident that it is necessary to use the driver’s energy in order to 
compress the material as much as possible instead of heating it by ‘brute 
force’. Although the idea seems to be self evident from the equation of state 
data, the way to put it into practice is still unresolved. 

The physics of inertial confinement fusion is based on the hydrodynamics 
of one or more fluids, or equivalently on transport (e.g., Boltzmann) 
equations. In order to solve these equations a knowledge of the equation of 
state and transport coefficients (such as thermal conductivity, electrical 
conductivity, radiation capacities, etc.) is necessary. We write down 
explicitly an example of a typical set of hydrodynamic equations one has to 
solve numerically for laser induced inertial confinement fusion in order to 
see where the equation of state data are necessary. 

The physical model to be described (Christiansen et al. 1974; Tahir et al. 
1984; Meyer-ter-Vehn et al. 1984) treats the electrons and the ions as 
distinct species with separate thermodynamic variables. The two systems of 
electrons and ions have one hydrodynamic velocity and are coupled by 
energy exchange. The basic equations of the model are the mass, 
momentum and energy conservations for the various species involved in the 
process. In particular the momentum equation is 


du _ 


p= —VP (14.55) 
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where P is the total pressure and u is the hydrodynamic velocity 
dr 
t)=— 14.56 


The total pressure is made up of the electron pressure plus the ion pressure. 
The viscous terms are not included explicitly in (14.55), but are accounted 
for in the finite difference expression by the inclusion of ‘artificial’ 
dissipative terms. There are also, in the system of equations, two energy 
equations, one for the electrons and one for the ions. For example, the 
electron energy equation is 


OE \od, OE 1 \dp dV erg 
— : ©}(-s4}],-+P.— = 
(Fr), di (SF), a) et dt {S| 


(14.57) 


where the quantities with subscript e refer to the electrons, E, is the energy, 
e.g. E=E(T,V), the specific volume V is related to the ‘fluid’ density 
p =1/V, P, is the electron pressure and ®, is the energy source term. A 
similar equation to (14.57) is written for the ions. 

The source term ® includes: 


(a) Energy absorption from the laser (in the domain of laser absorption 


only) 
I(t) é = oe 
6 <2 -exp( - [ad!) [ergs ‘emi *g 1) (14.58) 


€ 


Where the integral is over the optical path of the laser light, /(t) is the laser 
intensity (ergs 'cm~ *)on anelement of mass m, which is equal to the total 
electron mass per cell. k;, is the absorption per unit optical path length / for 
inverse bremsstrahlung and is given by 


-_ 8ze? In An,? <2?» ; @,2\7 1? — 
ib 3¢(w, /2n)2(2amkT,)22<z>\ ws [cm~'] (14.59) 


where c and (w,/2z) are the speed of light and the laser frequency 
respectively, In A is the Coulomb logarithm (Spitzer 1962) which is of the 
order of 10, w, is the plasma frequency, 
> 4ne?n, 
OW, — (14.60) 
(z?» is the average of the squared charge number and is given by 


1 
Nn; j=0 


a 3 27m; = <2") (14.61) 
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where z, is the charge of the ions ionized j times and n,, is their partial 
density, so that 


ey, (14.62) 
j=1 


(b) Thermal conduction of energy — ©; 

In order to transport energy between the absorption region and the interior 
of the target, good thermal conducticn is necessary. The classical value for 
the electron thermal conductivity is given by 


I 
ieee YT )Leresmoms gee (14.63) 


where the electron thermal conductivity coefficient k, is a rapidly increasing 
function of T, (proportional to T.°/7) 


zie (kT.)3/2k{z) 


7 eae es mK), (lhGA) 


ka 20( 
where k is the Boltzmann constant, m is the electron mass, etc. «z is the 
average charge number of the ions and < z? » is defined in (14.61). The large 
reduction of thermal conductivity (Hora and Miley 1984) is due to the 
strong electric fields in the nonlinear force produced double layers (Hora 
et al. 1984a) where a strong a disturbance can occur also by a new type of 
resonance for perpendicular incidence (Hora and Ghatak 1985). Other field 
effects are found by Destler et al. (1984, 1984a). 


(c) Electron—Ion energy exchange — ®,; 
This is given as a function of the local temperature difference by 


OE; 
={ 2 (d=. 14.65 
®,; (Fe) va i 3) ( ) 
where the quantities with subscript i correspond to ionic functions, 
cena. | (14.66) 
OT Jy 


is the specific heat for the ionic system, and v,; is the electron-ion collision 
frequency given by (for the correction at high laser intensities see Hora 
(1981) Chapter 6; and a quantum correction: p. 37) 


R\ me cen inACZ >, _, 
_(% i - 14.67 
Vei (5 ) MiKT)** [s ] ( ) 


where M, is the ion mass and n;, is the ion density. 
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(d) Radiation losses — Dp 
For a Maxwellian distribution of electrons these losses can be described by 
the bremsstrahlung radiation 
Sates Cz = — 2) oak 
®, — Shem 2M, [ergs cm iu i! (14.68) 
where the symbols were defined above. The negative sign is taken since it is 
considered here that the bremsstrahlung radiation is lost from the plasma. 


(e) Thermonuclear energy absorption — Oy 
For the D-T process this can be expressed by 


Dy = (GU) pyNpMyEprlergs ‘cm? g7*] (14.69) 


Where Ep, is the energy released during the reaction, i.e., 17.6 MeV per 
reaction (in c.g.s. units) if the neutrons are absorbed, and 3.6 MeV per 
reaction if only the charged particles are absorbed. np and n, are the 
densities of the deuterium and the tritium and the < ou) pz is a function of 
the ion temperature T; and is given by the approximation (see Clark et al. 
1978) 


Ct) © 3.7 X10? Ten 20 T.- »/3)[(cm? se (14) 


Equation (14.69) is correct only if the particles created in the D-T reaction 
deposit their energy locally. If, however, the neutrons created in the D-T 
process leave the pellet and the charged a-particles do not deposit their 
energy locally, an «-particle transport equation is necessary so that nuclear 
burn wave propagation can be described. For large reactor size pellets, the 
neutrons may deposit some of their energy in the pellet, and in this case a 
proper transport description for the neutrons is necessary. Concerning the 
controversy about the a-stopping power, see Cicchitelli et al. (1984). 
Taking into account the energy deposition and loss mechanisms 
described above, the energy source term ®, in (14.57) can be written as 


0, = 0, +O, +0,,+ Og + On (14.71) 


where ®,, ;, O,,, Dp and Oy are given in (14.58), (14.63), (14.65), (14.68) and 
(14.69) respectively. Although (14.71) seems to be complicated enough, it 
should be mentioned that many approximations and assumptions were 
made in writing down the energy source terms. For example, in the energy 
absorption term for the laser-®,, it was assumed that only inverse 
bremsstrahlung is the dominant mechanism. However, from high irra- 
diance laser—plasma interactions, it is known (Hora 1981) that other 
mechanisms, such as resonance absorption and parametric instabilities, are 
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also responsible for the absorption of the laser light. These last mentioned 
Processes introduce many difficulties and nonlinear effects into the 
expression for ®, (see Section 14.4.1). For the thermal conduction term ”, 
the diffusion approximation was used (see (14.63)) for highly ionized 
plasmas. However, it is known from laser—plasma research that steep 
temperature gradients exist in the plasma domain so that the diffusion flux 


F,=k,VT. (14.72) 


becomes impossibly large. In order to restrict the thermal flux a phenomen- 
ological approach was introduced by imposing the thermal ‘inhibited free 
stream flux’ F., 

Fee ae (14.73) 

m 
where f is an adjustable parameter known as the flux limiter parameter. 
The physics which describes the parameter J can be sophisticated and 
complicated, e.g., strong magnetic fields of the order of megagauss 
or turbulence, or the high electric ‘inhomogeneity fields’ (Eliezer and 
Ludmirsky 1983; Hora et al. 1983; Hora and Miley 1984) may reduce 
the value of f. 
For practical calculations one may obtain an effective F from 


meen 1 


a re ge 14.74 
ia alas een 


where F, and F,, are given in (14.72) and (14.73). Therefore, the expression 
for ®,; as given by the diffusion approximation (14.63) is simplified and in 
many cases it does not describe the real physical process. 

Even the electron—ion exchange term as given by (14.65) and (14.67) is not 
complete. The electron-ion collision frequency may be dominated by 
nonlinear and collective collisions phenomena. In the radiation energy 
term (14.68), one might also need to introduce the effects of photon 
absorption (and appropriate atomic physics) by the plasma and the pellet 
material. In cases where a significant percentage of the input energy is 
transformed into soft X-rays, the interaction between this radiation and the 
pellet might be crucial in explaining the inertial confinement fusion process. 

In order to calculate ¢z> and ¢z*), necessary for (14.64), (14.67) and 
(14.68), the rate coefficients for ionization and recombination for ions with 
different degrees of ionization are needed. The problem is more complicated 
for multi-layered targets as shown, for example, in Fig. 14.2. A Saha type of 
equation is necessary in order to simplify the calculations. However, for this 
purpose a knowledge of the equation of state is necessary. 
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The equation of state is of fundamental importance in order to 
understand the physics of inertial confinement fusion and to be able to 
design the appropriate pellet to achieve high gain. The equation of state 
determines how much energy is needed to compress the fuel to a desired 
high density. For example, it is easy to compress an ideal gas because there 
are no repulsive forces. Therefore, by using an ideal gas in the formulations 
described by (14.55)—(14.59), an unrealistically large value for the fuel (oR) is 
obtained which incorrectly implies high gain pellets. Since it is necessary to 
reach a high compression of at least 1000 times solid density for the D-T 
fuel, the compression in the later stages is dominated by the degeneracy 
pressure described by FermiDirac statistics for electrons. The Fermi- 
Dirac equation of state: 


2 2?/KT,\? 
Peon] 2+ 7) +o | (14.75) 
7 


where €, is the Fermi energy (see (14.53a) may be a good approximation at 
high temperature and high pressures, but it is definitely a poor approxim- 
ation at solid density because it gives too high a pressure for low 
temperature solid densities. For example, (14.75) gives for T=0 and 
aluminum solid density a pressure of 10 Mbars (= 107 atm!) instead of a 
zero pressure! Moreover, the Fermi—Dirac model does not take into 
account Coulomb interactions between the electrons and the ions. A more 
accurate model which includes degeneracy pressure and the nucleon— 
electron interactions is the Thomas—Fermi model. In this model the 
effective one-electron potential is calculated and the electrons are then 
distributed in the atomic (spherical) potential according to Fermi-Dirac 
statistics. In this model the pressure is much lower at solid density, although 
not low enough to fit the experimental data. While the Fermi—Dirac model 
neglects completely the possibility of ionization of the atoms, the Thomas— 
Fermi model can allow for calculating quasi-free electrons representing the 
ionization state of the ions. The Thomas—Fermi model is improved by 
taking exchange and quantum corrections into account. These corrections 
imply binding forces so that the overall pressure could be zero at zero 
temperature for solid density. The immediate compensation of the quan- 
tum pressure by the electrostatic energy of attraction has been formulated 
(Hora 1981, p. 29). 

Moreover, hydrodynamic codes which perform simulations of inertial 
confinement fusion require the use of equation of state models which 
describe the thermodynamic functions of both electrons and ions. (Szich- 
man et al. 1983, Section 14.5). The main values of interest are the pressure 
and internal energy, as well as their respective temperature and volume 
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derivatives as a function of material density and temperature. The 
electronic equation of state can be taken, to a good approximation, from 
the corrected Thomas—Fermi—Dirac model. The ionic contribution to the 
equation of state can be described by the Debye—Griineisen equation of 
State, with the appropriate density variations of the Debye temperature and 
the Griineisen coefficient. At sufficiently high temperature and/or low 
densities the ion contribution can be described by the ideal gas equation of 
state. To join these two limiting cases a semi-empirical interpolation 
method can be used. The extent to which the inclusion of different models 
into the computer codes will influence the inertial confinement fusion 
results is a subject mainly for study and research. In general, since the 
heating mechanisms, the energy transport and the effects occurring in the 
corona are not very dependent on the ion parameters, one would expect not 
much dependence of these phenomena on the ion equation of state model. 
However, for processes which may be more sensitive to the ion parameters, 


Fig. 14.3. The problems for the central ignition model for pellet fusion 
due to the equation of state: 
(1) The Corona. 
2 (or 3) Temperature EOS 
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such as those taking place in the compressed solid, e.g. shock wave 
phenomena, one may expect variations in the calculated results due to the 
use of different models in computing the ton contribution to the equation of 
state. The equation of state also determines the velocity of shock waves and 
therefore the timescale of the whole implosion occurring in inertial 
confinement fusion phenomena. 

For a summary and conclusion see Fig. 14.3. with rather negative 
consequences for the central ignition scheme. 


14.4 Alternative driving schemes: nonlinear force, cannon ball 
If the central ignition scheme proves not to be successful at present, 
because of insufficient knowledge of radiation transport on internal electric 
fields and double layers causing the reduction of thermal transport, on the 
stopping power etc., there are two alternative schemes to solve the laser- 
fusion in the future: 
(a) the nonlinear-force scheme (Hora, 1981) which may provide the 
conditions of ideal adiabatic compression, and 
(b) the cannon ball scheme (Yamanaka 1981, Hora et al. 1984) of pellet 
compression without most of the disadvantages of the scheme 
outlined in the preceding section. 


It should be mentioned, as a further possibility, that a special kind of 
volume ignition (Section 14.2) may have been realized by linear gas 
dynamics despite the fact that it seemed before to be impossible. The 
specially time-shaped laser irradiation, by carefully avoiding shocks and 
central compression and bouncing, was achieved (Yamanaka-compression) 
leading to the record fusion gain of 1.2 x 10' fusion neutrons at 8kJ 
second harmonics of neodymium glass laser input on a 800 pm diameter 
glass microballoon (Yamanaka et al. 1986). Yamanaka-compression is the 
simplest solution without any nonlinear effect and without the complic- 
ations of central ignition. Its success is based on the nearly ideal adiabatic 
conditions. 


14.4.1. The nonlinear-force pushing 

One of the difficulties of the central ignition scheme is the fact 
that the laser radiation is not simply thermalized in the pellet corona 
for the subsequent hydromechanical ablation compression dynamics; at 
neodynium-glass laser intensities above a threshold of 10'*Wecm~?, 
parametric instabilities and absorption anomalies appear and nonlinear 
(ponderomotive) forces become predominant. To avoid all this, some 
concepts remain to use lower intensities. The technologically expensive 
decrease of the laser wavelength by a factor of three increases the threshold 
moderately to 105 Wem” ?. 
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Rather than trying to avoid nonlinear effects during laser—plasma 
interaction, one can try to find ways of actively using these effects, especially 
the nonlinear force. This involves the domain of very high laser intensities. 
The principal advantage is that thermalization (and entropy generation) for 
the transfer of optical energy into plasma motion is relatively small and 
produces only slight perturbations. At the same time, direct mechanical 
action by the electric and magnetic laser fields E, H and the subsequent 
current density j arising from the nonlinear, intensity-dependent refractive 
index fi, results in a nonlinear force density fy, which is predominant over 
the thermokinetic force (given by the pressure gradient), (see Hora 1981) 


! 1 
Su = — XH + 4—EV-E~4—V-(1 — AEE (14.76) 


This equation includes all the necessary terms, as demonstrated by the fact 
that it does not result in shear motion at obliquely incident plane waves. 
For perpendicular incidence, the force fy, reduces to the component in the 
x-direction along the wave propagation direction and can be expressed in 
terms of the variation of the refractive index with plasma density: 


— ¢ —=——— Foo 0 | be 

ee (an = ee fe = 1) 

In oe ae 16x w? Ox |A| i Da 8x 
(14.77) 


These specific results are restricted to monochromatic radiation. The 
treatment of ultra-short-wave packets and very fast amplitude changes is in 
progress. Note that oblique incidence requires further terms. 

Results from detailed numerical calculations for high-intensity 
(I > 10'®° Wcm ~~”) neodymium laser interactions show the predominance 
of the nonlinear force in plasma dynamics while other parametric and 
anomalous effects decrease with increasing intensity. The inclusion of 
nonlinear optical properties confirms the relatively small effect of collision 
heating. Solutions of the wave field with respect to travelling- and standing- 
wave components indicate the appearance of Brillouin-like density ripples 
and subsequent high reflection. 

The positive result is that firing of laser pulses onto pre-irradiated 
(moderately heated) plasma layers of soft density profiles does result in 
thick compression blocks of plasma possessing nearly linear velocity 
profiles as required for the ideal self-similarity compression. An ablation 
layer similar to this has been seen from an almost perfectly symmetric pellet 
irradiation where the ablation front of 60 keV ion energy consumed ~ 50°, 
of the laser energy (Meyer et al. 1978; Slater 1977). 

The results of extensive computations (Hora er al. 1979; Hora 1981) 


244 EOS and inertial confinement fusion 


demonstrated that compressing the thick (cold) plasma blocks following 
their interior motion by nonlinear-force acceleration, produced approxi- 
mately the ideal conditions of the self-similarity model such that the 
following purely kinematic (force-free) compression and reexpansion could 
be computed from the volume ignition model for deuterium-tritium fuel, 
including alpha reheat, radiation loss and fuel depletion. One example 
based on irradiation of a (profile shaping) pre-irradiated hollow sphere of 
DT plasma with a laser input energy of 500 kJ and compression to 300 times 
solid state density produced a net gain ( = fusion energy/input laser energy) 
of 50 (Hora et al. 1975; Hora 1981). 

The parameters were chosen in such a way that the electron and the ion 
gas fuel filled the ideal adiabatic non-degenerate equation of state 
neglecting the ionization processes at pre-irradiation. Any modifications of 
parameters have to take into account possible changes of the equation of 
state. The alternative suggested identity of this nonlinear force compression 
scheme with ‘hot electron’ driving was confirmed by Yonas (1984). 


14.4.2 The cannon ball scheme 
A method of avoiding all anomalies, instabilities and difficulties 
due to nonlinearities of back scattering, preventing laser light interacting 
with the plasma itself, and to provide the lowest degree of interaction, 
absorption and spherical compression symmetry, is to use a medium- or 
high-Z mantle around the pellet and to shine the laser light into the space 
(hohlraum) between pellet and mantle through prefabricated (or laser self- 
generated) holes in the mantle (Fig. 14.4). 
This filling of the hohlraum with monochromatic radiation has been 
achieved (Yamanaka 1986) providing reassurance that this approach can 


Fig. 14.4. The cannonball with laser irradiation through holes H into 
an empty space between an outer high-Z mantle and the DT fusion 
pellet. 
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meet the requirements. At laser intensities near 10'5Wcm~? the laser 
radiation is quickly transformed into a wide spectrum of X-rays. For 
producing fusion energy from lasers, higher intensities are of interest where 
the radiation stays monochromatic. Experimental indications for slowing 
down the transfer to a continuous spectrum were given by Alexandrov et al. 
(1984). In this respect, it should be noted that a relativistic stabilization does 
exist to prevent deviations from the spherical shape of the surfaces of the 
hohlraum. 

The monochromatic hohlraum radiation acts as an explosive similar to 
the gunpowder in a grenade: it drives both the mantle and the pellet by the 
brute force of the radiation pressure even if energy transfer is shut off by any 
of the effects mentioned. If the compression velocity (radiation pressure) of 
the pellet is always larger than the plasma thermal velocities at the interface 
(supersonic), the pellet will be compressed through a snowplough process. 

In a very preliminary, nonoptimized (and perhaps pessimistic) calcul- 
ation, one arrives at the following snowplough compression result. We 
assume a nearly constant inner radius R, = 300 um of the mantle (initial 
radius of a solid state pellet is 0.95 R,) and a compression of 7 keV DT to: (i) 
107° ions cm ~ 3, or (ii) 1074 ions cm ~3, at a speed greater than thermal ion 
velocity. This produces a static confinement of ~ 500 ps and requires a laser 
energy respectively for cases (i) and (ii) of 


E=3.2x10°J and 3.2x10°J 
and average laser power of 
P=2.7x10'®W and 2.7x 10!>° W. 


with a laser-pulse duration in both cases of 120 ps, we predict a fusion gain 
(Hora et al. 1984) 


G=50.4 5.04 (14.78) 
The laser intensity in the hohlraum is 
1=2.6 x 10?°Wcm~? 8.2 x 10?° Wcem~? (14.79) 


while the average focused laser intensity in the entrance holes (3 x 1077 cm 
diameter) is: 


I= 2.7 x 1077 Wem-? 2.7 x 107° Wem -?. (14.80) 


This is sufficient to produce relativistic hole drilling based on the 
Yamanaka effect for relativistically self-focused beam propagation (Hora 
1981) which reduces the diffraction limitation by total reflection as in fibre 
optics. 
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These estimates were made on the basis of a simplified snowplough 
model. The detailed model, again, will have to include the highly turbulant 
plasma state at compression and a version of the equation of state with 
highly non-equilibrium thermodynamic conditions. 


14.5 The two-temperature equation of state 

Having explained the complexity and incompleteness of the use 
of the correct equation of state in the field of inertial confinement fusion 
we give here an example of how a first step has been made to take into 
account various systems (degenerate and non-degenerate) of equations of 
state for the practical case of two fluids (electron and ion) with different 
temperatures. 

Hydrodynamic codes which perform simulations of inertial confinement 
interactions (laser—-target or electron—target or ion—target interactions) 
require the use of EOS models which describe the thermodynamic 
functions of both electrons and ions. These codes usually contain a quasi- 
independent system of electrons at some temperature T, and a second 
quasi-independent system of ions at a temperature T;. The main values 
of interest are the pressure and internal energy as well as their respective 
temperature and volume derivatives as a function of material density and 
temperature (see e.g., (14.102)). 

One of the models widely used in the literature (Trainor et al. 1978) is 
the statistical Thomas—Fermi (TF) model of the atom for the electronic 
contribution to the EOS and ideal gas behaviour for the ions. The TF 
model predicts pressure values which are considerably higher than those 
obtained experimentally. (See Fig. 13.2 of Chapter 13.) In particular the 
TF model gives a few megabars of pressure at normal conditions (T~ 0, 
 X Po)! instead of a zero pressure, so that this model is definitely wrong 
at low temperature and normal densities. 

A more realistic model can be found in the SESAME EOS library 
(Cooper 1979, 1983) which is a collection of tabular data giving the pressure 
and internal energy per unit mass as a function of temperature and density 
for a variety of materials. The values in the tables were obtained from a 
variety of sources, including phenomenological and theoretical models 
and fits to experimental data. This library represents the best approach 
to realistic EOS, although they are single temperature EOS. Cooper (1983) 
made the first attempts to formulate two-temperature (electron and ions) 
tables of EOS, however, the authors caution that these tables are at present 
very crude, at best. Therefore, for nearly all materials, only the single 
temperature tables are considered to be at all reliable. Since for laser— 
plasma or particle-beam—plasma calculations one requires separate tables 
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for electrons and for ions, one has the task of either recalculating these 
separate values independently or, alternatively, of finding some scheme of 
separating the existing SESAME tables into their component parts 
(Szichman et al. 1983). In general, according to SESAME authors (Cooper 
1983) the theoretical portions of the EOS were constructed from three 
distinct contributions: (i) a cold curve due to electronic forces at T= 0, 
(ii) thermal electronic excitations and (i) thermal (nuclear) or ionic 
excitations. The total pressure and energy can be written as 


P(e, TY=P Xp) + P.*(p, T) + P,(p, T)=P, + P, (14.81) 
E(p, T) = E,(p) + E,"(p, T) + E;(p, T) = E, + E; (14.82) 


where P, and E, are the cold (electron) terms while P™ and ET are the 
appropriate thermal contributions. In general, for very high compression 
the pressure and the energy do not separate into two additive contributions. 
However, for practical purposes it is convenient to assume (14.81) and 
(14.82) until a better and more fundamental approach is satisfactorily 
resolved. For related treatments see More (1981) and DeWitt (1984). 


14.5.1 Electronic contributions to the EOS 

The Thomas—Fermi EOS was extended by taking into account 
electron-exchange effects and other quantum corrections. This model 
(Kirshnits 1959; Kalitkin 1960; McCarthy 1965), known as the corrected 
Thomas-Fermi—Dirac (TFC) EOS, is accepted today as being a reasonably 
accurate, available theory in the range of density, temperature and pressure 
of the SESAME tables and of interest to plasma-beam (laser or particle) 
interactions. The solution of the TFC equation involves considerable 
difficulties and requires extensive numerical calculations. Following 
McCarthy (1965) one can find numerical tables for TFC equations of state. 
In order to use these tables, one has to know the quantities ZV and 
Z~*/3T, where 

Ag al 

Nyp Nop 
where A is the atomic mass, N, is the Avogadro number, and No is the 
number of particles per unit mass. From the tables one can read off the 
values of P, and E, in the form Z~1°P and Z~7/3E. These are the 
uncorrected (TF) values, while the tabulated electron and quantum 
exchange corrections oP and dE are in the form Z~ 8/3 6P and Z~ 5/3 6E. The 
required TFC values for P, and E, are 


ro[(ée)eer(Gajom 


(14.83) 
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where the values in round brackets (__) are read from the tabulated values 
of McCarthy (1965). The values for the zero temperature isotherms are 
obtained in a similar manner from the tables of Kalitkin (1960). 

Using McCarthy (1965) and Kalitkin’s (1960) tables we plot (Szichman 
et al. 1983) in Figs. 14.5 and 14.6 the isotherms of the internal energy for 
electrons E, and the electron pressure P, versus the compression p/p for 
aluminum (Z = 13, A= 26.982). The dotted lines are particular isotherms 
from the TFC model to be used in (14.81) for comparison with the SESAME 
EOS. (See Figs. 14.7 and 14.8.) 


14.5.2. The ion contributions to the EOS 
The nuclear (or ion) contributions to the EOS are known explicitly 
for the two extreme cases: the gas phase and the solid phase. The thermo- 


Fig. 14.5. Isotherms of electronic internal energy per unit mass as a 
function of compression for aluminum (10'*erg/g = 1 Mbar cm?/g) 
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dynamics of simple solids are well described by the Griineisen equation 
of state (see Chapter 10) while for high temperatures (or low densities) 
they are described by the ideal gas EOS. To join the two limiting cases 
a semi-empirical interpolation method has been used (Kormer et al. 1962). 
This simple picture does not include phase transitions. To deal with this 
problem knowledge of a great amount of empirical data in a ‘hard domain’ 
of experiments is needed. Moreover, since in beam-plasma interactions 
for fusion research we are interested mainly in the domain of high pressure 
(2 Mbar) and high temperature, the importance of the phase transitions 
might be small (because the phase transitions have already occurred). We 
now discuss briefly the gas, Griineisen and the interpolation methods. 


Fig. 14.6. Isotherms of electronic pressure as a function of 
compression for aluminum (101? dynes/cm? = 1 Mbar) 
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(a) Ideal gas (Model 1) 
The equations of state in this case are (see Chapter 3) 


Eic = 3NokT (14.86) 
Pic = NopkT (14.87) 


where the subscript IG denotes the ideal gas phase and N, is defined in 
(14.83). 
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Fig. 14.7. Isotherms of the total internal energy per unit mass as a 
function of compression for aluminum. ( ) Taken from SESAME 
tables (Cooper 1983). (-——) Calculated using the TFC model for the 
electrons and the perfect gas model for the ions (When this line does 
not appear, it overlaps that of Model 2). (------ ) Calculated using the 
TFC model for the electrons and the perfect gas — solid interpolation 
for the ions (Model 2). (——) Calculated using the TFC model for 
the electrons. The ion contribution is deduced from the SESAME 
tables (Model 3). 
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(b) Debye-Griineisen EOS for solids 
The equations of state in this case are (see Chapter 10) 

Pog = 3T NopkTD(T,/T) (14.89) 


where the subscript DG denotes the Debye-Griineisen solid phase, I" is 
the Griineisen coefficient, Tp is the Debye temperature and the Debye 


Fig. 14.8. Isotherms of the total pressure as a function of compression 
for aluminum. Curves as in Fig. 14.7. 


1015 


P (dyne/cm?) 
) 


101! 


101° 


10° 


107 107! 10° 10? 


252 EOS and inertial confinement fusion 


integral D(x) is given by 


3 x 3dy 
D@®= \ “ = (14.90) 


In the limit of T > Tp (i.e., x +0) the Debye integral goes to the limit 
D-— 1, so that the EOS reduces to 


EGE oNoee (14.91) 
Pog = 3V NopkT (14.92) 


For completeness we shall also give the expression for the free energy Fg 
and for the entropy Spg in this model: 


Fog = NokT[3In(1 —e77"7) — D(Tp/T)] (14.93) 
Sog = — Nok[3In(1 — e777) — 4D(Tp/T)] (14.94) 


The (density dependent) Debye temperature Tp(p) is related to the 
Griineisen coefficient T. by 


pe eal (14.95) 


It is observed experimentally that for small compressions I’ = 1/p, while 
for large compressions one can take I” ~ 2 which is the theoretical value 
for a free electron gas. A phenomenological relation which satisfies both 


limits can be written (Thompson 1972): 
T #4) 
be 260 4 2(1 £2) aS (14.96) 
p 3 p Po 


The Debye temperature is obtained by substituting (14.96) in (14.95) and 
integrating 


To (2) expfr(1—22) Hf a-ate+(#2)'] 
Toe ee ie auras 


for ?>1 (14.97) 
Po 


where Tp((o) is the Debye temperature at normal density. 


(c) Solid—gas interpolation method (Model 2) 
Using the technique and equations from Kormer et al. (1962) and 
Thompson (1972) one can express the energy and pressure in the form 


E; = 3NokTp(Tp/T)(2 + 6)/(1 + 6) (14.98) 
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P; = NopkTp(Tp/T)G3T + E)/(1 + 6) (14.99) 


Here ¢ is called the interpolation parameter and is expressed by Thompson 
(1972) 


4 N, Peper 


=e (14.100) 


where h is Planck’s constant, k is Boltzmann’s constant and the Debye 
temperature Tp is a function of the density p (see, e.g., (14.97)). For T+ 0 
one obtains from (14.100) that €0, so that (14.98) and (14.99) reduce to 
the Debye—Griineisen equations of state (14.88) and (14.89). For T- co 
one gets ¢> 00 and D-1 so that (14.98) and (14.99) reduce to the ideal 
gas (14.86) and (14.87). 

In order to use (14.98) and (14.99) for the domain p/p, < 1 as well as for 
p/Po 2 1 one has to know the functions & T, and I in the whole reason. 
For p/p. > 1 we know Ty from (14.97), I is given in (14.96) and é therefore 
is defined in (14.100). However, for p/p9 <1, the Debye temperature and 
the Griineisen theory of solids, (14.96) is not at all appropriate for p < Po 
since I’ diverges for p +0. Therefore, since we don’t have any theoretical 
basis to calculate I for p < pg, one assumes (Thompson 1972) an artificial 
extrapolation for l’. Taking a Taylor expansion in the form of a second 
order polynomial in p/p), and assuming T and dI’/dp continuous at 
P = Po, One gets 


Paar 2) +are—2(£)+1 ue (14.101) 
Po/- Po Po 


where I'(0) = 1 has been assumed. The form of (14.101) has no physical basis 
but it is a posteriori justified to use it because it works well. (Thompson 
1972). Solving (14.95) for TF given in (14.101) one gets, 


7 p , ay p 

Tp(p) = Tp(o){ — Jexp {31 — 2F-o){| — } +P, —2){ — 

Po/ . Po Po 
+ (3-21 ,)}; for p/po<1 (14.102) 
Equations (14.98) and (14.99) are now defined for p/p, > 1 as well as for 
p/Po <1 by using (14.96), (14.97), (14.91), (14.92) and (14.100). For comple- 


teness we now write the ion free energy F; and the ion entropy S; in the 
solid—gas interpolation method, 


F, = NokT{31n(Tp/T) — 1 + 3in(1 + 2)} (14.103) 
S;= — Nok{3In(Tp/T) — 4 + 3 ln (1 + €) + 3(E(1 + ©} (14.104) 
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Once again we mention that the EOS given by (14.98), (14.99), (14.103) and 
(14.104) do not describe the ‘true’ phase transition (i.e. melting) between the 
solid and the gas phase, but in many cases this approach is acceptable for 
hydrodynamic numerical efforts. The derivatives of the thermodynamic 
functions, which are usually required for the codes, are 


Le 
ca=(S) = FY! aes (14.105) 
aN a See ee | 
(48) -2f1-(4a) (se) t (14.106) 


OP;\ _ Pp; E \23F—1)?) , 3NopkT dT 
(@) =e) (75 ‘ Fare : 1, kT cat07) 


where 
dl po Po 
eT ee eet = 14.108 
dp Ps) 0 ( 0 Or PZ Po ( ) 
rol 
oT = 21 -r(2)+0ry-2s for Pp <Po (14.109) 
0 


(d) E, and P, deduced from the SESAME tables (Model 3) 

For E,, P;, E. and P, one can write the following phenomenolog- 
ical expressions, which are taken by analogy to the ideal equations of state 
for a neutral plasma. We denote by < Z* > the degree of (average) ionization 
of the atoms in the plasma, so that for the thermal part of the EOS one can 
write 


a Es¢(T, p)— Esz(0, p) 


Eve fa cess (14.110) 
_ Ps(T, p) — Psx(0, p) 
| efe= 1+ <zZ*) (14.111) 


where Eg, and Ps, are the SESAME values of energy and pressure for the 
appropriate temperature T and density p. However, the value of <Z*> is 
not yet known in (14.110) and (14.111). Similarly to (14.110) and (14.111), we 
can write for the thermal electron contribution 


et — LEse(T; p) — Ese(0, p)1¢2*> 
. 1+<¢Z*> 


_ [Pse(T, p) — Pse(0, p)1<2* > 
t ze 


(14.112) 


pt 


(14.113) 
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By comparing (14.112) and (14.113) with the TFC model, ie., 


EE = E7,(T, p) — Exrc(0, p) (14.114) 
Pe = Pr,(T, p) — Prpc(0, p) (14.115) 


where E7,-- and Py,- are the energy and pressure in the TFC model, one can 
calculate the degree of ionization <Z*). Using this value of (Z* >in 
(14.110) and (14.111) one gets the ion contribution to the EOS. 


14.5.3. Results and discussion 

The ion contribution, as calculated using each of the models (1, 2 
and 3) in Section 14.5.2, was combined with the TFC electron contribution 
for the same temperature and the result compared with the values found in 
the SESAME tables (for one temperature!). These comparisons are shown 
in Figs. 14.7 and 14.8 (as taken from Szichman et al. 1983.) One can see that 
models 2 and 3 seem to be in general agreement with the SESAME tables. 
The results using model 3 also give the degree of ionization which is 
necessary for plasma simulation, and besides this important practical 
result, this approach is only a self-consistent approach for the ion 
contribution and the SESAME tables. 

The extent to which the inclusion of any model in hydrodynamic codes 
is necessary is a question for further research and calculations. In general, 
since the heating mechanisms, the energy transport and the effects generally 
occurring in the corona are not very dependent on the ion parameters, one 
would not expect much dependence of these on the EOS ion contribution 
model used. However, for phenomena which may be more sensitive to the 
ion parameters, such as shock wave phenomena in compressed solids, one 
may expect to see changes by using different models in computing the ion 
contribution to the EOS. 

A proper statistical calculation for two fluids (or gases) with a strong 
interaction between them does not in general give (14.81) and (14.82) which 
was our starting point for the above discussion. The pressure and energy 
can not in general be separated into two additive contributions. Therefore, 
one possible approach is to define a free energy F, ({R;}, T.) for a fluid of 
electrons at temperature T,, where {R,} is a set of coordinates describing 
the position of the ions. The free energy F, includes all the electrostatic 
energies (including ion-ion!) and the electronic kinetic energy. This free 
energy is an effective potential for the ion motions. This approach is 
reasonable in the case where the ions are moving slowly on the collision 
time-scale of the electrons. The partition function in this case can be written 
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as 


dR, ---d? Ryd? p, ---d? py 
oi Nth3® 
( : » P+ F(R). T) |b (14.116) 
x exp{ —— ~/_ + F,({R;}, T. 
P\ TRF | 02M, 


where N is the number of ions and R,, p, are the canonical coordinates and 
momenta for the ions. The free energy of the electron-ion system is, 


F(T., T,, V) = — kT, InQ (14.117) 
The entropy, in this approach, is defined by 


OF OF 
ee — 14.118 
“1 ale . (Fale 


where S, and S, are the ion and electron entropies. The generalized 
thermodynamic consistency condition is 


OE oP oP 
= = T.| — T= —P 14.119 
ae. Cae - eee esi 
while the basic thermodynamic relation is 
dE = T.dS, + T,dS, — PdV (14.120) 


Although this last approach seems to be on a more fundamental level than 
the phenomenological approach of Section 14.2, one has in this case to 
solve very complicated nonlinear equations and to check its applicability to 
the hydrodynamic codes. This subject is still being researched and poses 
profound and conceptual difficulties for the thermodynamics of a mixture 
of two- (or more) temperature fluids with strong interactions. 


15 


Applications of equations of 
state in astrophysics 


15.1 Overview 

In this chapter we will see how the equation of state can be used 
to determine the structure of stellar interiors. Of course, our treatment 
will be at a level just adequate to bring out the salient aspects of the 
subjects; for more rigorous treatments we refer to the numerous books 
(and edited volumes) written on the subject (see e.g., Aller (1953, 1954), 
Aller and McLaughlin (1965), Chandrasekhar (1939), Cox and Giuli (1968a, 
1968b), Giacconi and Ruffini (1978), Menzel, Bhatnagar and Sen (1963), 
Schatzman (1958), Schwarzschild (1958), Stein and Cameron (1966), 
Stodolkiewicz (1973), Zeldovich and Novikov (1971)). 

Stars, because of their high temperatures, are gaseous throughout, and 
quite fortuitously in most stars the matter behaves either as a perfect gas 
or as a completely degenerate gas; in either case, the equation of state is 
quite simple. For example, inside the Sun the correction to the pressure 
derived by assuming the perfect gas law is about 0.43°; and for a dense 
star like o, EriC the correction is about 2% (the numerical values are 
quoted from Aller (1953), p. 60). In this section we will write the two 
equations of state in a form which is convenient in studying astrophysics 
problems and also discuss their domain of applicability. In Section 15.2 
we will derive the condition for hydrostatic equilibrium which is one of 
the basic equations in understanding stellar structure and will be used 
extensively throughout the chapter. We use the condition for hydrostatic 
equilibrium [In Section 15.3] to show that if the density variation (inside 
the star) is known then it is possible to obtain pressure and temperature 
variations inside the star; the calculation of temperature variation also 
requires a knowledge of the equation of state which we assume to be 
given by the perfect gas law. In Section 15.4 we obtain estimates of the 
pressure and temperature variation by assuming uniform density inside 
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the star and in Section 15.5 we derive some useful theorems which gives 
us lower and upper bounds for the pressure and temperature variations 
inside the star. We calculate in Section 15.6 the gravitational potential 
energy inside the star and derive the virial theorem, which are used in 
Section 15.7 to obtain a qualitative understanding of the evolution of a 
star. In Section 15.8 we show that whereas radiation pressure is rather 
unimportant in stars like the Sun, it plays an important role in very 
massive stars and indeed, for very massive stars the radiation pressure is 
so large that the star itself becomes unstable. 

In Section 15.9 we discuss in detail the polytropic model of the star in 
which the pressure -density relationship is assumed to be of the form 


P(r) = K[p(r)]'**" 


where the parameters K and n are assumed constant inside the star. Using 
the above relation and the equation for hydrostatic equilibrium (derived 
in Section 15.2) we derive explicit expressions for the pressure, density 
and temperature variations inside the star. The polytropic model has 
played a very important role in the understanding of the stellar interior. 
In particular, the case n = 3 (which is usually referred to as the standard 
model — see Section 15.10) leads to a fairly good understanding of the 
interior of the Sun and some other stars. Finally, in Section 15.11 we 
discuss the white dwarf stars in which the densities are so high that the 
electrons may be assumed to form a highly degenerate gas. 

The values of some physical and astronomical constants (which we will 
be using throughout the chapter) are given in Table 15.1. 


Table 15.1. Values of some physical and astronomical constants to be used in 
this chapter 


Quantity Symbol Value 

Mass of the hydrogen atom H 1673 x 10- 4% 

Mass of the electron m 9.110 x 10°78 g 

Speed of light in vacuum c 2.998 x 10!°cms™! 

Planck’s constant h 6.626 x 10°?’ ergs 
h=h/2n 1.055 x 10°?’ ergs 

Gravitational constant G 6.672 x 10e%cm>s 7 o>) 

Boltzmann constant kes rc 1.381 x 10° '®ergK~! 

Radiation pressure constant a= aang 7566 10° '° ergichit’ K + 

15 (he)? 
Mass of the sun M, 1.989 x 1033 
Radius of the sun RS 6.960 x 10'°cm 
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15.1.1 The equation of state for an ideal gas 
For an ideal gas, the equation of state is given by (see Section 13.2) 


PV =NkT (15.1) 


where N represents the numiber of particles of the gas in the volume V. 
We may write (15.1) in the form 


P=nkT (15.2) 


where n represents the number of particles per unit volume. If the gas 
consists of many types of particles then 


P=kTY.n, (15.3) 


where n; represents the number of independent constituent particles per 
unit volume. For example, if the gas consists of only hydrogen and nitrogen 
molecules (in undissociated forms) then 


P=kT(ny, + my,) (15.4) 


where n,, and ny, represent respectively the number of hydrogen and 
nitrogen molecules per unit volume. However, if the gas is at a very high 
temperature so that the molecules have dissociated into atoms and cach 
atom is completely ionized then 


P=kT(n, +n, +n,) (15.5) 
Table 15.2. Composition of the Sun from spectroscopic 
observations 
Relative abundance 
Element Atomic weight by number by weight 
H I 1000 1000 
He 4 80 320 
(c ily? 0.1 1 
N 14 0.2 3 
O 16 0.5 8 
Ne 20 0.5 10 
Mg 24 0.06 1 
Si 28 0.03 1 
S 32 0.02 1 
A 40 0.05 - 
Fe 56 0.02 1 


Note: Table adapted from Schwarzschild (1958); the data are 
due to L.H. Aller; the original paper by Aller was not available 
to the authors. 
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where n, represents the number of electrons per unit volume, n, the number 
of hydrogen nuclei (i.e. protons) per unit volume and n, the number of 
nitrogen nuclei per unit volume. 

We assume that stellar matter is in a completely ionized state and let 
1g of the stellar matter consist of Xg of hydrogen, Yg of helium and 
(1 — X — Y)g of other large atomic weight elements. We may mention 
here that from the analysis of spectroscopic data it is possible to estimate 
the composition of stars (see, e.g., Aller 1953). In Table 15.2 we have given 
the relative abundance of various elements in the Sun. As can be seen, 
hydrogen and helium are predominant and it is for this reason that 
hydrogen and helium are being considered separately and the heavier 
elements are grouped together. From the data given in Table 15.2, we 
readily obtain 


Yx 743 ~ 0.237 (15.6) 
(I1-x-—Y)z 


Spectroscopic data also indicate that most nearby stars have approxi- 
mately the same composition, indicating similar values for X and Y. 

Now, each hydrogen atom will give rise to two particles (one electron 
and one proton) and therefore X g of hydrogen will give rise to 


2X 
H 


particles, here H (~ 1.67 x 10° ** g) represents the mass of the hydrogen 
atom. On the other hand, each helium atom will give rise to three particles 
(two electrons and one helium nucleus) and therefore Y g of helium will 
give rise to 


3X 
4H 


particles, where in writing the above expression we have assumed that the 
mass of the helium atom is about 4 times that of the hydrogen atom. 
Finally, if we consider an atom of atomic number Z and atomic weight 
A then each atom will give rise to (Z + 1) particles, thus each gram of the 
substance will give rise to 
(Z+1) 1 
AH ~ 2H 
particles; in the last step we have assumed (Z + 1)/A ~ 4 which is approxi- 
mately true for most elements included in Table 15.2, except, of course, 
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for hydrogen and helium. For example, for nitrogen Z = 7, A = 14 giving 
(Z + 1)/A ~ 0.57; for oxygen Z = 8, A = 16 giving (Z + 1)/A ~ 0.56 and for 
iron Z = 26, A = 56 giving (Z + 1)/A + 0.48. Thus, (1 — X — Y)g of large 
atomic weight elements will give rise to 


1 
alll =e 


particles. If the density of the stellar material is p (g/cm*) we would get 


or (15.7) 
YnaG+9x she 


We may therefore write (15.3) as 


k 
P={ — |pT : 
(a)? — 
where 
1 


~ 0:5 2 1 5 005Y ue) 


yl 


is usually referred to as the mean molecular weight of matter. It can readily 
be seen that 


0.5<pn<20 . (15.10) 


For example, when stellar matter consists only of hydrogen, X = 1 and 
Y=0 giving » = 0.5 and if the star were to contain only heavier elements, 
then X =0, Y=0 and pp =2.0. The perfect gas law is usually written in 
the form given by (15.8) for use in astrophysics problems. 

We may similarly derive an expression for the electron density which 
we will require in later sections. Since each hydrogen atom gives rise to 
one electron, each helium atom gives rise to two electrons and an atom 
with atomic number Z gives rise to Z electrons, the total number of 
electrons per cm? would be given by 


ee eZ 
el eee fee ee 15.11 
es E aH t AH \]o ae) 


Or 


n= (lei) 


wee 
€ WH 
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where 
py ale (15.13) 
1+X 
represents the average mass (in atomic weight units) per electron of the 
(fully ionized) gas and in writing the expression for yu’ we have assumed 
Z = A/2 for larger atomic weight elements. 

We end this section by noting that almost all stellar interiors are at 
temperatures high enough (= 10°K) for matter to be in a completely 
ionized state; however, the surface temperatures may not be high enough 
for matter to be completely ionized. For example, the ionization energy 
of the hydrogen atom is about 13.6eV, and for kT 2 13.6eV, we must 
have T = 1.6 x 10° K which may be compared with the surface temperature 
of the Sun, which is about 5700 K. Nevertheless, temperatures even at the 
surface are high enough for the perfect gas law to be applicable. 


15.1.2 |The equation of state for a degenerate electron gas 
The perfect gas law is applicable to gases at high temperatures 

and low pressures. Indeed, at any given temperature, if the pressure of a 
gas is made low enough then the perfect gas law is always applicable. For 
a given temperature, as the pressure is increased the equation of state 
becomes quite complicated; however, at very high pressures’ the electrons 
form an almost completely degenerate gas and the equation of state 
becomes simple again. We may point out here that even at low tempe- 
ratures, if the pressure is high enough ionization will occur — this is known 
as pressure ionization. Furthermore, usually the densities are such that 
whereas the electron gas is in a degenerate state, the gas consisting of 
protons and other nuclei is in a non-degenerate state so that perfect gas 
law is applicable to these nuclei; however, the pressure due to the gas 
formed by the nuclei is usually negligible in comparison with the pressure 
due to the degenerate electron gas and therefore we will consider only 
the pressure due to the degenerate electron gas. 

In Section 6.2.1 we showed that in the non-relativistic limit, the pressure 
of a completely degenerate? electron gas is given by 


" We will quantify these statements later in this section. 


* Rigorously speaking, a completely degenerate gas corresponds to T= 0K (see 
Section 6.2.1); however, if &¢/kT > 1, (where e, is the Fermi energy — see Section 
6.2.1) we may apply the theory corresponding to a completely degenerate gas. 
For example, the temperature inside a particular star may be as high as 10°K 
but the matter may be so compressed that the Fermi energy may be as high 
as 10°eV so that e,/kT~ 10° and very little error will be involved if we assume 
JP=(0) 
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h2 
P= sy Or rene? (15.14) 


where m represents the electron mass and the n, the electron density’. If 
we use (15.12) we may write (15.14) in the form 


p \53 
p=K,(4) (13415) 
where 
h 
K, Cn sis (15.16) 
or 
(0s x10-=")- 
K, =(327)2/4 
CEs) SO aes” x (167 xuleee) 
~ 9.87 x 10'2c.g.s. units (15.17) 


Thus (assuming the validity of the non-relativistic theory) stellar matter 
can be assumed to form a degenerate gas if the pressure given by (15.15) 
is much greater than that given by (15.8), ie., when 


5/3 
K,(2) » oT (15.18) 
Le HH 


and conversely. Substituting the numerical values for various parameters, 
we may rewrite (15.18) in the following form 


7§/2 
BL 


p > (2.42 x 10-8)" 73/2 (15.19) 


3/2 
Lt 


where we have used the c.g.s. system of units so that p is measured in 
gcm° and T in K. If we assume that the only element present in the 
star is hydrogen then X = 1 and Y=0 so that 1 =0.5 and yp’ = 1.0, thus 
(15.19) becomes 


preora0 "7? (15.20) 


The above expression tells us that the equation of state can be assumed 
to be given by (15.15) when 


p>» 0.07 gem? for ones 


15.2) 
p>»2.2x10°gcem~? for T=10’K ( ) 


* It can be seen immediately from (15.14) that even if the proton gas is 
completely degenerate with the same number of particles per unit volume, the 
corresponding pressure would be considerably less because of its much larger mass. 
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In Fig. 15.1 the initial part of the curve is the straight line defined by the 
equation 


log p = log (6.9 x 1078) + 3 log T 
or (15.22) 


log T= 4.8 + 2log p 


Thus the log T log p curve is a straight line with slope 2. Well below the 
curve, (15.18) will be valid and we may assume the pressure to be given 
by (15.15). On the other hand, if we are well above the curve then we may 
assume the validity of the perfect gas law. In the vicinity of the curve, the 
equation of state is somewhat complicated but as mentioned earlier, in 
most stars the state of the matter would correspond to either well above 
or well below the curve. 

At higher densities the maximum kinetic energy of the electron becomes 
comparable to its rest mass energy (= mc’) and the equation of state has 
to be derived using relativistic formulae (see Section 6.3). We derive below 
the condition indicating when relativistic formulae should be used. In the 
non-relativistic theory, the maximum kinetic energy is simply the Fermi 
energy and is given by (see Section 6.2) 

Pas? h? 


ze = tp, = 322)?3 Sia (15.23) 


Fig. 15.1. Well above the line the equation of state is accurately 
described by the perfect gas law. Well below the line the equation of 
state is approximately that of a completely degenerate electron gas. 
(Figure adapted from Aller (1953) who had adapted from a diagram 
by G. Wares, Astrophys. J. 100, 159, 1944.) 
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Thus for the non-relativistic theory to be valid we must have 
h2 
(327)?/3 —-n,2/3 « mc? (15.24) 
2m 


If we now use (15.12) and simplify we would obtain 
16,/2 q 
p« = Hu | | (15.25) 


The quantity h/mc is the Compton wavelength of the electron and is given 
by 


h 
— ~ 2.43 x 10° '°cm (15.26) 
mc 


If we now substitute it in (15.25), we obtain the following condition for 
the validity of the non-relativistic theory: 


3 (for px 1) (15.27) 
3 (for p’ x 2) (15.28) 


p<«3x 10° gcm™ 
p<«6x 10° gcm™ 


Indeed inside some of the white dwarf stars (see Section 15.11) the densities 
are high enough to require the use of the proper relativistic formulae. In 
Section 6.3 we showed that for a completely degenerate electron gas, if 
we use proper relativistic formulae, the expressions for the pressure P and 
the total internal energy per unit volume (= U/V) would be given by 


P=Af(x) | (15.29) 
U 
vo Ag(x) (15.30) 
where 
Wee 
A = sazays © 6.02 1074612 .s aumits (15.31) 
yo a (322n,)!/3 1.195 x 107 '°n,/3c.g.s. units 
mc mc 
(15.32) 
f(x) = x(2x? — 3)(x? + 1)"? + 3sinh-! x (15.33) 
and 
g(x) = 8x3[ (x? + 1)1/? — 1] -fS() (15.34) 


Using (15.12) we obtain, for the density 
p=Bx* (15.35) 
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where 


3) 
B= 1("*) u'H 981 x 105p' (15.36) 
and all numerical values are in c.g.s. units. 
In the non-relativistic limit, x « 1 and we have the following asymptotic 
forms (see Section 6.3) 
f(x) $x" 


AG «1) (15.37) 


using which we readily obtain (15.15) and 


U 
ae (15.38) 
On the other hand, in the extreme relativistic limit, x>1 and the 


asymptotic forms are 


Vier 
ee (15.39) 
using which we obtain 
one 3P 
a (15.40) 
and x>I] 
B PPT 
p-! ~ hen,4!3 (15.41) 
If we now use (15.12) we get 
p 4/3 
p=K,(£) (x > 1) (15.42) 
where 
3n7)7/3 he 
K, a per? = 123 x10? gs es units (15.43) 


4 Hw 


Thus in the extreme relativistic limit (i.e, when the densities are very high) 
stellar matter can be assumed to form a degenerate gas if the pressure 
given by (15.42) is much greater than that given by (15.8), Le., when 


ee p 4/3 k 
= — |T 
(2) >o( 7) (15.44) 


and conversely. Rearranging we get 


14 k 3 
| 3 
p> rs (az) J6 (15.45a) 
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or, 
us 
p»3x sine al (15.45b) 
where p is measured in gcm ?. Once again assuming X = | and Y=O(ie., 
the only element present in the star is hydrogen) we get 
pe (ee 10°*")T? (15.46) 


In Fig. 15.1 the second section of the curve is the straight line defined by the 
equation 


log T = 6.8 + 4log p (15.47) 
which implies a slope of 4. 
15.1.3. The radiation pressure 

We end this section by noting that, in addition to the gas pressure, 


we also have the pressure due to radiation which plays an important role in 
some of the stars. The radiation pressure is given by (see (5.19)). 


P=4u=1aT* (15.48) 
where u represents the radiation energy per unit volume and 
a=7.57 x 1075 ergcem~3K~4 j (15.49) 


represents the radiation pressure constant. 


15.2 The equation of hydrostatic equilibrium 

We assume that a star is in hydrostatic equilibrium under its own 
gravitation, i.e. the inward directed gravitational force exactly balances the 
outward directed force due to the gas and radiation pressure. Since a star 
changes very slowly during most of its life, the assumption of hydrostatic 


Fig. 15.2. A star of radius R. The quantity dM(r) represents the mass 
of the spherical shell whose inner and outer radii are r and r + dr 
respectively. 


dM (r) 
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equilibrium is well justified. We will later show that using the basic equation 
of hydrostatic equilibrium and the equation of state, it is possible to obtain 
qualitative estimates of the pressure and temperature inside a star. 

We assume a spherically symmetric distribution of matter inside the star 
so that the density p(r) depends only on the spherical coordinate r (see Fig. 
15.2). Let dM(r) represent the mass of the spherical shell whose inner and 
outer radii are r and r + dr respectively. Since the volume of the spherical 
shell is 4nr?dr we have 


dM(r) = 4nr? p(r)dr (15.50) 
or 
OS deri) (15.51) 
dr 
Thus, if M(r) represents the mass enclosed inside a sphere of radius r then 
M(r)= famey = | 4nr? p(r)dr (15.52) 
107 
Obviously 
M(0)=0 and M(R)=M (15.53) 


where R represents the radius of the star and M represents its total mass. It 
should be pointed out that since M(r) is quite different from M, it is 
extremely important to write the r in parenthesis in writing M(r). 

We next consider the gravitational force acting on the spherical shell 
shown in Fig. 15.2. Obviously, the mass lying outside the shell does not 
contribute and the (magnitude of the) force due to the sphere of radius r 
would be given by 


GM(r)dM(r 

—— (15.54) 
where 

G 206.672 Xa” Siem? s~ Age | (15.55) 


represents the gravitational constant. The gravitational force will be 
directed inwards. Let dP(r) represent the increment in pressure over the 
distance dr: then for the star to be in (hydrostatic) equilibrium we must 
have’ 


" We may mention here that even a small imbalance in the hydrostatic 
equilibrium will cause catastrophe. Thus a 1°%% imbalance in the two forces 
would lead to a 1% change in the solar radius in about 15 minutes. We can 
easily show this by the following argument: consider the mass dM(r) shown 
in Fig. 15.2; if a fraction f of the gravitational force is left unbalanced then 
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—4nr*dP(r) = oa (15.56) 


or, 
dP GM(r) 


qa PP) (15.57) 


where we have used (15.50). Simple manipulation gives 


1d ( ,? =e __ GM) 


et = 24 LS 

Pdr \pr) OF r> dr npr) (15.58) 
where, in the last step, we have used (15.51). The above equation is one of the 
basic equations in understanding stellar structure and we will be using it 


throughout the chapter. 


153 Expressions for pressure and temperature inside a star 
In this section we will use (15.50)—-(15.58) to derive expressions for 
pressure and temperature inside a star. We rewrite (15.56) in the form 


dP G . dM) 


dr <a” dr (ine?) 


the mass dM(r) will be accelerated by d?r/dt? where 
d*r  GM(r) 


dt? r? 


Let r move to r + ar in time At, then assuming uniform acceleration 


or 


Qar? 3/2 
At -| | 
fGM(r) 


If we consider midway between the center and the surface then r = R/2 and 
roughly assuming M(R/2) = M/2 we obtain 


aR? 1/2 
At -| | 
2fGM 


If we apply the above formula to the Sun for which R = R, =7 x 10'°cm, 
M = M, =2 x 10° then for fx 0.01 and « = 0.01 we obtain At  10°s = 15 
minutes implying that a 1% departure from hydrostatic equilibrium would 
result in a 1% change in the solar radius in 15 min. Notice that for fx 0.01 
and a +0.1, At x1 hrie., in 1 hour the solar radius would change by 10%! 
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and integrate from r=0 to r= R to obtain 


R P(r) _ G (® M(r)dM(r) 
-[ FO) r= (PR) Plage | eg 


where 
P.=Pr—v) (15.60) 


represents the pressure at the center of the star. Since the pressure at the 
surface of the star is zero, i.e., 


Pl) (15.61) 
we obtain 
pee Me ae Da (15.62) 
dn 
Let 
e M(r) 
= 15.63 
p(r) (4n/3)r (15.63) 
represent the mean density within r. Thus we may write 
3 1/3 M(r) 1/3 
== | ae 15.64 
a ptr) ees 
and if we use the above equation in (15.62) we would obtain 
G 
nAE(F) [orem ea, (15.65) 


We next derive an expression for the mean temperature of the star. Now, 
if we divide a mass into a large number of parts of mass dm,,dm),... having 


temperatures T,, T,,... then the mean temperature of the body T is defined 
as 


T=- (15.66) 
Y'dm; 


Thus for a continuously distributed temperature, we have 
sill 
= | TINdM(Y) (15.67) 


In order to evaluate the above integral we need to know the equation of 
state. We assume the radiation pressure (see 15.48) to be negligible and the 


15.3. Pressure and temperature inside a star Pad | 


gas kinetic pressure to be given by the perfect gas law (see 15.8): 


P(r) = pT (15.68) 
Thus 
= | pH (*® P(r) dM(r) 
ay a area (15.69) 
Or 
R 
ras { P(ryr2dr : (15.70) 


where in the last step we have used (15.51). We integrate by parts to obtain: 


t 4nyH 3 dP(r) 
= ae | srPen| -3[7 ae er | 


Mk 
The first term inside the square brackets vanishes at both limits. If we now 
use (15.59) we would get 


ie | 


eo HG — 

TS eae M(r) (15.71) 
We now use (15.64) to obtain 

. bPHG/4n ; gad ) 

= aes i ae [atr)]'? (M(r) 1?" ——-dr (13372) 


We also define the mean pressure from the following equation (cf. (15.67)): 


— , 


P =a | Pade — al, P(r”) (15.73) 


We integrate by parts to obtain 
{= dP(r) Moar | 
0 


= = 


P= Pe be 


Mir)d 
aa aia 


wee =" Ceneucot Zi0Te 


where in the last two steps we have used (15.59) and (15.63). We rewrite the 
expressions for P., P and T: 


ee (F 4) ar [ayy M- 19) ar (15.74) 
Tl 
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sy eG, 4n 4/35 (ie eae dM(r) 15.75 
and 

. wHG/4n sce dM(r) 

T= aes 3 id a Lp) OME dr (15.76) 


where the expression for T assumes the perfect gas law. 


15.4 Numerical estimates of P., P and T by assuming uniform density 
inside the star 
In order to obtain an order of magnitude estimate of the pressure 
and temperature inside the star we assume that (r) is independent of r and 
is given by 


M 


AY) = 0 = Gays (15.77) 


In each of the three equations (15.74)-(15.76), p(r) can therefore be taken 
outside the integral and in each case we are left with an integral of the form 


R 
\ EM (ry Tees ae 
0 dr 
which can easily be evaluated: 
x dM(r) S54 he 
M(r) ]? dp ptit = 15.78 
it Deas = (pes) eon 


Equations (15.72)-(15.74) thus become 


3 GM? = 
A ee ees : —o 
P. an Re x 10 (i =) ( . ) atmospheres (15.79) 
.. 3 GM M R 
Px ——_ 5. a ae 
on Rt 30 x 10 Gai (4 i, atmospheres (15.80) 
and 
-~ lypHGM M \(R 
T= aa 6 O 
ck OR 4.61 x 10 Gr R )K (15.81) 


where R,(~ 6.960 x 10'°cm) and M_(~ 1.989 x 10°°g) represent the 
radius and mass of the Sun. Thus, inside the Sun, the average temperature is 
about 10’K. It is because of such high temperatures that nuclear reactions 
can be sustained inside the Sun. We may mention here that although (15.81) 
does give the right order for T, the value of P, as given by (15.79) is much 
smaller than that obtained from more sophisticated models. This is because 


15.5. Some useful theorems 273 


of the neglect of density variation in deriving (15.79) (see Section 15.10 for a 
better model describing the Sun). 


155 Some useful theorems 
If we do not assume uniform density inside the star (i.e., 15.75) it is 
possible to derive some important theorems which can be used to obtain 
upper and lower bounds for pressure and temperature inside the star. 
We refer to (15.62) and note that in the domain of integration r < R and 
therefore we get the following lower bound for P,: 


G. {* dM(r) 
P.> ya \, Mar 


or 
G M2 
1 Ba = anaes 82 
Pe Ree (15.82) 
which may be rewritten in the form 
IM \ PR \* 
P, > 0.442 x 10°(s-} (42) atmospheres (15.83) 
ee R 


We can get a more stringent inequality if we make the realistic 
assumption that the density does not increase outside, i.e., 


PSp"<p, (15.84) 


where p, represents the density at the center of the star, A(r) represents the 
mean density within r (see 15.63) and represents the mean density of the 
star (see 15.77). Using (15.77) and (15.84) we can write 


M fee \e 
p= 1ai(s)( 42) gem? (15.85) 
M,/\R 


Thus for Sun p, > 1.41 gem ° and for Sirius B p, > 1.49gcm7?. 
We use (15.84) in (15.74) to obtain 


‘ 4/3 
a(S) oa < P. < a(¥) p43 M23 


4n\ 3 3 
or 
2 1/3 
a oe <P. <i6(S) pe? Mee (15.86) 
Tt 


where in the last step we have used (15.77). Thus we get a more stringent 
inequality (cf. 15.83) 


2 2 R 4 
P= roe 1.326% 10°( | (42) atmospheres (15.87) 
ne 0) 


274 Applications of equations of state in astrophysics 


the equality sign holding for a homogeneous star. Similarly, we have the 
following inequalities for the average pressure and average temperature: 


_ 3 GM? M \2/R..\4 
Pe ~ 5.4 x 108( ——] | —2] atmospheres (15.88 
20 R* (=) (% ) a ee 
_ 1pHGM M\(R 
a alg x 10S on 15.89 
tae R 2 o()(42) (ia) 


Once again the equality sign holds for a homogeneous star (see (15,79)= 
(15.81)). 


15.6 The gravitational potential energy and the virial theorem 

In this section we will first calculate the gravitational potential 
energy associated with a star and will also derive the virial theorem and 
show how it can be used to understand the evolution of a star. 


15.6.1. The gravitational potential energy 
We will assume the zero of the potential energy of the star to 
correspond to the state when the entire mass of the star is diffused at infinity. 
We consider the gradual building up of the star and assume that we have 
already built up to radius r. The additional work done to increase the radius 
by dr would be given by 
“dé GM(r)dM(r) 


— GM(r)dM(r) z= : 


Thus the total gravitational potential energy of the star is given by 


R GM(r)dM 
0 -| SEA (15.90) 
m r 
or 
R 
oF ~4n6 | rM(r)p(r)dr (15.91) 
0 


where we have used (15.50). If we now use (15.57) we would obtain 


R P(r) 
Qea4 2 
x aR rar (15.92) 


We integrate by parts to get 


Q= tn) Por 


== [Pav (15.93) 
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where we have used (15.61) and dV = 4zr7dr represents the volume element. 
Now, if the pressure is entirely due to thermal motions then kinetic theory 
tells us that 


P=2e,;, (15.94) 


where é,;, represents the translational kinetic energy per unit volume. 
Substituting in (15.93) we get 


Q=—2K (15.95) 


where K represents the total kinetic energy of the star. We will also derive 
the above equation from the virial theorem and then discuss its conse- 
quences; however, before doing so we may mention that for a star of 
uniform density 


M 
pa p= (4n/3)R? (15.96) 


and (15.91) becomes 


RT 4 
a= an | oe [par 
eae 


(15.97) 


Although the above equation is strictly valid only for a star of uniform 
density, it does give the correct order for Q for an actual star (cf. (15.202)). 


15.6.2. The virial theorem’ 

We consider a system of N particles. Let (x,, y,,2;) represent the 
(instantaneous) Cartesian coordinates of the ith particle (i = 1, 2, 3,...,N) 
and let X;, Y, and Z; represent the Cartesian components of the force (F;) 
acting on it. Thus the equations of motion for the ith particle are 


2 
ae =e (15.98) 
2 . 
mot = Y, (15.99) 
and 
2 
ts (15.100) 


* The theorem was first given by Poincaré (see, e.g., Jeans 1928). 
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1 d? Age d fogs dx; 
Debit me = Gal ae 
z 
=m{ St) + xX (15.101) 
dt 
where we have used (15.98). Thus 


1d? . 
re + y?+2,7)] 


zie () +(Gr) “(@) | 


a HE. ¢ + y,¥,+2,Z;] 


Now 


or 
dey 
2 dt? 


: 2 dy; 2 dz; 2 
Ke ram] (Se) +() +(S) | (15.103) 


represents the total kinetic energy of the system and 


=2K + DFyr; (15.102) 


where 


i Yim (x? + y;? +z;7) =Vimyr? (15.104) 


represents the moment of inertia of the system about the origin of the 
coordinate system. For a system in a steady state’, we may set d*//dt? equal 
to zero so that (15.102) takes the form 


2K+W=0 (15.105) 
where 


W=>F;1, (15.106) 


is known as the virial of the system. Equation (15.105) is usually referred to 
as the virial theorem.' If we assume that only gravitational forces are acting 


* For quasi steady state conditions (e.g., a star with turbulent motions) we 
may take a time average of (15.102) and set the left hand side equal to zero. 
Thus (15.105) will still be valid provided the quantities are taken as 
appropriate time averages (see, Goldstein 1950, Section 3.4). 


* The relativistic generalization of the virial theorem has been discussed by Cox 
and Giuli (1968a) Section 17.2. 
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on particles then 


5 (r,—r,) (15.107) 


where the summation is over all possible values of j excepting j =i. Thus 


W = a 


ae mea r-(t;—¥,) (15.108) 


In the above summation if we — the indices i and j we would get 
i Paz a meee r;-(r;—¥;) (15.109) 


Thus we may write 


G mm 


W= see > 1 (r,—¥,)-(t;—1)) 


re 
Diva 


G mm, 
i t J 
jFi 


The above expression is simply Q, where Q represents the total gravit- 
ational potential energy of the system; this follows from the fact that the 
potential energy of the particle of mass m; due to m, is 


Gmm, 
Ir; —r,| 


and the factor (4) in (15.110) takes care of the fact that in carrying out the 
double summation, each pair has been counted twice. Thus the virial is 
given by! 


Waa (TST) 
and (105) becomes? 


' The gravitational force obeys the inverse square law. For forces varying as 
r’, W= —(v + 1)Q (see, e.g., Goldstein 1950, Section 3.4); thus, for y= — 2 
we immediately get (15.111). 

We must point out that (15.112) is consistent with (9.103). This is due to 

the fact that the pressure at the boundary of the star is zero. Indeed, if we 
consider a perfect gas consisting of non-interacting particles (enclosed in a 
spherical chamber) then the force is due to the surface only and it can easily 
be shown that W= — 3PV (see Section 9.4). If we substitute this in (15.105) 
and use the fact that for a perfect gas K = 3NkT, we would immediately 

get the perfect gas law PV= NkT. 


++ 
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2K +Q=0 (15.112) 


Now, if we consider a small mass dm of a perfect gas (consisting of dN 
particles) then the kinetic energy associated with it would be given by 


aK =3k TAN =3RT™ (15.113) 


where yp represents the mean molecular weight (see 15.9). Since c, —c, = R, 
we may write 


oo i (15.114) 
m 


dK = 3(y— 1) 


where y = c,/c, represents the ratio of specific heats. Now, c,T/p represents 
the internal energy per unit mass; thus 


dK =3(y—1)dU (15.115) 
For the whole system we would have 
K =3(y—1)U (15.116) 


It may be noted that for an ideal monatomic gas, y=3, and K =U 
(obviously!). 
Substituting (15.116) in (15.112) we would have 


1 
= eee : 
CesT (15.117) 


The total energy of the system would therefore be given by 


_4 
E=U+9="—9 (15.118) 
The above equation shows that for y > 4, E is negative and therefore the star 
is stable. We must remember that Q is a negative quantity (see (15.97)). 
It is interesting to note that since Q ~ — GM?/R (see (15.97)), as the star 
contracts 2 becomes more negative and the change in total energy would be 


AQ (15.119) 


Since AQ is negative, AE would also be negative and the amount — AE is 
radiated away. Further, (15.117) tells us that 


i 
AOS ~—=_ AG 
39 <1) (15.120) 
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is positive, which is responsible for the increase in temperature of the star. 
Thus, as the star contracts, its internal energy increases and it gets hotter 
and at the same time it radiates energy! Physically, this is due to the fact that 
the loss in the potential energy is greater than the increase in its internal 
energy and the difference is radiated away. For example, for y =? 


AU = —4AQ (154221) 


ie., only half of the decrease in the potential energy is used up in increasing 
its internal energy. 


15.7 Qualitative understanding of the evolution of a star 

Overall energy conservation and hydrostatic equilibrium deter- 
mine the evolution of a star. We start with the relation which gives the 
dependence of the average temperature on the mass and radius of the star 
(see 15.81) 


Pe ow A6l “ 10°u( ae) K (15.122) 
Although the above equation is strictly valid only for a star of uniform 
density, it does give the correct order for T for an actual star. Of course, in 
deriving (15.122) we have neglected the radiation pressure, which is justified 
for the Sun and for stars whose mass is less then 3-4M,, (see Section 
15.8). 

Now, during the formation of the star, R is large and therefore T is small. 
Because of gravitational attraction, the star contracts, R becomes smaller 
and (according to 15.122) the average temperature increases. The more it 
contracts, the hotter it gets. Eventually, the temperatures become high 
enough for thermonuclear reactions to occur, and in the steady state the gas 
(and the radiation) pressure support the star, the energy radiated out is 
supplied from thermonuclear reactions and no further gravitational 
contraction occurs. This steady state is of course temporary because when 
the nuclear fuel (capable of causing thermonuclear reactions) becomes 
depleted the star starts to contract again and the gravitational potential 
energy appears in the form of thermal energy. Thus the star will keep on 
contracting and thereby increasing its central density and temperature. 
This process of contraction cannot continue indefinitely because when the 
density of the star becomes high enough, the electrons supply the necessary 
pressure to support the star. 

We may mention here that one of the important thermonuclear reactions 
is the transformation of four protons to two helium nuclei: 
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1 1 ee 

,H' + ,H'>,H’+e aes (15.123) 
,H? + ,H? > ,He* + + 5.49 MeV 


»He? + He? > ,He* + ,H’ + ,H* + 12.86 MeV 


The reaction thus releases about 26.2 MeV of energy. If we consider a mass 
of pure hydrogen at T = 5 x 10°K having a density of 100 g/cm” * then the 
rate of energy release can be shown to be about 0.2ergg”'s”*. At T= 
15 x 10°K and 30 x 10°K the rate of energy release will be about 50 and 
500ergg ‘4s! respectively (For further details, the reader may refer to 
Aller (1954), Reeves (1965) etc.; the last reference also gives details of many 
other types of thermonuclear reactions which occur inside the star). 

Although the main source of energy in most stars is thermonuclear 
reaction, it is possible that the temperature inside the stars may not become 
high enough ( = 10’ K) for thermonuclear reactions to occur. This is due to 
the fact that as the star undergoes contraction, the electron density may 
become high enough to form a degenerate gas. We will show below that 
when this happens the temperature attains a maximum value (T,,,,) and 
then starts decreasing again. Only if T,,,, is high enough, will thermonu- 
clear reactions occur, otherwise the star will (eventually) ‘cool-off’ without 
thermonuclear reactions. 

We have seen in Chapter 6 that for the electron gas to be degenerate we 
must have 


mel (15.124) 
or 
on 
i al enero (15.125) 


Now, the pressure due to the electron gas (assumed to be completely 
degenerate) is given by (see (6.29)) 


24 


h 
P3123 5/3 
(32°) on (15.126) 


which should also be taken into account in calculating the pressure (see 
(15.68)). For the sake of simplicity we assume only hydrogen to be present in 
the star so that the total pressure is given by’ 


h2 
P(r) = n,(r)kT + (317)79 an? (0) (15.127) 


' The first term on the right hand side of (15.127) is consistent with the tight hand 
side of (15.68) if we consider only the proton gas. 
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where n,(r) and n,(r) represent the proton density and electron density 
respectively — we are assuming the protons form a non-degenerate gas and 
the electrons form a degenerate gas. Thus (cf. (15.73)) 


oP <4 {’ P(r) dM(r) dr — anya [" n5!3(r) dM(r) ir 


o N,(r) dr 5m Jo n,(r) dr 


(15.128) 


Since we are interested in an order of magnitude calculation, we assume the 
density to be constant (1.¢., n, and n, to be independent of r) and if we now 
use the method used in Section 15.3 we would get 


ge EM gee (15.129) 
Sm n, 


Let N represent the total number of protons present in the star which 
would be equal to the total number of electrons present. Thus 


N 1 
NeXT <4 /3)R> (15.130) 
where 
Sealy 
In| Oe | (15.131) 


represents the average distance between protons (or electrons), alterna- 
tively, we may associate a volume /° with each proton (or electron). 
Thus ; 

~ 1 HG(NH)  (3n7)?/> h? 


pee a Se 15.132 
aes] | Salt ( ) 


where we have used the relation 


M=NH (15.133) 
Equation (15.132) may be written in the form 
N \7? hic h? 
T z= 0.32{ — —— 1.91—, 15.134 
kT 03o(*) j 1.9 val? ( ) 


where 


he 74 
No=| aa | 


HDs ees ee a 
“| aera io xe ~ 10 (15.135) 
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A qualitative plot of kT with | is shown in Fig. 15.3. It is seen that as the star 
contracts (i.e., as / decreases from 00), kT first increases, attains a maximum 
value and then decreases again. The maximum value of kT can easily be 
calculated by elementary differentiation of (15.134): 


d(kT) IN \2 he’ 3.R2Ke 
——— x — 0.32} —} =+— 15.136 
di o22(*) 2 me — 
Setting the above expression to zero would give 
wale 
nly 12=-( | (154137) 
mc \ No 


Substituting | = /, in (15.134) we get the maximum value of kT: 


” Not? 
Pe oy eae 
(KT) nax © 0.013 mc (3 ) 


0 
N 4/3 
~6.5 x 10°( +) (eV) (15.138) 
0 


where we have used the fact that mc? ~ 0.5 MeV. Now for thermonuclear 
reactions to occur T 2 10’K implying kT 20.8 x 10% eV. Thus for ther- 
monuclear reactions to occur we must have 


af = 1 
No ~ 10 (15.139) 
It is interesting to note that the number of protons in the Sun, No, is 


approximately given by 


Mop 210% 
mM» 


N ~ SU ae ee ee 
° 1.67 x 10-248 


~ 10°” (15.140) 


Fig. 15.3. A qualitative plot of kT as a function of | which represents 
the average distance between two protons. 
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Thus Ny ~ N,, and therefore, according to (15.139) we have the remarkable 
result that there cannot be any star whose mass is less than (about) 1/10th of 
that of the Sun — which is indeed consistent with observations. Figure 15.3 
also shows that the star will eventually contract to a minimum radius for 
which T=0 and /=1,,,, ~3lo. Since |1<I,,;, corresponds to negative 
temperatures, smaller radii are physically impossible. While the star is 
cooling from T = T,,,, to T =0 it radiates a lot in a relatively shorter 
interval of time. During this stage the stars are called white dwarfs (see 
Section 15.11). 


15.8 The contribution due to radiation pressure 
Until now we have neglected radiation pressure. In this section we 
will show that for most stars the radiation pressure makes a negligible 
contribution to the total pressure. 
The radiation pressure is given by (5.19): 


=4aT* (15.141) 
where 
nm? k* 
4 15 (ho 


mistx 10 *dynecm *K~* 
is known as the radiation pressure constant. As an example, we consider the 
centre of the Sun where T ~ 2 x 10’ K so that 
P,, ~ 4 x 10'* dynecm ~? 
= 4 x 10° atmospheres (15.142) 


where the additional subscript c implies that we are referring to the center of 
the star. Now, the gas kinetic pressure is given by 


Pes eT (15.143) 
Thus 
k 
Pee Pane 
-16 
pe I 75 7 x 10" aaa imeem 
0.5 x 1.67 x 10° 74 
= 2.5 x 10*! atmospheres (15.144) 


where p, represents the density at the center of the Sun which we have 
assumed to be 76 gcm ~? (value taken from Appendix III of Chandrasekhar 
(1939): see also Section 15.10). If we compare (15.142) and (1 5.144) we find 
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that at the center of the Sun the radiation pressure is negligible in 


comparison to the gas kinetic pressure. 
In general, it is customary to introduce a parameter f defined as the 
fraction of the total pressure which is due to the gas 


8 (15.145) 


where P( = P, + P,) represents the total pressure. Thus 


ge 


“aaa (15.146) 


=p 


represents the fraction of the total pressure that is due to radiation. 
Dividing (15.145) by (15.146) we obtain 


ap (15.147) 


In the above equation we substitute for P, and P, from (15.143) and (15.141) 
to obtain 


k B 1 4 
a i =o (15.148) 
or 
3k 1-p |? 
if =| = 1/3 
Ewa | p (15.149) 
Now 
Pap ae 15.150 
pis Bon? (15.150) 
or 
3 EMA —=prre 
Pees 4/3 
‘| (5) B p (5151) 
Thus if P, represents the total pressure at the center of the star then 
3/ k Fase 
P= ¢ 4/3 
c (4) BS | Pe (15.052) 
Now, according to (15.86) 
Lise er é' 
P. < (F) Gp. ne? (13)153) 


1—B. 1 4na/pH\* 
Se jis 3af2 
pe Poe) OM 
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— x 7.57 x 10715 x «| 


1.67 x 107 24 ip 
Sj 


hs hs | a 


ee 


PA 
x (6.668 x 10~8)3(1.99 x 1033)? x w“(e) 
My 


M 2 
< 00332] 2 | (15.154) 
S) 
We define B* such that 
1 M |}? 
je =00332| 17 M | (15.155) 
O} 


For a given value of (1 — *) it is easy to calculate u?7M/M, - see 
Table 15.3. Since the function (1 — f)/8* monotonically decreases as B 
increases from 0 to 1 we have 


1—f,.<1-—p* (15.156) 


As an example, we consider the Sun. Assuming p ~ 0.5 we get 


M 
2—_ = 0.25 Se S7 
Lu M. ( ) 
Thus (1 — B*) ~ 0.002 implying that only 0.2% of the total pressure is due to 
radiation which is consistent with (15.142) and (15.144). For Capella, 


Table 15.3. Values -of u?(M/M,) 
for different values of (1 — B*) 
using (15.155) 


I —= fof Ve — 

0.001 0.174 
0.002 0.246 
0.003 0.302 
0.005 0392 
0.01 0.560 
0.02 0.808 
0.03 1.010 
0.05 1.360 
0.1 2.143 
0.2 3.835 
0.5 Pore 


1.0 20 
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M ~4.2M, and assuming p ~ 0.5 we get 


joe (15.158) 


Mo 
and (1 — B*) x 0.03 implying that only 3% of the total pressure is due to 
radiation.’ 

Table 15.3 indicates that the radiation pressure becomes more and more 
important as the mass of the star increases. Indeed for M/M, 2 50 the 
radiation pressure is so large that the star becomes unstable resulting in 
expansion and scattering itself in space. This also follows from the virial 
theorem because as the radiation pressure starts dominating, the effective 
ratio of specific heats, y, tends to $ (see Section 5.3) and therefore the total 
energy (15.118) tends to zero. 


15.9 The polytropic model 

In this section we will make a study of the equilibrium configur- 
ation of a star with the assumption that the pressure—density relationship is 
given by 


P(r) = K[p(r)]***" (15.159) 


The above equation describes what is known as the polytropic model, the 
parameters n (known as the polytropic index) and K are assumed to be 
constants throughout the star. Although the above relation is somewhat of 
an idealization, nevertheless the model does provide considerable insight 
into the structure of actual stars.* For example, for a radially independent 
entropy, (15.159) does represent the correct equation of state for an ideal 
gas; n = 3 (y = 3) corresponding to a monatomic gas, n = 3 (y = 2) corre- 
sponding to a diatomic gas etc. Another important example is the so-called 
‘standard model’ (introduced by Eddington) in which the quantities » and 
(1 — B) (see (15.151)) are assumed to be constants throughout the star; thus 
the pressure—density relationship (see (15.151)) is indeed of the form given 
by (15.159) with 


7 VBC. ti Sa 
n=3 and x-|3(4) “at | (15.160) 


* We may mention here that the effect of degeneracy is to lower the value of 
1 — f*, thus the radiation pressure is expected to have less effect in degenerate 
stars (see, for example, Cox and Giuli (1968a), Chapter 11). 

* For more sophisticated models of stellar configurations, we refer the reader to 
such books as Aller and McLaughlin (1965), Chandrasekhar (1939), Cox and 
Giuli (1968b), Menzel, Bhatnagar and Sen (1963), Schwarzschild (1958), etc. 
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The ‘standard model’ has played a very important role in the understanding 
of stellar structure. We may also mention that the pressure—density 
relationships corresponding to a completely degenerate electron gas in the 
non-relativistic and extreme relativistic limit (see (15.15) and (15.42)) are 
also of the form given by (15.159) with n = 3 and n = 3 respectively. 

In order to obtain the stellar configuration, we start with the condition of 
hydrostatic equilibrium (15.58) 


lad lieder) 

=—| — = —4nG 15.161 

r dr E dr | Ont) ( ) 
We introduce a dimensionless variable 6 defined by the following equation 

p(r) = p.6"(r) (15.162) 


where p, (= p(r = 0)) represents the density at the centre of the star. Using 
(15.162), (15.159) becomes 


P(r) = K[p.1* /"6n* 1] (15.163) 

Substituting (15.162) and (15.163) in (15.161) we get 
Zz 

Jo] Kp tt tnens 1” | = - anGp orn 

r? dr| p.@" 
or 

(n+ 1)K ae 1d| ,d6r) 

—__— p,°" —- =-—(f" 15.164 

| aaa rdr|" dr ") ee 


In order to simplify the above equation, we introduce the dimensionless 
variable 


E=r/a (15.165) 
where we choose 
| a pint] (15.166) 
7 F 
Thus (15.164) becomes 
Ne aad, : 15.167 
zal é | — (6) (15.167) 


which is known as the ‘Lane-Emden equation of index n’. Using (15.162) 
and the fact that p, represents the density at the centre of the star (r = 0), we 
get 


()=1 at ¢=0 (15.168) 
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Furthermore, if we write (15.167) as 


d76 dé 
—,~+2—=-—é0" 15.169 
we get (for well behaved solutions) 
dé 
= = Pay 
dz 0 at €=0 (15.170) 


Equations (15.168) and (15.170) represent the boundary conditions which 
should be satisfied by the solution of the Lane-Emden equation. Analytical 
solutions can be obtained for n = 0, 3 and 5. For example, for n = 0, (15.167) 
takes the form 


d | 2 480(S) | _ 
fe] 


where the subscript zero implies that we are considering the case n= 0. 
Simple integration gives 


where the constant of integration C, would vanish because of (15.170). 
Division by €? and subsequent integration gives 
é2 
Ao(Z) = 1 are (15.171) 
where the boundary condition given by (15.168) has been incorporated. We 
may mention here that the case n = 0 corresponds to the uniform density 
model for which (cf. Section 15.4)' 


fs . ee a (15.172) 
For n= 1, we have 
a| ae |[+eaw=0 (15-173) 
The transformation 0,(&) = u,()/é readily gives 
d7u, 
mee (15.174) 


" Notice that for n =0, the right hand side of (15.159) becomes indeterminate. 
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the general solution of which is given by 


u,(€)=C, sing + C,cosé 


Thus 
sin cos 
6,(0)=C, + C, : 
¢ ¢ 
The boundary condition given by (15.168) gives C, = 0 and C, = 1 giving 
= | (15.175) 


the other boundary condition being automatically satisfied. For n=5 the 
procedure is rather involved (see, e.g., Chandrasekhar 1939, Chapter IV), 
the final result is 


6.(€)=(1+45¢7]-'” (15.176) 


which can easily be verified by direct substitution. In general, for an 
arbitrary value of n, one has to carry out numerical integration of the 
differential equation. One may also develop a power series solution of the 
form (Hayashi, Hoshi and Sugimoto 1962) 


_n(8n—$) 
42 x 360 


n 


4 ee 
Ady=1— eo" + a55 


&4 Gedney. (15.177) 


For n=1.5 and n=3, the function 6,(€) (together with its derivatives) 
have been tabulated by Cox and Giuli (1968b) Appendix A5. For n= 1, 
1.5, 2, 2.5, 3, 3.5, 4, 4.5 and 5 the function 6,(¢) together with its derivatives 
are tabulated in Mathematical Tables Vol. II (British Association for the 
Advancement of Science). 

Once the solution of the Lane-Emden equation is known it 1s possible 
to determine some of the important properties of the star, these are 
discussed below. 


(a) Radius 
Let €, represent the first zero of 0,(¢). Since 6 = 0 implies p = 0 (see (15.162)), 
é=€, would correspond to the radius of the star. Thus 


Us 
R=aé, -|"ae | pam: (15.178) 


It can easily be seen from (15.172), (15.175) and (15.176) that for n=0, 1 
and 5, €, =,/6, 2 and oo respectively. Values of ¢, for other values of n 
are given in Table 15.4. It may be noted that for n = 1, €, = and (15.178) 
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becomes 


R(n= d=| aa) * (15.179) 


independent of p,. The case n= 5 (for which €, = 00) corresponds to an 
infinite radius of the star (although the total mass is finite — see (15.184)). 
For n> 5, 6(é) never attains zero value, thus they do not correspond to 
any stars. We should mention that the case n = 0 cannot be discussed as 
the right hand side of (15.178) becomes indeterminate. 


(b) Mass 
The mass of the star, enclosed inside a sphere of radius r, is given by (15.52) 
M(r) | 4nr? p(r)dr 
0 
Thus ; 
M(é) = 42a? \ C*p(o)dé 
0 


= —4na®p, | ore (using (15.162)) 
0 
= —4nap, |S a? oe Jac (using (15.167)) 
Table 15.4. Values of €, and (d0,/d¢),-<, 


for typical values of the 
polytropic index n 


i. 
d¢ caioe 


0 2.4494 — 0.816 53 

0.5 2.7528 — 0.499 76 

1.0 3.141 59 — 0.318 31 

he) 3.653 75 — 0.203 30 

2.0 4.35287 — 0.127 25 

25 5.355 28 — 7.626 48 x 107? 
3.0 6.896 85 — 4.24298 x 107? 
35 9.535 81 — 2.079 10 x 107? 
4.0 14.971 55 — 7.15294 x 10-3 
45 31.836 46 — 6.05082 x 107° 
5.0 (oe) 0 


Table adapted from Chandrasekhar (1939). 


* The quantity €,7(d6,/d¢),_., tends to the finite 
limit 1.73205. 
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or 
dé 

M(é) = tna?p| co | (15.180) 

Substituting for « from (15.166) we get 
_ (n+ I)K = 3/2n-1/2 2 da(¢) 

M(e)=4n] 4nG | Pc Tae ie (15.181) 

The total mass of the star is therefore given by 
(ee IS Jee 3/2n— 1/2 2 d8(¢) 
= “ 15.182 
M an = lie. -e Se | 5182) 


It may be noted that for n = 3, M is independent of p, and using the values 
given in Table 15.4 we get 


Ve 3/2 
M(n = 3) x 25:36 7 | (15.183) 


Furthermore, for n=5 we have €, = oo and 


im eke | lim n| ae “(1 Hey? | 
ae 0 


=e (0-50) 


é> 0 


3 


Thus 
3K Pp? 
Min=5)=4,/301 | peo (15.184) 


showing a finite mass for the star in spite of the fact that its radius is infinite. 


(c) The mass—radius relationship 
If we eliminate p, from (15.178) and (15.182) we would get 


Stn 
Mir ningomnin a - meal (15.185) 
Tl ch 5) 


For a given value of n, the quantity inside the square brackets has a well 
defined value. Thus assuming a value of n and knowing M and R (15.185) 
can be used to determine K. 


(d) The central density 
In terms of the variable ¢, the mean density within r (see (15.63)) is given 
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by 
M 
ae) “ae (15.186) 
Using (15.180) we get 
ech sn 
Or 
-1 
| -2(2) | (15.188) 
1 e1 
where 
5 a ae (15.189) 


(4n/3)R> (4n/3)0363 


represents the mean density of the star. Using the values given in Table 
15.4 we can easily calculate p,/p; for example, for n = 3 (which is approxi- 
mately applicable to the Sun — see Section 15.10) we have p,/p ~ 54.18. 
It may be noted that for n =0, (15.187) becomes 


340, 17! 
fe =| 35 | =i (15.190) 


where we have used (15.171). Thus the case n=0 corresponds to the 
uniform density model. 


(e) The central pressure 
Using (15.159) we get 


P,=Kp,i*1" (15.191) 


If we now substitute for K and p, from (15.185) and (15.188) respectively, we 
would get 


W,,= | ann n(Se) & | 


and use has been made of (15.189). For a given value of n, the value of 
P, can easily be calculated by using Table 15.4. For example, for n = 3, 
M=M, and R=R, we get 


where 


P, = 1.24 x 1017 dynecm~? 
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We should mention that for n=0, if we use (15.171) and the fact that 
€,=./6, we would obtain W)=32 making (15.192) consistent with 
(15.79). 


(f) The gravitational potential energy 
The total gravitational potential energy is given by (see (15.90)) 


eg i GM(r)dM(r) 


0 r 


5 ‘) dM(r) 
= -6|) A = |a 


R 1 R M?(r) 
+5 pe er| 


GM? 1 (2 


— 


erage (15.193) 


where V(r) represents the gravitational potential and is given by 
dV(r) GM(r) 
dr 


Forr > R, M(r) = M = constant, thus integrating the above equation (from 
r to oc) we get 


(15.194) 


V(r)= = (r>R) (15.195) 


where we have assumed that V(co) = 0. We next write down the condition 
for hydrostatic equilibrium (15.57) 


dP GM 

- =o) (15.196) 
or 

1 dP) dV) 

p(r) dr aed dr - (15.197) 
Now, 

d[ P(r) }]_ 1 dP(r) Ptr) det) a, 

dr{ p(r) | p(r) dr p*(r)_ dr 
But 

d P(r) _ dq 1/n ‘ 1 1 

iam) cans Geka) 


K ear) 
= > Lat)" : a 
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or 
ng [70 |= Piryedate) (15.199) 
dr| p(r) | p2(r) dr 
Substituting in (15.198) we get 
Pdr da P(r) _ V(r) 15.200 
p(r) dr =n | 2) dr (ee 


where in the last step we have made use of (15.197). Thus (15.193) becomes 
2 R 
O= GM a) d P(r) Minar 
o dr} p(r 


2R 2 ) 

GM2 (n+1)[ P(r) R P(r) dM(r) | 
2 DR a ps Paco { p(r) dr es 
GM? (n+1) 
ae 


R 
| P(n)4nr? dr (15.201) 
(¢) 


where we have used (15.51). If we now use (15.93) we would get 


GM2 (n+ 1)Q 
Q= 
nm % 


or 
3 GM? 
S—n R 


C= 


(15.202) 


(g) The internal energy 
If we neglect radiation pressure then we can use (15.117) to calculate the 
internal energy of the star: 


I 1 GM? 


3y-1) (y—-1)G—n) 2R 


(15.203) 


Further, if we assume convective adiabatic equilibrium (see Chandrasekhar 
(1939) for details) then the exponent of p in (15.159) will be the ratio of 
specific heats y so that 


i 
l+—-=7 (15.204) 


15.10 The standard model 
The ‘standard model’ was introduced by Eddington and according 


to the model, the pressure—density relationship is assumed to be given by 
(see (15.151)) 
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P=Kp*3 (15.205) 


3/ k \41—p yp 
K=|2(5) = | (15.206) 


The parameters (1 — £) and y (and therefore K) are assumed to be constants 
throughout the star. We may mention here that the standard model has 
several shortcomings, nevertheless it has played a very important role in 
the early understanding of stellar structure and it does approximate to 
most stellar models in temperature and density variations — for a detailed 
discussion on the standard model see, e.g., Chandrasekhar (1939), Cox 
and Giuli (1968b) and other similar books. 

If we compare (15.205) with (15.159) we find that the star configuration 
will correspond to the Lane—Emden polytrope of index n = 3. Thus the 
formulae derived in the previous section can be readily applied. Because 
of the importance of the standard model we have tabulated 6,(¢) and 
6,'(€) in Table 15.5; a more detailed table can be found in Cox and Giuli 
(1968b). We first note that 


where 


Table 15.5. Solution of the Lane—Emden 
equation of index 3 


¢ 93(¢) 93'(¢) 

0.0 1.000 00 — 0.000 00 
0.5 0.959 83 — 0.154 84 
1.0 0.85505 25213 
15 0.719 50 — 0.27991 
2.0 0.582 85 — 0.261 49 
2.5 0.461 13 — 0.223 97 
3.0 0.359 23 — 0.18405 
35 0.276 26 — 0.148 85 
4.0 0.209 28 — 0.12017 
4.5 0.15507 — 0.097 62 
5.0 0.11082 — 0.080 13 
5.5 0.074 28 — 0.066 58 
6.0 0.043 74 — 0.056 04 
6.5 0.017 87 — 0.047 77 
6.896 848 6 0.000 00 — 0.042 43 


Note: Table adapted from Cox and Giuli 
(1968b), originally obtained from the British 
Association for the Advancement of Science. 
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E (n= 3) = 6.897 
dO, 
dé 


and (15.207) 


= —4,243 x 10°? 


5S 


Thus the expression for the mass of the star (15.182) for n = 3 and K given 
by (15.206) becomes 


1 (/ k \431-B 727327 6 

M=4n| —<( — ) —_— _———— 
lista) a |} [ee 

M \ ee (1:38 x 107187 
Mo)” ~ Jn [6672 x 10-89” *\ 1.67 x 10-74 


3 1/2 1—p\1?2 
<(Geces) x( Be ) 


x [(6.897)? x 4.243 x 10° 7] x 


| (15.208) 
$=61 


or 


1 
1.989 x 109° 


=n 1/2 
z 18.08] | (15.209) 
Thus for a given value of B we can very easily calculate (M/M.,)u? and 
conversely — see Table 15.6. 

Using (15.207), the expressions for the central density (15.188) and 
(15.189) and the central pressure (15.191) and (15.192) can be written in 
the form 


M 
~ $4189 = sae 
Pe p (4n/3)R3 


Table 15.6. Calculated 
values of (M/M .)u? for 
different values of (1 — B) 
using (15.209) 


1—p (M/M oe 
0.003 0.996 
0.016 2.362 
0.025 3.007 
0.045 4.205 

0.1 7.059 

0.5 $1.14 


1.0 co 
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M nag 
= 76.3 x (*) x (42) gem? (15.210) 
M,) \R 
and 
M?’G 
P, = 11.05 5 
M \2(Raxt 
~ 1.243 x o"() (42) dynecm~? (15.211) 
fo) 


We should mention here that once p, and P, are known the spatial 
variations of p and P can easily be calculated from the following relations 
(see (15.162) and (15.159)) 


p(é) = p.83°(€) (15.212) 
and 
1+1/n 
P(2) = Kp,'* m( 2) = P.0,*(¢) (15.213) 


¢c 


where we have used (15.190) and the fact that n = 3. If we now use the 
values given in Table 15.5 we can calculate p(¢) and P(é). The actual r 
variation can easily be calculated by noting that 

¢ 


r=— 
a 


pa [ EDK, ee J 


where 


4nG 


1 [3/k \41—-pye _ 
<earelalaa) oe | OP" ail 


Thus the parameter « (and hence the actual spatial variation) is completely 
determined if we know the values of » and f. The corresponding tempe- 
rature variation can be determined from (15.143) and (15.145): 


1 1 k 
or 
HP 
T(o) = (Bu) = 9, 0) (15.216) 
or 


T(£) = 19.70 x 1oria( o-)( 2 JOsOK (15.217) 
©) 
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Thus the temperature at the centre of the star is given by 
TONS 10 x 10°F ( taleal: (15.218) 
My 
The average temperature can also be calculated: 


=| 
ar, | T(r)dM(r) (15.67) 


_ 1 BuH (P(r) dM(r) 
~M k Spr) dr 


dr (using (15.215)) 


= a PF | Ponda dr (using (15.51)) 
z 7 — [40] (using (15.93)) 
= : a = (using (15.202) (15.219) 
or 
T~ 11.54 x 1o°6u( sy-)( 42 )K (15.220) 


We next apply the formulae derived in this section to the Sun, Sirius 
A and Capella A. We assume p x 1.0. The value of f is first calculated 
by using (15.209). The values of p, and P, (which do not require the values 
of 8 and y) are calculated by using (15.210) and (15.211) and the values 
of T, and T are calculated by using (15.218) and 15.220). The results are 
given in Table 15.7. The numerical values given in the table are indeed 
representative of the values found from more sophisticated models. 


15.11. The white dwarf stars 
As discussed earlier, a star, after exhausting its nuclear fuel, will 
start to contract again. This contraction usually leads to very high densities 
so that the electrons may form a degenerate gas. This is indeed the case 
for white dwarf stars’ which represent the final stage is stellar evolution. 
The pressure due to electrons forming a completely degenerate gas is 


* The white dwarf stars are not only characterized by high densities, but they 
also have small radii and low luminosities — for a detailed account we refer the 
reader to Chandrasekhar (1939), Cox and Giuli (1968b), Mestel (1965), 
Schatzman (1958), Schwarzschild (1958) etc. The book by Schatzman (1958) 
deals entirely with white dwarf stars. 
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given by (see (6.63), (6.69), 6.70) and (6.71): 


P=A f(x) (15.221) 
where 
m*c> ; 
= Se 6.02 x 10?7c.g.s. units (15.222) 
f(x) = (2x? — 3x)(t + x7)? 3 sinh” “x (15.223) 


h 
x= xr) = = arr [322n,(r)]*? = 1.195 x 107 !°[n(r)]?? 
(15.224) 


where n, (measured in cm” *) represents the electron density. Using (15.12) 
and (15.224) we get the density 


p(r) = Bx3(r) (15.225) 
where 
1 3 
B=—("“) wH~981 x 105y’ (15.226) 
3n*\ h 
and 
] 


We may mention here that in a white dwarf star the densities are such 
that, whereas the electron gas is in a degenerate state the gas consisting 
of protons and other nuclei is in a non-degenerate state, so that the perfect 
gas law is applicable to these nuclei. However, the pressure due to the 
gas formed by the nuclei is usually negligible in comparison with the 
pressure due to the degenerate electron gas and therefore we will consider 
only the pressure due to the degenerate electron gas. 

Equations (15.221) and (15.225) define the equation of state and using 
these we can solve the equation of hydrostatic equilibrium (15.58) to 
determine the pressure and density variation inside the star. We will discuss 
this solution in Section 15.11.2, however, before we do so we will obtain 
the star configuration in the extreme relativistic limit (i.e., for x > 1). 


15.11.i Solution of the equation of hydrostatic equilibrium for a completely 
degenerate gas in the extreme relativistic limit 
In the extreme relativistic limit (i.e., for x > 1) we have 


f(x) 2x* (15.228) 
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(see (6.80)). Thus, we have 


Px lx 7A (15.229) 
If we now substitute the value of x from (15.225) we would get 
Pano (15.230) 
where 
2A 15/,,1\— 4/3 
K; = Fas © 1235.6 10°76) (15.233) 


Comparing with (15.159) we find that the star configuration will correspond 
to the Lane-Emden polytrope of index n= 3'. Thus, using (15.182) and 
(15.207) we would get 


4 (235 x 101° naa 
Me =| eae | [(6.897)? x 4.243 x 1072] 
or 
75 
oe = 7 (15.232) 
© 


The above equation represents the limiting mass for white dwarf stars 
and experimental observations confirm this (see Section 15.11.2). This 
limiting mass for a white dwarf star is usually referred to as the 
Chandrasekhar limit. It may be noted that as x > oo, the density p would 
also tend to oo and therefore from (15.178) it readily follows that the 
radius of the star will tend to zero! Indeed, we will show in the following 
section that the greater the mass of a white dwarf star, the smaller will 
be its radius! , 


15.11.2. The general solution corresponding to a completely degenerate gas 
Using (15.221) and (15.225), the equation describing hydrostatic 
equilibrium (15.58) 


1 d[ r? dP 
|| || 115). 
2 =a =| 4nGo(r) (15.233) 
becomes 
Aad 1r2-df(x) 
=—4 : 15.234 
Br? +5 dr HTL), ( ) 


* We may mention here that in the non-relativistic limit, the pressure is 
proportional to p*’? (see (6.29)) and thus the star configuration will correspond 
to the Lane—Emden polytrope of index 1.5. 
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The above equation can be easily transformed to the following form (see 


Appendix 8): 


dr 2A 


2 
alr ~|- _ 10GB oe, 


To 


2/3 
yPn=x(r+1= | +1 


Introducing the variable 
C=rye 
(15.235) and (15.236) become 
ral 2 a0 |. ae i 
d¢ 


and 


——— [y?() — 1°” 
~ — 1.68 x 107!8fy(Q) -1 


fo pope 
rO=| 55 x 10° | a 


where all quantities are now measured in c.g.s. units. 


(15.235) 


(15.236) 


(15.237) 


(15.238) 


(15.239) 


Assuming p’ to be constant throughout the star, the numerical method 
for solving (15.238) is simple. We first note that 


2/3 
y2(¢ = 0) © 1.013 x 1o-4| 2] a 


(15.240) 


Table 15.8. The mass and radius for a completely degenerate 
configuration corresponding to different values of the central 


density 

1 Pc -3 ! R go 
ae ee "M 
0 0-8) 0 5.75 
0.01 9.67 x 108 5.93 x 107-3 55) 
0.02 a7 x10" Ta xO = 53 
0.05 8.13 x 10’ 1.10 x 1072 4.87 
0.1 2.65 x 107 1.43 x 1072 4.33 
0.2 7.85 x 10° 1.85 x 1072 3.54 
0.4 1.80 x 10° Agia Ome 2.45 
0.6 5.34 x 10° 3.09 x 107? 1.62 
0.8 1.23 x 105° 401 < 1077 0.88 
1.0 0 oo) 0 


Note: Table adapted from Chandrasekhar (1939). 
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and 


dy 
24 ee 15.241 
dé a ( ) 


the last condition follows directly from (15.238). We start with a given 
value of p,/y' (and hence of y?(¢ = 0)) and using (15.241) we can integrate 
(15.238) step by step to obtain’ y(C) from which we can calculate x(0), 
p()/u’ and P(¢) using (15.236), (15.239) and (15.221) respectively. The family 
of curves corresponding to different initial values of p./v’ will represent 
a universal set. 

Let C, represent the value of ¢ where P(C) becomes zero; this value of 


Fig. 15.4. The mass—radius relationship for white dwarf stars using 
Table 15.8. The upper and lower curves correspond to p' = 1 and 

‘= 2 respectively. The approximate position of seven white dwarf stars 
is also given showing the high preponderance of heavy elements. 
(Figure adapted from Schatzman (1958).) 
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" For the detailed results of such numerical calculations, we refer the reader 
to Chandrasekhar (1935), A. Riez (1949) and other similar papers. 
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¢ will correspond to the radius of the star, thus 


R= (15.242) 


if 


m 


The mass of the star can be calculated by evaluating the integral 


M= | * plr)4nr?dr = | | * cyanea | 
0 H 0 


or 


Doe | | A Jancras (15.243) 
oLH 


For different values of y(é = 0) (and hence of p,/p' — see (15.240)) the values 
of p/R and p’?M are tabulated in Table 15.8. The mass—radius relationship 
for p’ = 1 and yp’ = 2 is plotted in Fig. 15.4 and we find that most of the 
white dwarf stars lie approximately on the y’=2 curve showing the 
presence of heavy elements inside the star. 


16 


Equations of state in elementary 
particle physics 


16.1 Overview 

Spontaneous symmetry breaking is playing a major role in the 
theoretical physics of elementary particles (see, e.g., Salam (1969) and 
Weinberg (1967) in unifying weak and electromagnetic interactions). 
Moreover, it has been realized that there exist formal analogies between 
spontaneously broken symmetries and the phenomenon of superconductiv- 
ity (Nambu and Jona-Lasinio (1961) and Goldstone (1961)). However, 
there is a basic difference between the broken symmetries in high energy 
physics and in many-body physics such as superconductivity. In elemen- 
tary particle physics there is no direct evidence that the various symmetry 
breakings are indeed of a spontaneous nature, while in a ‘many-body state’ 
the symmetry can be changed by heating the system and thus proving the 
spontaneous character of the breaking. The main difficulty with high 
energy physics of elementary particles is to define the temperature of the 
system for a very small number of particles. The main question is how to use 
many-body physics for two colliding ‘elementary’ particles. Therefore, most 
of the literature on this subject is described by field theory at zero 
temperature (T= 0). 

In the seventies having phase transitions in gauge models was suggested 
for electromagnetic and weak interactions (Kirzhnits and Linde (1972); 
Weinberg (1974) and Dolan and Jackiw (1974)) starting with the analogy 
between the Landau-Ginsburg equation for superconductors and the 
Lagrangian of the Salam-Weinberg model. However, these authors 
considered the change of symmetry for an elementary particle system in a 
heat bath of macroscopic dimensions, so these field theories at finite 
temperature can be used only in astrophysical considerations. 

The idea of describing high energy physics by field theory at finite 
temperature rather than at zero temperature was suggested, (Eliezer 1975; 
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Eliezer and Weiner 1976, 1978) implying that the phase transitions pre- 
dicted within unified gauge theories should be looked at not only in the 
astrophysical domain but also in elementary-particle interactions at very 
high energies. In a unified theory of weak and electromagnetic interactions 
one might expect, for example, that in reactions induced by very energetic 
neutrinos, the parity, the strangeness, CP, etc. might become conserved 
quantities. For hadron physics of strong interactions the SU(3) symmetry 
might be restored at high energies and at large transverse momentum, 
which correspond to high temperature (Eliezer and Weiner 1974). However, 
it must be emphasized that all the ideas of using the concept of temperature 
in elementary particle physics are of a very speculative nature and so far no 
direct experimental evidence has been observed to show the necessity of 
defining a temperature as an internal parameter of elementary particle 
physics. 

In order to show how it is possible to introduce the concepts of 
equilibrium-statistical mechanics we will describe a model for strong 
interaction developed mainly by Hagedorn. Even if the application of this 
model to particle physics is questionable, the formalism developed in the 
next section can be applied to any macroscopic system, such as the early 
universe. 

We conclude this introduction with a table where units h = c =k = 1 are 
introduced. This system of units is (almost uniquely) used in high energy 
physics, therefore we shall also work in this way. 


16.2 Hagedorn model of strong interactions 


16.2.1 Introduction 

The idea of describing hadronic matter by statistical thermo- 
dynamics had already been suggested by Koppe (1948, 1949) and Fermi 
(1950) and was later developed into a comprehensive model for strong 


Table 16.1. A conversion table between c.g.s. and 
pe al 


1cm = 5.07 x 10'° Mev“! 
1g=5.61 x 107° MeV 
1s = 1.52 x 10?! MeV! 
1K =8.62 x 107!! MeV 
electron mass m, = 0.51 MeV 
1 amu = 931.50 MeV 


2 


e? =74 (e is the electron charge) 
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interactions by Hagedorn (1971). In order to use statistical mechanics, the 
system under consideration should have many degrees of freedom. The 
number of particles created in strong interactions does not imply from a 
simplistic viewpoint that one has to deal with a large number of degrees of 
freedom to suit the statistical requirements. However, the strong internal 
interactions can be described by an infinite number of components 
representing all possible resonant states. Therefore, even in the process of 
the creation of only a small number of real particles (e.g., ten particles), one 
has to solve a system with many degrees of freedom due to the particle 
creation and absorption of virtual states (which are allowed by the 
uncertainty principle’ AE-At~x 1). In particular, this picture can be 
understood using the philosophy that every particle which is able to 
participate in a strong interaction (i.e. a hadron) is made up of all the other 
hadrons. (This picture is known in the literature as the ‘bootstrap model’ .) 
Therefore, it is conceivable to make the following assumption: 

Ist postulate: Strong interactions are described by an infinite number of 
degrees of freedom. 

The time-scale of strong interaction is 107 ?%s, therefore in order to use 
thermodynamic equilibrium one has to assume that during a period much 
shorter than 10° 73s equilibrium is reached. It is difficult to imagine many 
collisions during such a short period of time, therefore, Hagedorn assumes 
an ‘instantaneous equilibrium’, or equivalently, 
2nd postulate: Particles in strong interactions obey a ‘pre-established 
equilibrium’. 

The experimental physics of strong interactions is reached by high energy 
collisions between hadrons. In order to use thermodynamics one should be 
able to separate the isotropic thermal (i.e. random) motion from the 
directional motion along the axis of collision. For this purpose Hagedorn 
suggested the following postulate: 
3rd postulate: No turbulence in the thermodynamics of strong interactions. 

The meaning of this assumption 1s that it is possible to find a continuum 
of local rest frames (Lorentz frames which are moving in the direction of the 
collision axis) where the observer measures in his vicinity only thermal 
motion. In order to understand the problem it is useful to imagine two big 
clouds of gas colliding with very high (center of mass) velocities relative to 
the thermal motion which is developed during the collision. The third 
postulate enables us to distinguish between the kinematic variables 
describing the collision between the hadrons and the thermodynamic 
variables. 


" Note: We use the units h=c=1. 
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Using the three postulates defined above Hagedorn (1971) has developed 
a thermodynamic model for strong interactions. In Section 16.22 we 
calculate the partition function and in Section 16.2.3 we use the bootstrap 
condition in order to be able to calculate the thermodynamic functions in 
Section 16.2.4. A possible comparison with experiments is made in 
Section 16.2.5. 


16.2.2 The partition function 

Although the partition function has already been developed for 
Bose and Fermi statistics in Chapters 5 and 6, we will repeat briefly the 
calculations for the relativistic case in order to see how the mass spectrum 
enters into the calculations. The energy of a particle i with a mass m; and 
momentum p, is given by ¢,;' 


ed (i + m,?)1/? (16.1) 


A quantum state is defined by a 00 x oo matrix {n} containing a possible 
complete set of occupation numbers which can take the following values 


nay | for fermi 
Nai -| : — (16.2) 


neg= 0,1,2,...00 for bosons 


n,; are the occupation number describing the number of particles of kind i 
having a momentum p,,. The Pauli exclusion principle is expressed by (16.2). 
The energy of the system E,,, in a quantum state {n} is given by 


Ey = D3, D Nien (16.3) 
The partition function Z is 

Zi, T)=Sexp| - TTT mac | (16.4) 
where the sum re is over all possible quantum states. 


Denoting 
X,; =exp(— €,;/T) (16.5) 


one can rewrite (16.4) by? 


ZV,T) => TTT] X=] Xai (16.6) 
in ei ai 


t n.. 
ai 


‘ in units h=c=k=1 
+ See Chapter 5 (5.39) and the footnote. 
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At this stage we split the subscript i into two: b for bosons and f for fermions 
and use (16.2) to obtain 


2(V,T) =|] ——I] (t+ Xa) (16.7) 
a,b — ab a,f 
or equivalently 
InZ = —YIn(1—X,) + Vin (1 + Xr) (16.8) 
a,b af 


The momentum summation is changed into appropriate integrals 


V a0 
ara} p*dp (16.9) 


and in a similar way we change the particle summation into appropriate 
integrals over the mass spectrum 


ee 5 | *pxtmam (16.10) 
b 0 f (0) 


where pz, and p,-are the mass densities for bosons and fermions respectively. 
In order to write (16.10) one has to assume a dense spectrum of particles, 
and this is the case for the Hagedorn model (see Ist postulate). Using (16.9) 
and (16.10) in (16.8), the partition function becomes 


V a0 
Inz= | p’dp 


0 


x | |, eeominc + X 5m_)dm -| p,(m) In (1 — X ld | 
0 
(16.11) 


Expanding the logarithms in a Taylor series, one gets 


V foe) 1 fe a) fe @) 
Inza ste 2 am} dp} Cp*(pato)~ (- 1)"pr(m)) J 


x exp(— Fp +my?)) (16.12) 
It is also convenient to define the mass density p(m;n) for 
niet 2350, by 
p(m, n) = pp(m) —(— 1)"pe(m) (16.13) 


The momentum integration is done by using the second modified Hankel 
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function K,, defined by 


oo m2 21/2 
[reo 
0 Tt 


=(2n— puimenr (TY Kaui 2) (16.14) 
m 


where (2n — 1)!! = 1.3.5. ...(2k — 1), (— I)! =1, to obtain from (16.12) 
|’ ake OO aa nm 
Z(V,T) =exp( $5 al p(m, nim? ("Jd (16.15) 


On the other hand, the partition function Z is given by 
Z(V, T= Tene | o(E, V)e" 2/TdE (16.16) 
i 0 


where o(E,V)dE is the number of energy levels in the energy interval 
between E and E+dE. The physical meaning of o(E, V) is easily under- 
stood if one makes the assumption that o(E, V)e~ “/7 has a sharp maximum 
at E with a width AE. In this case the integral of (16.16) is easily estimated 


Z(V, T) = o( E, Ve #7AE (16.17) 
From the thermodynamic relation 
E= 7? (nz) (16.18) 
Te ae 


we obtain from (16.17) that E is the average energy of the system. 
Furthermore, the entropy 


@ 
$= (Tin Z) (16.19) 


is estimated from (16.17) to be 
S(E, V) + In[o(E, V)AE] (16.20) 


Equation (16.20) suggests that the physical (thermodynamic) quantity of 
interest is In[o(E,V)AE], rather than the spectrum o(E,V)dE itself. 
Therefore in the Hagedorn model it is assumed that two systems are 
equivalent if they have logarithmically equal energy density levels. 


16.2.3 The bootstrap condition’ 
The bootstrap approach was introduced by Chew and Mandelstam 
(1961) in the context of a dispersion relation to describe the p meson. The 


" See, e.g., Chew (1961); Chew and Frautschi (1961). 
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bootstrap philosophy is formulated by a set of self-consistent equations 
which describe the interaction between all particles (hadrons) in terms of 
the exchange of all hadrons between them. The self-consistency is contained 
in the requirement that the exchanges of hadrons in ‘t channel’ and ‘u 
channel’ must describe the existence of all hadrons in the ‘s channel’. 

In Hagedorn’s model every hadron is a ‘fireball’ of matter which can 
be described by thermodynamic equilibrium. In this picture a ‘fireball’ 
is a Statistical equilibrium of all other fireballs (each of them again is a 
statistical equilibrium of all others, etc., ic. bootstrap!). In this model the 
thermodynamics is completely described by the mass spectrum p(m) (see 
(16.15)) or equivalently by the energy density spectrum o(E, V). Hagedorn’s 
bootstrap philosophy is formulated by the requirement that p(m) and 
o(m, V,) are thermodynamically equivalent, i.e. 


lim (ner = (16.21) 


mo \ino(m, Vo) 


where V, is the volume (ie. the range) of strong interactions! ~ 
(4n/3)m, 3. This equation is the basic formula for Hagedorn’s model. 
Equation (16.21) actually determines the asymptotic behaviour of p(m) (or 
a(m, V,)), but since p(m) is supposed to be known experimentally for small 
m, it can be calculated over the entire domain of its existence. Therefore 
the thermodynamics of strong interactions are in principle determined 
from experiments and (16.21). 

Equation (16.16) can be rewritten by changing the variable of integration 
from E tom 


ie 9) 


ZV,T)= | a(m,V)e~™!Tdm (16.22) 


0 


in order to compare it with (16.15) and to imply the bootstrap equation 
(16.21). 


1st approximation: T >> m,,,,, i.€., there is only a finite number of hadrons 


[/ eatmam =p (16.23) 
0 


t If ‘s channel’ refers to the reaction 1 + 223+ 4 then ‘t channel’ describes the 
reactions 1+ 3+2+4 and 1+3-+2+4 and the ‘u channel’ is 1+4>2+3 
and 1 +4-+2 +3. The notation a denotes the antiparticle of a. Moreover, ,/s, 
Jt and ,/u represent the centres of mass energies in the s,t and u channels 
respectively. 

* in cg.s. units: R » h/m,c = 1.4 x 107! cm, is the range of strong interactions. 
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[/eetmam =@ (16.24) 
0 


where f and ¢ are finite numbers. In this case the asymptotic value for K, 


2T? 
lim (x) )= ons (16.25) 


can be used in (16.15) to obtain the ‘zero order’ approximation 
Vie 


0 1 2) 
= rah pim.nidm 
=e] 6 § 5-0 FS") 1626 


ZV, T> 20) & exp( 


Tt 


Using the properties of the Riemann ¢-function 


o 1 (i Jae 
ee ee =: 16.27 

>» n* 90 >> n* 8 90 ( 

in (16.26), one gets 
2 VT? 

ZV, T> co) xexp( a ) (16.28) 
where! 

Y=] palmjdm+. pr(m)dm = B+ g@ (16.29) 

0 10) 
The energy of the system is given by 
0 cl 
EO — T?—{inZ)} = Se (16.30) 


It is interesting to point out that for a gas of photons p,; = 0 and pg = 20(m) 
one gets y = 2 and from (16.30) 
E® ie 


== Agia = 


: a (16.31) 


where o here is the Stefan- Boltzmann (see (5.25) with h = c = k = 1). Using 
the approximation of (16.17), one gets from (16.28) 


1 (0), 
OVE V w—_— ZOU. T Ea/r 


t The factor 7/8 is due to Fermi—Dirac statistics! 
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1 4(yn2vV\"4 
= apeer($( 55" | go") | (16.32) 


where (16.30) has been used. Changing variables from E to m, we get from 
the bootstrap equation (16.21) that the mass density should behave like 


p(m) ~ exp(---m>/*) (16.33) 


so that our assumption ee p(m)dm < oo (see (16.23) and (16.24)) is wrong. 
Therefore, this approximation is not consistent with the bootstrap 
condition. 


2nd approximation: m,,,, > T, 1.¢., there exist masses much larger than the 
temperature. It will now be shown, that this condition is consistent with 
the bootstrap assumption (16.21) and actually an exponential mass density 
is implied. In this case the asymptotic value for K, 


lim («,]  |)=( $2) exp nmr) (16.34) 


can be used in (16.15) to obtain the asymptotic behaviour 
p(m) = o(m, V) = exp(m/To) (16.35) 


Multiplying exp(m/T)) by (16.34) the first integral (n = 1) in (16.15) will 
diverge for T— Ty, however, the second term (n = 2) in (16.15) will diverge 
for T—>2Tp>, the third (n= 3) for T—>3Tp, etc., therefore by assuming 
(16.35) we have to consider only the divergent first integral (n = 1) and to 
neglect all the others in the sum (n = 2,3,...00), which can be shown to 
add up to a finite constant. In order to satisfy the bootstrap formula 
(16.21), we have to assume in general the following forms for the mass 
density spectrum p(m) and the energy density of the state spectrum o(m): 


lim p(m) = f(m)exp(m/T>) (16.36) 
lim o(m) = g(m)exp(m/T>) (16.37) 


Substituting (16.36) into (16.15) and (16.37) into (16.22), one has 


DY dia 3/2.—mt 
Z(Vo. T)ip) = &XP( Vo a of ale e ™dm 


+ VoC(Mo, T.)) (16.38) 
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Z(Vo, T)ioy = [/ aterm (16.39) 


where 
t=(T) — T)/(ToT) (16.40) 


M, is some large mass and V)C(Mo, To) is a finite term containing all 
the other terms (n = 2,3,... 00) in the sum of (16.15). A possible solution, 
for f(m) and g(m) to satisfy the bootstrap condition (16.21), is 


f 
fom ==, 
(16.41) 
g(m) = gom*' 
The integral in (16.38) in the limit t-0 (i.e. T— To) is 
00 oO fo 0] d 
Finm%e-mina jo” Mermnge[” Se 
Mo Mo ™ Mot * 
iB Z, 
In—° —2 
ofa] nptating? | (16.42) 
The integral in (16.39) becomes 
[_ atode-am g | e-te-mdn 9oT 9" ry (16.43) 
— = SS a . 
0 PN (eT) 


Substituting (16.42) and (16.43) in (16.38) and (16.39) therefore, one gets 
the partition functions Z 


bea A E 
Z(Vo, Moco zz) exp] VoC(MoTs) + Ain 22 | (16.44) 


0 


Too Ne Z 
Z(Vo, Nol Z ms =) "oT oT (a) (16.45) 
where A =f) V(To/2z)*/? is a dimensionless number. 


In order to derive the bootstrap equation (16.21) also for T> Ty we 
assume 


96, ae 
a=A=fy v( 58] 


; T; 
aTp“T (a) = exp] Vi COMME a4 ng | (16.46) 


0 
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so that in general now, we have 


Inp(m) ——-m/T, + Inf (m) 
Ino(m,Vo) _m/T> + Ing(m, Vo) 


__m/T, + In fy —$1nm 
~ m/To + Ing + (a— 1)Inm 


72, (QED) (16.47) 


Equations (16.41) which satisfy the bootstrap condition are not unique. 
Any solution for f(m) of the form m* with x < —3 (or any expression 
with a leading power m”*) satisfies the bootstrap condition (16.47) even for 
T—Tpy. The solution x = —3 is the endpoint of a continuum set of 
solutions x < —3. Hagedorn favours the solution x = —3 because in 
strong interaction p(m) should increase as fast as possible and this is 
achieved by p(m) x m~ °/* exp(m/T ). Moreover, using this philosophy Ty 
should be as small as possible, and this suggests that T, should be equal 
to the lowest mass of the existing hadrons, 1.e., Ty »m, ~ 150 MeV. 


16.2.4 The thermodynamic functions: pressure and energy 


(a) p(m) = fom” * exp(m/To) (16.48) 


We shall calculate the pressure and the energy of the system for 
temperatures near Ty. The partition function Z is given in (16.44), so that 


ie T, 
In Z(Vo, T—> To) = VoC(Mo, To) + Alyy ar Ain( = — 7 


(16.49) 


The pressure P is given by 


0 To 
= T— =A,+Ay,l 16.50 
P T= {in Z) i+ 2in( =) ( ) 
where (16.46) has been used (i.e. A in (16.49) is proportional to Vj) and 
A, and A, are two constants which can easily relate to the other constants 
defined above. The energy of the system is given by 


ATo? 


16.51 
T,-T (16.51) 


7) 
E(Vo, T> To) = T? apn Z)= 


It is interesting to point out that in Hagedorn’s model, the partition 
function Z, the pressure, as well as the energy of the system are only well 
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defined for T smaller than To. Therefore in this model, To is the universal 


maximum temperature for matter! 
(b) p(m) = fom” *exp(m/To) 
In this case, instead of (16.42) one gets 


co © dme ™* 
| findm2e-mam = fo | ame 


Mo Mo 


x 3/2 170 


~for'? | ee i 


Mot 


Using this relation in (16.38) one gets’ (instead of (16.49)) 
In Z(Vo, T> Ty) = — By (Ty — T)"7 + B, (B, > 9) 


so that the pressure and energy of the system are 


B, B, 
P(T a ee 1/2 
(CT) > tee) 
E(Vo, T> Ty) =3B (a 


(16.52) 


(16.53) 


(16.54) 


(16.55) 


(16.56) 


In this case one also has a maximum temperature for hadronic matter. 


(c) p(m) =f om*exp(m/T)) x < —F (16.57) 
Instead of (16.42) one has 
ame = 
i. a) =e?" *T(—y+1) y,>2 (16.58) 
Implying, from (16.38) 
InZ(Vo, T> To) = —C,(T) — TY? + C2, y, > 1 (16.59) 
This partition function gives an energy 
E(Vo. T > 15) = Gi Toe (16.60) 
From (16.60) one can see that for x < —3 (also x = —3) the energy is 


a constant for Ty) > T and therefore above a certain value of energy it is 
no longer possible to use this philosophy for thermodynamics. Therefore, 
Hagedorn’s philosophy is applicable only for values of x in the domain 


al 5 
ae XS 


* B, >O since F(—4) <0. 


(16.61) 


16.2 Hagedorn model of strong interactions Shy 


16.2.5 | Transverse momentum distribution 
In Section 16.2.1 the difficulty of extracting the ‘thermal motion’ 

from the total (e.g. center of mass) energy was mentioned (see the 3rd 
postulate). The main problem is caused by the directional energy across 
the axis of interactions. Therefore, in order to make some comparison 
between experiments and the thermodynamical model, looking for 
transverse momentum measurements was suggested so that the motion 
along the axis of collision is excluded. This is, of course, only an approxima- 
tion, but it might give some insight into the thermodynamics of hadronic 
matter. 

The momentum p of a particle is divided into two parts, the longitudinal 
momentum p, along the axis of collision, and the transverse 
momentum p which is perpendicular to the collision axis 


P =(P\,P) (16.62) 
The volume element, in momentum space using this notation, is 
d°p = 2np dp dp, (16.63) 


assuming azymuthal (i.e., cylindrical) symmetry. To a first approximation, 
the probability of measuring a transverse momentum (magnitude) p for 
a particle with a mass m;, is given by W,(p) 


W;(p) = 2np | Sm(P; Py, T)dp, (16.64) 
where 
Vv x 
a 3 dai 16.65 
SelB: T)d p Oman d Py 7 paid ( ) 
where X,,,, was defined in (16.5) and (16.1) 
X pm = exp { — (p,7 + p? + m?)'/2/T} (16.66) 


The — sign in (16.65) is for bosons while the + sign is for fermions, and 
G,, is the degeneracy factor given by‘ 


(2J + 1)(21 +1) if spin (J) and charge is not observed 


ae (2J + 1) if spin is not observed but charge is 
= 2T 1) if spin is observed but charge is not 
1 if spin and charge are observed 
(16.67) 


* J is the isospin quantum number. In (16.67) if for example the spin of pions (z) 
is measured but the charge is not observed (i.e., we don’t know if it isa 2*, nm 
or x° event), then G,,=2 x 1+ 1=3, ete. 
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In the following discussion we neglect the factor G,,, although it is 
understood to be there if necessary. The integral in (16.64) is calculated 
in the following way, 


[. Sin(p, T)dp, 
i s X pm n n+ 
Se hese (2x)? een me 
Ve 2 
=o Lierl anjexe| <=? in + p 2+ my | 
2V 


='(p? +m?)!/ Y (F INK SS +1) (p? +p? | 
(16.68) 


~ (2x) 


where K, is the Hankel function of order n= 0, usually defined by 


fo) 24 mM? 1/2 
[orl 
T n 
=(On— iimars(Z) Ky( 2) (16.69) 
co Zz at 2\1/2 
| prrtexp( — 2 _ Ja 
0 
m2 1/2 , T\"+ 1/2 in 
=2 nt(?) m? (2) Kos sa( = (16.70) 


where (2k—1)!"=1x3x5...(2k—1) and (—1)!!=1. Substituting 
(16.68) into (16.64) we obtain 


V 2 a eae ! 
Wo) = Seon? me)? Seana] OED? + may? | 
(16.71) 


where the + sign is for bosons and the — sign for fermions. 
We now calculate the mean transverse moments 


| pW(p)dp 
<p(m) > = [Foon 


W(p)dp 
C9) 
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Bear [re mye, | OED pe my? Jap 
» 


E +1) 


(F ir p(p? + m*)'/*K, See 


0 


(p? my? a 
(16.72) 
We now use the formula 


(ee) 2 2\1/2 
| 12 + myiK, | sm yy |e 
0 


= OT (k + bmi? 71K, (2) (16.73) 


in (16.72) to obtain the exact result, (Imaeda 1967): 
OF a aa. (n+ 1)m 
iz »» (+ I) K,(S70") 


we nk, (SA ze ) 


(16.74) 


Taking into consideration the asymptotic expansion of K,(x) 


1/2 2s 
lim K,0r~( 2) ei ae | (16.75) 


and the definition of K,, + 12(x) 


ee 2 ae Sia 
Ke 1/2(X) = (=) e€ ai (=) (16.76) 


one can neglect all terms except n = 0 in the infinite series of (16.74) for 
m/T > 1, i.e., large masses relative to the temperature of the system. 
Therefore, (16.74) can be approximated by 


<p(m, n= ("5") gee (16.77) 
2 m 
(7) 


Again using (16.75) and (16.76) to take only the leading terms for m/T> 1, 
we get from (16.77) 


mr)" 


<p> =( : (16.78) 
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or equivalently 


<p)? a 

eG Be (16.79) 
Equation (16.79) implies that the two degrees of freedom of translational 
motion give the amount of energy expected from the classical equipartition 
theorem (see Chapter 4). The result agrees with the non-relativistic kinetic 
energy, because in our approximations in deriving (16.79) we assumed very 
large masses, so that the motion in this case is non-relativistic. The factor in 
(16.79) is 2/4 instead of 1, as expected from the equipartition theory. This 
came about because we calculated <p)? instead of <p”) as should be the 
case for kinetic energy. A similar calculation with the same approximations 
(i.e. m—> 00) implies exactly 


2 
lim se? =i (16.80) 
m~— oo 
in agreement with the ‘classical’ equipartition theorem. Equation (16.80) 
might serve as an ‘experimental definition’ of temperature in hadronic 
interactions. 
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A free particle inside a box and the 
density of states 


We consider a free particle (of mass m) inside a cube of volume L?. Since 
inside the box, the potential energy is zero, the Schrodinger equation will 
be given by 


an O0< xa 
Vw +55 ey =0 On y<L (A1.1) 
0.<2meL 
The particle cannot go outside the box and therefore we must solve (A1.1) 
subject to the boundary condition that yw should vanish everywhere on 
the surface of the cube. We use the method of separation of variables to 
solve (A1.1) and write 


W(x, yz) = X(x) Y(y)Z(z) (A1.2) 
Substituting in (A1.1) and dividing by & we obtain 
dex aey itadez 


wae ya pee (A1.3) 
where 
2me 
k2 = (A1.4) 


The variables have indeed separated out and we may write 


1 d2x ; 
idx Aas 
Xe Ks ene) 
PA 
Mey 2 (A1.6) 


yar 
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and 


= ie (A1.7) 


where k,?, k,? and k,? are constants subject to the condition that 
k2+k? +k? =k (A1.8) 


In (A1.5)-(A1.7), we have set each term equal to a negative constant; 
otherwise the boundary conditions cannot be satisfied. The solution of 
(A1.5) is 


X(x) = Asink,x + Bcosk,x (A1.9) 


and since y has to vanish at all points on the surfaces x = 0 and x = L we 
must have B=0 and 


k,=nn/L n,=1,2,3,... (A1.10) 
Similarly, the allowed values of k, and k, are 

ky=n,n/L n,=1,2,3,... (A1.11) 

k,=n,n/L n, =1,2,3,... (A1.12) 


It may be noted that negative values of n,, n, and n, do not lead to an 
independent solution. The wave function remains the same except for a 
trivial change of sign. Using (A1.4) the permitted values of ¢ are given by 


nh? 


2mL? 


(n,? + n,? + n,”) (A1.13) 
Now the number of states whose x component of k lies between k,. and 
k,. + dk, would simply be the number of integers lying between k,L/n and 
(k, +dk,)L/x. This number would be approximately equal to Ldk,/z. 
Similarly, the number of states whose y and z components of k lie between 
k, and k, + dk, and k, + dk, would respectively, be 


L 
~—dk, and is dk, 
7 T 


Thus there will be 


if 
(Fat, )( Zak, )( Zan, = alam, (A1.14) 
T T us T 


states in the range dk,dk,dk, of k; here V(= L*) represents the volume 
of the box. Since p= hk, the number of states per unit volume in the p 
space (momentum space) would be 
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V 
wh? 


(A1.15) 


If P(p)dp represents the number of states whose |p| lies between p and p + dp 
then 


V 


V 
a3,3 4mP’dp = 5 4np*dp (A1.16) 


1 

P(p)dp = re B 
where the factor 4xp7dp represents the volume element (in the p space) 
for |p| to lie between p and p+dp and the factor 3 is due to the fact 
that k,, k, and k, can take only positive values (see (A1.10)—(A1.12)) so 
that while counting the states in the k (or p) space we must consider only 
the positive octant. Now, if g(e)de represents the number of states with 
energy (= p*/2m) lying between ¢ and « + de then 


V 


re 4np*dp (A1.17) 


g(e)de = P(p)dp = 


Using the relation p? = 2me we get 


(2m)3/2V 


Gey os 


e1/2 de (A1.18) 


for the density of states. If there are degeneracies associated with each 
energy state then the density of states will be given by 


(2m)3/2V 
4n*h? 


g(e)de = G 1/2 de (A1.19) 
where G is known as the degeneracy parameter. For example, for an 
electron gas, each electron has two additional degrees of freedom due to 
its spin and therefore there will be twice as many states as given by (A1.18) 
and G will be equal to 2. 

It is of interest to mention that instead of using the boundary condition 
that y vanishes at the surface of the cube, it is often more convenient to 
use periodic boundary conditions according to which 


W(x + L, y,z) = W(x, y, 2) 
W(x, y + L, 2) = W(x, y, 2) (A1.20) 
¥(x, yz + L) = W(x, y, z) 


Then instead of choosing the sine and cosine functions as solutions (see 
(A1.9)) it is more convenient to choose 


e*=* 6% and e'*=? (A1.21) 
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as solutions. Using (A1.20) we get 
efkel — | = eltvl — eikel (A1.22) 


Thus the allowed values of k,, are 


age n, =0, +1, Bee 
L 
Similarly 
2 
k, = = n,=0,+1,4+2,... (A1.23) 
and 
2n.1 


k etl ih no—U, 2 |, ae... 


Notice that a reversal of sign of k, changes the wave function, thus n, = 2 
and n,=—2 correspond to two different states although they both 
correspond to the same energy eigenvalue which is now given by 


2nh? 
mL? 


fe (n,? +n,? +n,7) (A1.24) 


Proceeding as before we will now have (cf. (A1.14)) 


L L L A 


states in the range dk,dk,dk,. Further, the number of states per unit volume 
in the p space would be (cf. (A1.15)) 


V V 
cars = re (A1.26) 


implying that a volume h? in the phase space corresponds to one state. It 
may be noted that the number of states whose |p| lies between p and p + dp 
would be 


P(p)dp = 4np*dp (A1.27) 


V 
8x 87n>h> 
which is identical to (A1.16) and thus we would get the same expression for 
g(e) (see (A1.18)). We may note that in (A1!.27) we do not have an extra } 
factor because p,, p, and p, can now also take negative values. Thus we see 
that the two boundary conditions lead to the same expression for the 
density of states. 


APPENDIX 2 


The Stirling formula 


In this appendix we will derive an approximate formula for n! and Inn! 
when n is a large number. We note that 


Inn! =Int+In2+---+Inn (A2.1) 


when n is large we have 


innt= | Inxdx =nlnn—n+1 (A2.2) 


1 


or, since n is assumed to be a large number 
Inn! zninn—n (A2.3) 


which is the Stirling formula. A more accurate formula is given by 


nN" 1 1 
ian)? | eer eee. A24 
. (2) onm | + Tan” 2280? * | ca 


APPENDIX 3 


Table of Fermi—Dirac functions* 


In this appendix we have tabulated the values of the functions, 


3 F3/2(n), F12(q) = F(q) = F, wF',w?F” and w>F” 
where, 
© xkdx d 
= —— F'’ =— F 
F,(n) |, 14] (n) ay (n) 


and w = 0.1, which represents the interval in the argument. We may note the 
following relation, 


d 
Fale)| = FF | =kF,_,(n) k>0 
Thus 


d 
F(y)l = Fy 2(y)] = dn [$F 3/2(n)]. 


In the table the dot symbol after the last printed digit indicates that the 
next digit lies between 3 and 7. The functions are listed to the sixth decimal 
place for — 4.0 <n < + 4.0, and to the fifth decimal place for 4.0 < n < 20.0. 
As an example, for 7 = 2.0, we have, wF’ = 0.129 770, w2F” = 0.003 706 and 
weF’” = — 0.000047, giving F’ = 1.29770, F” = 0.3706 and F” = — 0.047. 
One can check these values by using (9.218). Similarly, for 7 = 20, we have 
wF’ = 0.44675 and w?F” = 0.00112, giving, 


F'=4.4675 and F” =0.112. 
The w°F’” values are not given for 7 > 8.0 as they are smaller than 0.00001. 
' The following table is reproduced from McDougall and Stoner (1938). Beer, 


Chase and Choquard (1955) have extended the McDougall-—Stoner table to 
include the values of Fs), Fj, Fo). and F 44). 
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n $F 3/2 F wF’ w?F"  w3F”" 
_— ee ec 
— 4.0 0.016 179° 0.016 128 1602 158 15 
—3.9 0.017 875 0.017812 1768 174 17 
— 3.8 0.019 748 0.019 670° 1952 192 18° 
—3.7 0.021 816 0.021 721° 2153" 0 20° 
— 3.6 0.024 099 0.023 984° 2376 233 22° 
=35 0.026 620° 0.026 480° 2620° 25624" 
—3.4 0.029 404 0.029 233° 2889" 310° adi 
— 3.3 0.032 476 0.032 269 3 186 310° 29° 
— 3.2 0.035 868 0.035 615 3501 341° 32, 
— 3.1 0.039 611 0.039 303 3870 SiS) 35° 
— 3.0 0.043 741 0.043 366 4263 412 38° 
—2.9 0.048 298 0.047 842 4695 452 42 
—2.8 0.053 324° 0.052 770 5 168 496 45° 
—2.7 0.058 868° 0.058 194 5687 543 49° 
— 2.6 0.064 981° 0.064 161° 6 256 595 54 
—2.5 0.071 720° 0.070 724° 6879 651 58 
—24 0.079 148 0.077 938° 7559 711 63 
—2.3 0.087 332 0.085 864 8 303 716 68 
—2.2 0.096 347 0.094 566° 9114 846° 73 
—2.1 0.016 273° 0.104 116 9997 922 78 
—2.0 0.177 200° 0.114588 10959" 1003 83 
—-1.9 0.129 224° 0.126 063 12005 1089 89 
—18 0.142 449° 0.138 627° 13 139 1180 94° 
—1.7 0.156989" 0.152 373 14 368 1278 100 
—1.6 0.172 967 0.167 397 15 697 1381 105° 
—1.5 0.190 515 0.183 802 WAS 1489 110° 
—14 0.209 777 0.201 696 18 676 1602 116 
—13 0.230907 0.221 193 20 337 1720 120° 
—1.2 0.254073 : 0.242 410° 22118 1843 124° 
—1.1 0.279 451 0.265 471 24024 1969 128 
— 1.0 0.307 232° 0.290 501 26057 2098 131 
—0.9 0.337 621 0.317 630 28 222 22a 133 
— 0.8 0.370 833 0.346 989° 30 520 2364 134 
— 0.7 0.407 098 0.378 714 32951 2499 134 
— 0.6 0.446 659 0.412 937 35517 2633 133° 
—0.5 0.489 773 0.449 793 38 217 2 766 131 
—0.4 0.536 710 0.489414 41048 2896 128° 
—0.3 0.587 752° 0.531931 44007 3022 124 
—0.2 0.643 197 0.577 470 47091 3144 119 
—0.1 0.703 351 0.626 152° 50 293 3259 ee 
0.0 0.768 536 0.678 094 53 608 3 368° 105 
0.1 0.839 082 0.733 403 57027 3470 97 
0.2 0.915 332 0.792 181 60 544 3562 88 
0.3 0.997 637 0.854 521 64 149 3646 78 
0.4 1.086 358 0.920 505° 67 832. 3719 69 
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r 4F 31 F wF’ w2F” w>F” 
0.5 1.181 862° 0.990 209 71584 3783 58 
0.6 1.284 526 1.063 694° 75 395 3836 48 
0.7 1.394729 1.141015" 79 254 3 880 38 
0.8 1.512 858 1.222215 83151. 3913 28. 
0.9 1.639 302° 1.307 327° 87076 3936 18 
1.0 1.774455 1.396 375 91020 3950 9° 
bal 1.918 709° 1.489 372 94974 3955 1 
ie 2.072 461 1.586 323° 98 928 3952 —7 
1.3 2.236 106 1.687 226 103 875 3941 —14 
1.4 2.410037 1.792 068° 106 807° 3923. 21 
1.5 2.594 650 1.900 833° 110718 3898 8-27. 
1.6 2.790 334° 2.013 496" 114602 3 868 = 32 
1.7 2.997 478° 2.130027 118 453° 3833 —37 
1.8 3.216467 2.250 391 122 267° 3794 —41 
1.9 3.447 683 2.374 548 126041 3751 = 44, 
2.0 3.691 502 2.502 458 129770 3706 47 
nag 3.948 298 2.634072" 133451 3657 “=49 
oy) 4.218 438° 2.769 344° 137084 3607 = 50) 
2.3 4.502 287 2.908 224 140 666 3556 ~—52 
2.4 4.800 202 3.050 659° 144 196 504° = 53 
2.5 5.112 536 3.196 598° 147 673 3450 —53° 
2.6 5.439 637 3.345 988 151097 3397 253 
27 5.781 847 3.498 775 154467 3343 —53 
2.8 6.139 503 3.654905" 157784 3290 —53 
2.9 6.512937 3.814326 161049 3238 50 
3.0 6.902 476° 3.976 985° 164 261 3186." — 510 
3.1 7.308 441 4.142831 167421 3135 — 50 
3.2 7.731 147 4311811 170 531 3085 50 
3.3 8.170906 4.483876 173 591 3035 — 43 
3.4 8.628 023° 4.658977 176 602° 2987 San 
3.5 9.102 801 4.837 066 179 566° 2941 — 46 
3.6 9.595 535 5.018095 183 484° 2895 =A5 
a7 10.106 516° 5.202 020 185 357 2850 —44 
3.8 10.636 034 5.388795 188 186 307 ae 
3.9 11.184 369 5.578 378 190972" 2765 =a 
4.0 11.751 801° 5.770 726 193717 2725 — 40 
4.1 12.338 60° 5.965 80 196 42 268° 4 
4.2 12.945 05. 6.163 56 19909 265 =4 
4.3 13.571 40 6.36396 201 72 261 3) 
4.4 14.21793 6.566 98 204 31 257 25 
4.5 14.884 89 6.77257 206 87 254 =a 
46 15.572 53 6.980 70° 209 39 250° Ss) 
4.7 16.281 11 7.19134 21188 249) =} 
48 17.010 88 7.40445" 214 34 244 =3 
49 17.76208° 7.62001 21676 241 3 


Table of Fermi—Dirac functions 329 
$F 3 F wF’ w2F” wok” 

5.0 18.53496° 7.83797 219 16° 238 33 
bul 19.329 76 8.058 32° 22153 235° 3 
5) 20.146 71 8.281 03 223 87 232 = 
53 20.986 04 8.506 06 226 18° 230 = 
5.4 21.847 99° 8.733 39 228 47 227 =) 
55 22.732 79° 8.962 99° 230773) 225 =e 
5.6 23.640 67 9.19485 23297 ley =a 
S77 24.571 84 9.428 93 23518 220 ee 
5.8 25.526 53 9.665 21 23737 218 =) 
59 26.50495° 9.903 67 239 54 216 4) 
6.0 27.506 33° 10.144 28° 241 69 213 2) 
6.1 28.533 88° 10.387 03° 24381 211 =) 
6.2 29.58481° 10.631 90 24591 209° =) 
6.3 30.660 33° 10.878 86 248 00 207 =3 
6.4 31.760 65° 11.12789° 25006 205° =. 
6.5 32.885 98 11.378 98° 25211 203° ae) 
6.6 34.036 52 11.63211° 25414 202 ==) 
6.7 35.212 47 11.887 26 256 15 200 =) 
6.8 36.41404 12.14440° 258 14 198° = 
6.9 37.641 42 12.403 54 260 12 197 =i (b 
7.0 38.894 81 12.664 64 262 08 195 =i 
71 40.17441 12.927 69 26402 193° =i 
4 41.48041° 13.19267 26595 192 18 
73 42.81301 13.459 58 267 86 190° =: 
74 44.17239° 13.728 39° 269 76 189 = 
TS 45.558 75 13.999 10 27164 LS7 =i 
7.6 44.97227 14.271 68 273 51 186 = 
apa) 48.413 15 14.546 12 275 37 185 =e 
as 49.881 56 14.822 41 272 183° = 
7.9 51.37769° 15.100 53° 27904 182 = 
8.0 52.901 73 15.38048° 28085" 181 
8.1 54.453 85 15.662 24° 282 66 180 
8.2 56.034 24 15.945 80 284 45 178 
8.3 57.643 07 16.23114 286 23 a7 
8.4 59.280 52° 16.518 26 288 00 176 
8.5 60.946 78 16.807 14 28975 175 
8.6 62.642 01 17.097 76 291 50 174 
87 64.366 39 17.390 13 293 23° 173 
8.8 66.12009° 17.684 23 29495" 172 
8.9 67.903 29° 17.98004 296 67 ileal 
9.0 69.716 16 18.277 56. 298 37 169° 
9.1 71.558 86 18.576 77 300 06. 168 
9.2 73.431 57 18.877 68 301 74° 167 
9.3 75.33445° 19.180 26 303 41 167 
9.4 77.267 68 19.484 51 305 08 166 
9.5 79.231 41 19.790 41 306 73 165 


(Contd.) 
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n $F 3/2 F wF’ w?F” 
9.6 81.225 82 20.097 96 308 37 164 
9.7 83.251 06 20.407 15° 31001 163 
9.8 85.30730 20.71797° 31163 162 
9.9 87.394 71 21.030 42 31525 161 
10.0 89.513 44 21.344 47 31486 160. 
10.1 91.663 65 21.660 13 31645 1s 
10.2 93.845 52 21.977 38 318 04 158 
10.3 96.059 18° 22.296 22 319 63 158 
10.4 98.304 81 22.616 64 321 20 157 
10.5 100.582 56° 22.938 62. 32277 156 
10.6 102.892 59 23.262 17 324 33 1 as 
10.7 105.235 05 23.587 28 325 88 154 
10.8 107.610 10 23.913 93 327 42 154 
10.9 110.017 89 24.242 12° 328 96 153 
11.0 112.458 57 24.571 84° 330 48 12 
ell 114.932 31 24.903 09° 33201 12 
Te? 117.439 24° 25.235 86 333 52 151 
ES 119.979 53 25.570 13° 33503 150 
11.4 APA BS)S) SY) 25.905 91 336 53 149° 
MES: 125.160 76 26.243 19 338 02 149 
11.6 127.802 01 26.58195° 339 51 148 
i lof/ 130.477 20 26.922 20° 340 98 a7 
11.8 133.186 50 27.263 93 342 46 147 
11.9 135.930 04 27.607 12 343 92 146 
12.0 138.70797 27.951 78 345 38 145° 
PAI 141.52044° 28.297 89 346 84 145 
12 144.367 60 28.645 45° 348 29 144° 
12.3 147.249 58° 28.994 46° 349 73 144 
12.4 150.166 54 29.344 91 351 16 143 
12.5 153.118 61 29.696 79 35259 142° 
12.6 156.105 94 30.05009° 35401 142 
12.7 159.128 68 30.404 82 355 43 141 
12.8 162.186 96 30.760 96 356 84 141 
12.9 165.280 92 31.118 51 358 25 140° 
13.0 168.41071 31.477 46 359 65 140 
eel 171.576 46 31.837 81 36105 139 
13.2 174.778 31 32.199 56 362 43 138 
13.3 780.016 42 32.562 68 363 82 138 
13.4 181.290 90 32.927 20 365 20 137 
13.5 184.601 90 33.293 08° 366 57 137 
13.6 187.949 56 33.660 34 367 94 136 
13.7 191.33401° 34.028 96 369 30 1 36 
13.8 194.755 40 34,398 94° 370 66 135° 
13.9 198.213 85 34.770 28 37201 135 
14.0 201.709 SO 35.142 97 373 36 134 


3F 3/2 


205.242 49 
208.812 95 
212.42101 
216.066 81 


219.750 48 
223.472 15 
227.231 96 
231.03003 
234.866 50 


238.741 50 


242.655 15° 
246.607 59° 
250.598 95 


254.629 36 


258.698 93° 
262.807 81 


266.956 12 


271.143 98° 


219.30 loo 


279.638 88 


283.946 17 
288.293 52 


292.681 05° 


297.108 90 


301.57717 


306.086 01 
310.635 53 
315.225 85 


319.857 09° 


324.529 39 
329.242 86 
355.907 O2 
338.793 80 
343.631 51 


348.51087 


353.432 02 
358.395 06 
363.400 11 
368.447 30 


373.536 74 


378.668 55. 


383.842 86 
389.059 77 


394.319 40° 
399.621 88° 
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F wF’ w2F” w>F” 
35.51700° 374 70° 134 
35.892 38 376 04 133° 
36.269 08° 37737 133 
36.647 12° 378 70° 132° 
37.026 49 380 03 132 
37.407 18 381 34° 131 
37.789 18 382 66 131 
38.172 50 383 97 131 
38.557 12 38527 130 
38.943 04° 38657) 130 
39.330 27 387 87 129° 
39.718 79 389 16° 129 
40.108 59° 390 45 128° 
40.499 69 391 73° 128 
40.892 06° 39301" 127 
41.285 71° 394 29 127 
41.680 64 395 56 Wee) 
42.076 83 396 82" 126 
42.474 29 398 09 1 26 
42.87300° 399 34 125: 
43.272 98 400 60 125 
43.674 20° 401 85 125 
44.076 68 403 09 124° 
44.480 39° 404 34 124 
44.885 35 405 58 13. 
45.291 55 406 81 123 
45.698 98 408 04° 123 
46.107 63° 409 27 12 
46.517 52 41049° 122 
46.928 62° 41171 123 
47.340 95 41293 ea 
47.754 48° 41414 121 
48.169 23° 41535 121 
48.585 19 416 56 120° 
49.002 35 41776 120 
49.420 71 41896 119° 
49.840 26° 42015” 119° 
50.261 01 42134 119 
50.682 95 422 53° 118° 
51.106 08 42372 118° 
51.530 39 42490 11s 
51.955 87 426 02 Diz 
52.382 54 42725 Vag 
52.810 38 428 42° 117 
53.239 39 429 59 117 


(Contd.) 
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$F 32 F wF’ w2F" 
404.967 32 53.669 56 430 76 116 
410.355 83° 54.100 90 43192 116 
415.787 54 54,533 40 43308 116 
421.262 55 54.967 06 434 23 115 
426.780 99 55.401 87 43538 115 
432.34297, 55.837 83 436 53° 115 
437.948 See 56.274 94 437 68 114 
443.497 28. 56.713 20. 438 82. 114 
449.291 27 §7.152 59 43997 114 
455.028 55 57.593 13 44110 113° 
460.809 94 58.034 80 442 24 3° 
466.635 55 58.477 61 ; 443 37 113 
472.505 50. 58.921 54 444 50 1 U3 
478.419 89 59.366 61 44562 2 
484.378 85° 59.81279° 44675 il 3S 


APPENDIX 4 


Derivation of the virial theorem result 


We first prove that 
T,'(n) = kL, -1(n) (A4.1) 


The proof is simple. Starting from the definition of the Fermi—Dirac 
function (see (9.158)) we have 


oO ke 
T(n) = jy tn -<l[ we, | 


Pd 1 
= | ene, 
" | aaa | y 


1 co re) y* =i dy 
= — yX} —___ k A4. 
where in the last step we have integrated by parts. The first term on the right 
hand side of (A4.2) vanishes at both limits so we readily obtain (A4.1). Now, 
the kinetic energy term is given by (see (9.166)). 


ZkTa 
Exin = WO) J, (A4.3) 
where 
y 
| dee Iya “eo (A4.4) 


Integrating by parts, we get 


te 1 ed 
i=[3to(F) | 3, Pale 


i he of 
=Hsaten—3] Pha (72) 
0 > 


op 


mat 2 (A4.5) 


2 
dei ¢ 
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where prime denotes differentiation with respect to the argument and in 
writing the first term we have used the following relation 


{e1s(7)} 0 (A4.6) 
g=0 


This follows from the fact that 
Ii.2(n) xn? for 00 (A4.7) 


Is(n)xn?? for 00 (A4.8) 
Thus 
n~3I3,2(n)=n~*/? for 4->00 (A4.9) 


Returning to (A4.5) we have 


1 
J, =Hyal¥1-5[ eeHO—WOM ral Fae (A410) 
0 


5 
where we have used (A4.1). We write the above equation in the form 
J, =$132.CP(1)] + 22 — Is) (A4.11) 
where 
: i 
J,= {, MO 2 ec (A4.12) 
and 
1 
Jy= { PW Oval fae (A4.13) 
Thus 
ZkT. 
Ein = yoy laia(¥() + Jo — Is] 
ZkT 
= 3PV + gy 2 A (A4.14) 


where we have used (9.163). In order to evaluate J, and J; we use the 
Thomas—Fermi equation (see (9.155)) 


Y” =all, | | 


E (A4.15) 


Thus 
1 1 
J, Al ¥"(E (Oa 
0 


i | w7eae | 
0 0 


1 , 
- iY (HE) 
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or 
f 
aJ,=[¥(1)} -¥¥(0)~ | PA (ads (A4.16) 
0 
where we have used the boundary condition (see (9.160)): Similarly, 
=F) 


1 if'od 
Jz=| Eww (Ode =-) E—PHLO? 
aJ, [é (¢)dé |, Cae ['Y'(c) ]° dé 


1 1 1 
=| e¥70) -{ W708 
0 0 


=;|r0-[. wee | (A4.18) 
Thus 
ZkT 


2Exin= 3PV + ay | way — 2'¥'(0) ¥(0) 


a | v0 M6 | (A4.19) 
0 


Now, (9.172) gives us 


a ZkTa 


pot = — D0) J, (A4.20) 


where 


Te | dét,o| “ [erwe@—eray +0 


or 


aJ4= | ; déw"'P — P(1) | : EW"de + (0) | : w'(E\dE (A421) 
where we have used (A4.15). We evaluate each term 
i. déY"'P = aJ, = [¥(1)]? — ¥’(0) ¥(0) — |, W'2(E)d= ~— (A4.22) 
(see (A4.16)). Further 
I own(d)de = eval a | P'(o)d¢ 
0 o Jo 


= P'(1)— P(A)lo 
= ¥(0) (A4.23) 
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where we have used (A4.17). And 


| "(ede = 7) = P(1)—'¥'(0) (A4.24) 
Thus 
aJ,= [PD]? — P'(0)¥O) — | P'2(E)dé 


— ¥(1)¥(0) + PO)LP(1) — ¥'(0)] 


=[P¥(1)]? —- 28 (O}¥@)— | , b oie (5), (A4.25) 
0 
Substituting in (A4.20) we get 
ZkT ; 1 an 
Foot = — ao CHOY =e) eo) I i (oat | (A4.26) 


Substituting the above expression in (A4.19) we immediately get 
2B Pea Oe (A4.27) 


which shows that the virial theorem remains valid in spite of the simplifying 
assumptions of the Thomas—Fermi model. 


APrEN DIX" 


Tables of Thomas—Fermi corrected 
equation of state 


In this appendix we have tabulated TF pressures and energy with their 
corrections for scaled temperatures from 107? to 10° S eV. The first column 
represents ZV which is the scaled volume. The second and fourth columns 
(P/Z'° and E/Z”/?) represent the TF pressure and energy. The third and 
the fifth columns (DP/Z*/? and DE/Z*'3) represent the corrections to the 
pressure and energy and contain both quantum and exchange corrections. 
The units of thermodynamic functions are, 


ZV: A>/Atom (1A3 = 10724 cm’), 

P/Z'°3 and DP/Z®/3: Mbars (1 Mbar = 101? dynes cm ~”), 
E/Z"'> and DE/Z*!3: Mbars cm? g~! (1 Mbarcm?/g 

= 10!ergsg~'). 
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Table A5.1. kT/Z*/? = 1.0E — 02 


ZV P/z'03 —DP/Z83 OE /z73 — DE/z5!3 

3.060E +09 2983E—13 9.324E—-13 4833E-—03 —5.483E—01 
1.290E +09 6697E—13 2107E—12 4137E—-03 —3.593E—01 
5440E+08  1495E-12 4.721E-12 3.632E-03 -—2312E—01 
2294E+08  3.315E-12 1.046E—-11 3.230E—03 —1.485E—01 
9675E+07 7.301E—12 2306E-11  2890E-03 —9.658E—02 
4.080E +07 1598E—11 5.050E—11 2591E—03 -—6410E—02 
1.720E+07 5475E-11 1.107E—10 2.323E—03 —4.368E—02 
7.254E+06 7.530E—-11 2449E-10 2081E-03 —3.037E—02 
1.290E +06 3540E—10 1.296E—09 1.666E—03 —1.534E—02 
5440E+05 7.763E—10 3.194E—-09 1488E-03 —1.081E—02 
2294E+05 1.735E—09 8461E—09 1327E-03 —7.613E—03 
9.675E+04 4.000E—09 2464E-08 1.181E—-03 —5.074E—03 
4.080E +04 9.734E—09 8123E—-08  1.049E-03 —2.901E—03 
2.649E +04 1.566E~08  1.558E—07 9.879E—04 —1.781E—03 
1.7200E +04 2600E—08  3120E—07 9.314E-04  —9,556E—04 
1117E+04  4497E-08  6.521E—07 8814E—04 6.768E — 04 
7.254E+03 8.233E—08  1417E-06 8430E—04 2.926E — 03 
3.060E +03 3.559E—07 7.139E—-06  8.658E—04 9.345E — 03 
2.612E+03 4872E—07 9.611E—06  9.038E—04 1.136E — 02 
2.213E+03 6883E—07 1.315E—05  9.657E—04 1.346E — 02 
1987E+03  8690E—07 1.607E—05  1.022E—03 1.496E — 02 
1.792E+03 1.093E-06 1.952E—05  1.090E—03 1.695E — 02 
1601E+03 1411E-06 2414E—05 1.183E—03 1.865E — 02 
1437E+03 1812E—06 2961E—05  1.295E—03 2AISE — 02 
1.290E +03 2337E-06 3.635E—05 1.434E—03 2.344E — 02 
1.158E +03 3.024E-06 4.464E—05  1.605E—03 2.695E — 02 
1.082E+03 3.567E—06  5.087E—05  1.732E—03 2.840E — 02 
9.335E+02 S5107E—06 6.751E—05 2.065E—03 3.372E — 02 
8.378E+02 6.658E-06 8313E—-05 2.370E—03 3.715E —02 
6.752E+02 1.134E—-05 1.261E—04 3.173E—03 4.691E — 02 
5440E+02 1.936E-05 1.913E—04  4316E—03 5.909E — 02 
3.532E+02 5.604E—05 4384E-04 8.150E—03 9.259E — 02 
2.294E +02 1.596E—04 9.904E-04  1.543E—02 1.426E — 01 
1491E +02 4443E-04 2196E—03 2881E—02 2.158E — 01 


Source: The tables have been adapted with permission from S. L. McCarthy’s 
report “The Kirzhnits Corrections to the Thomas-Fermi Equation of State’ 
University of California, Lawrence Radiation Laboratory Report UCRL 14364, 
(1965). 
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Table A5.2. kT/Z*/3 = 5.0E — 02 


ZV P/zZ'93 

9150E+08 1.391E—11 
3.858E+08  3.145E—11 
1.627E+08  7.060E—11 
6.860E+07  1.577E—10 
2894E+07  3.497E—10 
1.220E+07  7.703E—10 
5.145E+08  1.655E—09 
2.169E +06  3.668E —09 
9.150E+05 7.955E—09 
3.858E +05  1.726E—08 
1627E+05  3.765E—08 
6.860E+04  8.321E—08 
2.894E +04  1.882E—07 
1.2200E +04  4.457E—07 
7.924E+03  6.972E—07 
5145E+03 1.121E—06 
3.4020E+03  1.817E—06 
3.341E+03  1.858E—06 
2.169E+03  3.206E —06 
9.150E+02 1.146E—05 
7815E+02 1.499E—05 
6.619E+02  2.012E—05 
5.942E+02 2.455E—05 
5.359E+02  2.986E—05 
4.788E+02  3.719E—05 
4.298E+02  4.616E—05 
3.858E+02  5.759E—05 
3.531E+02  6931E—05 
3.464E+02 7.215E—05 
3.235E +02 8.341E—05 
2.792E+02 1.146E—04 
2.506E+02 1.453E—04 
2.019E+02  2.348E—04 
1.056E +02  1.016E—03 
6860E+01  2.682E—03 
4458E+01  6.956E—03 
2894E+01 1.775E—02 


=DP/Z 


1.906E — 11 
4.350E — 11 
9.891E — 11 
2.224E — 10 
4.955E — 10 
1.095E — 09 
2.412E — 09 
5.335E — 09 
1.196E — 08 
2.757E — 08 
6.642E — 08 
1.704E — 07 
4.755E — 07 
1.480E — 06 
2.738E — 06 
5.257E — 06 
1.016E — 05 
1.047E — 05 
2.159E — 05 
9.814E — 05 
1.298E — 04 
1.737E — 04 
2.099E — 04 
2.513E — 04 
3.057E — 04 
3.686E — 04 
4.444F — 04 
5.182E — 04 
5.356E — 04 
6.028E — 04 
7.782E — 04 
9.388E — 04 
1.367E — 03 
4.238E — 03 
8.901E — 03 
1.858E — 02 
3.809E — 02 


E/z73 


5.419E — 02 
4.968E — 02 
4.559E — 02 
4.131E —02 
3.743E — 02 
3.376E — 02 
3.032E — 02 
2.710E — 02 
2.414E — 02 
2.142E — 02 
1.895E — 02 
1.672E — 02 
1.470E — 02 
1.289E — 02 
1.207E — 02 
1.130E — 02 
1.064E — 02 
1.061E — 02 
1.004E — 02 
9.666E — 03 
9.828E — 03 
1.014E — 02 
1.044E — 02 
1.081E — 02 
1. 133E —02 
1.197E — 02 
1.277E — 02 
1.356E — 02 
1.375E —02 
1.448E — 02 
1.639E — 02 
1.814E — 02 
2.269E — 02 
4.970E — 02 
8.674E — 02 
1.508E — 01 
2.587E — 01 
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— DE/Z53 


— 2.866E — 01 
— 1.790E —01 
— 1.110E—01 
— 6.899E — 02 
— 4.315E — 02 
— 2.709E — 02 
— 1.535E —02 
— 1.050E — 02 
— 6.045E — 03 
— 2.930E — 03 
— 5.425E — 04 


1.410E — 03 
3.646E — 03 
6.686E — 03 
8.846E — 03 
1.182E —02 
1.607E — 02 
1.649E — 02 
2.266E — 02 
4.868E — 02 
5.S571E — 02 
6.403E — 02 
7.043E — 02 
7.687E — 02 
8.408E — 02 
9.196E — 02 
1.014E —01 
1.087E — 01 
1.108E — 01 
1.167E —01 
[323E—01 
1.449E — 01 
1.744E — 01 
3.049E — 01 
4.408E — 01 
6297E—O01 
S8S1E —01 
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Table A5.3. kT/Z*/> = 2.0E — 01 


ZV 


3.253E + 08 
1.364E + 08 
3.752E +07 
2.425E + 07 
O25 Eee 07 
4.314E + 06 
1.819E + 06 
7.670E + 05 
3.253E + 05 
1.564E + 05 
5.706E + 04 
2.425E + 04 
1.693E + 04 
1.025E + 04 
6.664E + 03 
4.314E +03 
3.500E + 03 
2.802E + 03 
1.819E + 03 
1.681E + 03 
1.203E + 03 
1.181E + 03 
7.670E + 02 
5.653E + 02 
32530402 
2.762E + 02 
2.540E + 02 
2.101E + 02 
1.895E + 02 
1.693E + 02 
1.520E + 02 
1.364E + 02 
1.248E + 02 
1.225E +02 
1.144E + 02 
9.070E + 01 
8.839E + 01 
7.140E + 01 
3.7308 + Ol 
2.423E + 01 
1.576E +01 
1.025E +01 
4.314E + 00 


IE 


3.467E — 10 
7.893E — 10 
1.790E — 09 
4.033E — 09 
9.039E — 09 
2.012E — 08 
4.445E — 08 
9.749E — 08 
2.126E — 07 
4.625E — 07 
1.014E — 06 
2.208E — 06 
3.071E — 06 
4.916E — 06 
7.406E — 06 
1.126E ~ 05 
1.582E —05 
1.7358 — 0s 
2.7 tite — 068 
2.948E — 05 
4.244E — 05 
4.331E —05 
TATE —0S 
1.054E — 04 
2.178E — 04 
2.739E — 04 
3.518E — 04 
4.163E — 04 
4.914E — 04 
5.917E — 04 
7.105E — 04 
8.574E — 04 
1.004E — 03 
1.059E — 03 
1.176E — 03 
1.547E — 03 
1.900E — 03 
2.043E — 03 
1.083E — 02 
2.660E — 02 
6.482E — 02 
1.564E — 01 
8.683E — 01 


— DP/Z8 


2.161E — 10 
5.034E — 10 
1.164E — 09 
2.672E — 09 
6.071E — 09 
1.367E — 08 
3.035E —08 
6.815E — 08 
1.528E — 07 
3.490E — 07 
8.311E —07 
2.053E 06 
3.060E — 06 
5.501E — 06 
9.32E 06 
1.623E —05 
2. 136E, —'05 
2.907E — 05 
S56GE —05 
6.028E — 05 
9.95SE —05 
1.024E — 04 
2.015E — 04 
3.295E — 04 
8.309E — 04 
1.081E — 03 
1.425E — 03 
1.703E — 03 
2.019E — 03 
2.427E — 03 
2.893E — 03 
3.445E — 03 
3.973E — 03 
4.097E — 03 
4.570E — 03 
S.7TTE — 03 
6.836E — 03 
9.656E — 03 
2.678E — 02 
5.292E — 02 
1.052E —01 
2.027E — 01 
7441E —01 


OT 


4.420E —01 
4.089E — 01 
3.763E — 01 
3.446E — 01 
3.138E — 01 
2.840E — 01 
2.555E — 01 
2.284E — 01 
2.030E — 01 
1.793E —01 
1.573E —01 
1L.377E — Ol 
1.300E ~ 01 
1.198E —01 
1.116E —01 
1.039E — 01 
1.004E — 01 
9.666E — 02 
8.997E — 02 
8.880E — 02 
8.414E — 02 
8.390E — 02 
7.863E — 02 
T.SS3E —O2 
7.257E — 02 
7.250E — 02 
T2858 —O2 
7.33508 — 02 
7.464E — 02 
7.626E — 02 
7.834E — 02 
8.103E — 02 
8.375E — 02 
8.441E — 02 
8.697E — 02 
9.365E — 02 
9.998E — 02 
1.165E —01 
2.124E — 01 
3.398E — 01 
5.512E ~—01 
8.921E —01 
2.249E + 00 


— DE/Z*!? 


— 1.715E—01 
— 1.089E — 01 
— 6.849E — 02 
— 4,332E — 02 
— 2.T50E — 02 
—.1.870E — 02 
— 1.421E —02 
— 1.006E — 02 
— 7.951E —03 
— 7.102E — 03 
— 5.471E — 03 
— 3.076E — 03 
— 1.575E —03 


1.596E — 03 
5.486E — 03 
1.065E — 02 
1.027E — 02 
1.815E —02 
2.854E — 02 
3.045E — 02 
4.306E — 02 
4.385E — 02 
6.611E —02 
1.554E — 01 
1.448E — 01 
1.663E —01 
1.915E—01 
2.095E —01 
2.278E — 01 
2.496E — 01 
2.717E —01 
2.955E—01 
3.163E — 01 
3.207E — 01 
3.374E —01 
3.767E — 01 
4.077E —01 
4.768E — 01 
7.624E — 01 
1.040E + 00 
1.407E + 00 
1.894E + 00 
3.282E + 00 
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Table A5.4. kT/Z*/3 = 1.0E + 00 

ZV P/Z9 —DP/z83——E/z73 — DE/Z53 
9.675E + 07 1.162E — 08 2.085E — 09 3.762E + 00 — 8.801E — 01 
4.060E + 07 2.690E — 08 5.082E — 09 3.554E + 00 — 7.968E — 01 
1.720E + 07 6.206E — 08 1.254E — 08 3.343E + 00 — 7.054E — 01 
7.254E + 06 1.427E —07 2.978E — 08 3.127E + 00 — 6.250E —01 
3.060E + 06 3.262E — 07 T.I37E — 08 2.907E + 00 — 5.320E —01 
1.290E + 06 7.416E — 07 1.696E — 07 2.685E + 00 — 4899E —01 
5.440E + 05 1.675E — 06 3991E—07 2.460E +00 — 4352E —O1 
2.294% + 05 3.750E = 06 9:301E — 07 2.234E + 00 — 3.903E — 01 
9.675E + 04 8.340E — 06 2.155E — 06 2.010E + 00 —3329E —Ol 
6.283E + 04 1.240E — 05 3.282E — 06 1.900E + 00 — 3.360E —01 
4.080E + 04 1.841E —05 5.008E — 06 1.791E + 00 — 3.213E — 04 
2.649E + 04 2.729E — 05 7.672E — 06 1.685E + 00 — 302E — 01 
1.205E + 04 5.580E — 05 1.687E — 05 1.498E + 00 — 2.848E — 01 
1.117E + 04 5.9858 — 05 T839E — 05 1.480E + 00 — 2.744E —01 
7.254E + 03 8.864E — 05 2.692— — 05 1.382E + 00 — 25588 —01 
5.068E + 03 1.229E — 04 4.257E — 05 1.304E + 00 — 2AzsE —O1 
3.060E + 03 1.952E—04  7.480E—05 1.198E + 00 — 2.189E — 01 
1.933E + 03 2.914E — 04 1.241E — 04 1.112E +00 — 1.934E —01 
1.290E + 03 4.356E — 04 2.096E — 04 1.032E + 00 — 1.628E —01 
1.049E + 03 5.296E—04 2.718E-04 9.950E—01 — [4598 —01 
8.378E + 02 6.566E — 04 3.634E — 04 9.560E — 01 — 1.244E —01 
5.440E + 02 9.987E — 04 6.467E — 04 8.855E —01 — T.S51E —02 
5.027E + 02 1.080E — 03 7.20SE — 04 3. 7aeE —Oi — 6.495E — 02 
3.597E + 02 1.509E — 03 List] —0> $.239b —01 — 1.492E — 02 
2:052E + 02 1.537E — 03 LISTE — 03 8.209E — 01 — 1.176E —02 
2.294E + 02 2.405E — 03 2.212E — 03 7.634E — 01 T.28T E02 
1.689E + 02 3.344E — 03 3.5010 —03 7.279E — 01 1.538E —01 
9.675E + 01 6.319E —03 8.253E — 03 6.776E — 01 3.384E — 01 
8.261E +01 7.648E —03.. 1.056E —02 6.680E — 01 4.075E — 01 
6.998E + 01 9.400E — 03 1.368E — 02 6.608E — 01 4.872E —01 
6.283E + 01 1.079E — 02 1619E—02 6.580E—01 5.430E — 01 
5.666E + 01 1.234E — 02 1902E—02 6.568E—01 6.005E — 01 
5.063E + 01 1.434E — 02 2.263E — 02 6.578E—O1 6.667E — 01 
4.545E + 01 1661E—02 2676E-—02 6.602E—01 7.340E — 01 
4.080E + 01 LOstE 02 S159 — Oz 6.654E — 01 8.050E — 01 
3.733E + 01 2.190E —02 3.618E — 02 6.718E — 01 8.661E — 01 
3.663E + 01 2.2548 — 02 3.724E—02 6.734E—01 8.797E —O1 
3.421E +01 2.488E—02  4.128E—02 6.799E — 01 . 9.244E —01 
2.952E + 01 3.099E — 02 5.153E—02  6.989E —01 1.040E + 00 
2.650E + 01 36568 —O02 6.051E — 02 7.175E —01 1.126E + 00 
2.133E + 01 5.145E — 02 8.300E — 02 7.687E — 01 1.509E + 00 
1.117E + 01 1.556E —01 2.085E — 01 1.088E + 00 1.965E + 00 
7.254E + 00 3.442E — 01 3.816E — 01 1.518E + 00 2.524E + 00 
4.714E+00 7.666E —01 6.992E — Ol 2.220E + 00 3.227E + 00 
3.060E + 00 1.731E + 00 1.286E + 00 3,324E + 00 4.110E + 00 
1.290E + 00 8.696E + 00 4.932E + 00 7.472E + 00 6.543E + 00 
5.440E — 01 4.224E +01 1.438E + 01 1.627E +01 1.007E + 01 
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Table AS.5. kT/Z*/? = 5.0E + 00 


fA 


2.894E + 07 
1.220E + 07 
5.145E + 06 
2.169E + 06 
9.150E + 05 
3.858E + 05 
1.627E + 05 
6.800E + 04 
2.894E + 04 
1.879E + 04 
1.220E + 04 
7.924E + 03 
5S.145E + 03 
3.341E + 03 
2.169E + 03 
1.516E + 03 
9.150E + 02 
5.931E + 02 
3.858E + 02 
3.139E + 02 
2.506E + 02 
1.627E + 02 
1.504E + 02 
1.076E + 02 
1.056E + 02 
6.860E + 01 
5.052E + 01 
2.894E + 01 
2.471E +01 
2.093E + 01 
1.879E + 01 
1.695E + 01 
1.514E +01 
1.359E + 01 
1.220E + 01 
1.116E +01 
1.095E + 01 
1.023E + 01 
8.828E + 00 
7.924E + 00 
6.386E + 00 
3.341E + 00 
2.169E + 00 
1.410E + 00 
9.150E — 01 
3.838E — 01 
1.627E — 01 
6.860E — 02 


(eA 


2.621E — 07 
6.180E — 07 
1.455E — 06 
3.421E — 06 
8.026E — 06 
1.878E — 05 
4.380E — 05 
1.017E — 04 
2.348E — 04 
3.559E — 04 
5.386E — 04 
8.131E—04 
1.225E —03 
1.845E — 03 
2.766E — 03 
3.870E — 03 
6.200E — 03 
9.287E — 03 
1.387E — 02 
1.682E — 02 
2.076E — 02 
3.117E —02 
3.359E — 02 
4.619E —02 
4.700E — 02 
7.132E —02 
9.671E —02 
1.695E — 01 
2.000E — 01 
2.385E — 01 
2.679E — 01 
2.999E — 01 
3.397E — 01 
3.835E —01 
4.344E — 01 


1.801E + 01 
8.075E + 01 
3.675E + 02 
1.656E + 03 


— DP/z®3 


4.791E —09 
1.264E — 08 
3.302E — 08 
8.652E — 08 
2.275E — 07 
5.968E — 07 
1.568E — 06 
4.114E — 06 
1.076E — 05 


2.433E +01 
7.665E + 01 
2.432 +02 


E/z"3 


1.687E + 01 
1.655E + 01 
1.616E + 01 
1.575E + 01 
1.530E + 01 
1.479E + 01 
1.422E +01 
1.358E + 01 
1.286E + 01 
1.247E + 01 
1.20SE + 01 
1.161E +01 
L.115E+01 
1.067E + 01 
1.017E +01 
9.744E + 00 
9.136E + 00 
8.612E + 00 
8.095E + 00 
7.849E + 00 
7.586E + 00 
7.093E + 00 
7.006E + 00 
6.644E + 00 
6.625E + 00 
6.190E + 00 
5.933E + 00 
5.462E + 00 
5.336E + 00 
5.257E + 00 
5.200E + 00 
5.1S2E + 00 
5.107E + 00 
5.071E + 00 
5.050E + 00 
5.028E + 00 
5.025E + 00 
5.019E + 00 
5.021E + 00 
5.037E + 00 
5.111E + 00 
S.811E + 00 
6.885E + 00 
8.722E + 00 
1.167E +01 
2.2/1 +01 
4.570E + 01 
9.051E +01 


— DE/z5 


— 5.260E + 00 
— 4.246E + 00 
— 4.110E + 00 
— 3.951E +00 
— 3.753E + 00 
— 3.577E + 00 
— 3.368E + 00 
— 3.146E + 00 
— 2.916E + 00 
— 2.798E + 00 
— 2.679E + 00 
— 2.559E + 00 
— 2.438E + 00 
— 2.316E + 00 
— 2.191E +00 
— 2.084E + 00 
— 1.928E +00 
— 1.783E + 00 
— 1.627E + 00 
— 1.545E + 00 
— 1.451E +00 
— 1.247E + 00 
— 1.207E + 00 
— 1.019E +00 
— 1.008E + 00 
— 7.196E — 01 
— 2.818E —01 


8.190E — 02 
2.681E —01 
4.842E — 01 
6.344E — 01 
7.861E —O01 
9.612E —0O1 
1.138E + 00 
1.411E +00 
1.486E + 00 
1.521E +00 
1.651E + 00 
1.941E +00 
2.165E + 00 
2.639E + 00 
4.242E + 00 
5.431E + 00 
6.734E + 00 
8.226E + 00 
1.210E +01 
1.761E +01 
2.523E + 01 
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Table A5.6. kT/Z*? = 1.0E +01 
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ZV P/z193 —DP/z*3——E/z73 — DE/Z53 

1.721E+07 9.121E—07 4433E—09 2.755E+01  —7330E+00 
7.255E+06 2.158E-06 1165E—08  2.725E+01 —6.745E+00 
3.053E+06  5100E-06 3.172E—-08  2695E+01  —5393E+00 
1.290E +06 1.205E—05 8451E—08  2658E+01  —5,469E+00 
5441E+05 2845E-05 2285E—-07 2622E+01 —5.251E+00 
2.294E+05 6.700E—05  6098E—07 2572E+01 —5.185E+00 
9.674E+04 1.576E—04 1.655E-06 2518E+01  —5.026E+00 
4.0799E +04 3.700E—04 4521E—06 2456E+01  —4846E+00 
1.721E+04 8654E-04 1.245E—05 2382E+01 —4642E +00 
1117E+04 1.322E—03 2.067E—05 2539E+01 —4.531E+00 
7.258E +03 2.016E—-03 3446E—05 2.292E+01  —4.412E+00 
4712E+03 3.071E—03 5.760E—05 2.242E+01 —4285E+00 
3.059E +03 4671E—03 9.667E—05 2.186E+01 —4.151E+00 
1.986E +03 7.093E—03 1.630E—04 2125E+01  —4.007E+00 
1.290E +03 1.075E—02 2.767E—04 2.060E+01 —3.854E+00 
9.015E+02 1516E—-02 4321E—04 2001E+01 —3.717E+00 
5441E+02 2435E-02 8200E—04 1915E+01 —3.508E+00 
3.527E+02 3.700E—02 1445E-03 1833E+01 —3.309E+00 
2.294E +02 5.575E—02 2589E—-03 1.750E+01 —3.087E+00 
1.833E+02 6.7799E—02 3410E—03 1.709E+01 —2970E+00 
1.490E +02 8390E-02 4.667E—03 1.664E+01 —2.834E+00 
9.674E+01 1.265E—01 8639E—03 1.577E+01 —2.539E+00 
8940E+01 1361E—01 9687E—03 1.561E+01 —2.480E+00 
6.397E+01 1872E—01 1.585E—02 1.495E+01  —2.206E+00 
6.281E+01 1.905E—01 1.628E—02 1491E+01 —2.190E+00 
40799E+01 2889E-01 3117E—02 1408E+01 —1.771E+00 
3.004E+01 3871E—01 4.950E-02 1.331E+01 —1.448E+00 
1721E+01 6.708E-—O1 1.185E—01 1.260E+01 —6.254E—01 
1469E +01 7.863E—-01. 1.51SE—01 1.237E+01 —3.594E—01 
1.245E+01 9.309E—-O1 1.966E—01 1.214E+01 —5.212E—02 
L117E+01 1.040E+00 2329E-01  1.201E+01 1.619E —01 
1.008E+01 1.158E+00 2.759E—-O1 1.189E+01 3.764E — 01 
9.004E+00 1.303E+00 3.269E-01  1.177E+01 6.244E — 01 
8.082E+00 1460E+00 3.872E—01 1.167E+01 8.757E — 01 
7.255E+00 1642E+00 4621E—01 1.160E+01 1.218E +00 
6.639E +00 1.805E+00 5.265E—Ol  1.152E+01 1.365E + 00 
6.515E+00 1.843E+00 5421E—01  1.151E+01 1.415E +00 
6.083E+00 1.936E+00 6027E—01  1.147E+01 1.597E +00 
5.249E +00 2339F+00 7.570E—O1 1.142E+01 2.010E + 00 
4.712E+00 2643E+00 8936E—01  1.140E+01 2.329E + 00 
3.7997E +00 3391E+00 1.240F +00  1.142E+01 3.008E + 00 
1986E +00 7.560E+00 3.194E +00  1.221E+01 5.339E + 00 
1.298E +00 1.559E+01 5.769E+00 1.362E+01 7.069E + 00 
8385E—O01 2.552E+01 1011E+01 1.616E+01 8.086E + 00 
5441E—01 5.006E+01 1.741E+01 2.034E+01 1.084E + 01 
2294E—01 2.096F +02 5.152E+01 3.648E+01 1.556E + 01 
9.674E—02 9.227E+02 1.565E+02 7.018E +01 2.205E + 01 
4.0799E—02 4.085E+03 4.930E+02 1.538E +02 3.120E + 01 
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Table AS.7. kT/Z*? =5.0E + 01 


ZV 


5.146E + 06 
2.170E + 06 
9.149E + 05 
3.858E + 05 
1.627E + 05 
6.861E + 04 
2.895E + 04 
1.220E + 04 
5.146E + 03 
5.541E + 03 
2.170E + 03 
1.409E + 03 
9.149E +02 
5.941E + 02 
3.858E + 02 
2.695E + 02 
1.627E + 02 
1.055E + 02 
6.861E + 01 
5.581E + 01 
4.456E + 01 
2.893E + 01 
2.674E + 01 
1.915E +01 
1.879E + 01 
1.220E + 01 
8.984E + 00 
5.445E + 00 
2.695E + 00 
2.170E + 00 
3.858E — 01 
207E—01 
1.627E —01 
6.861E — 02 
2.893E — 02 
1.220E — 02 
5.146E — 03 
2.170E — 03 


p/z'ors — DP/Z8! 7 Al — Eye 

1.553E —05 3.087E — 09 9.215E+01 — 7.055E + 00 
5.682E — 05 7.262E — 09 9.199E + 01 — 6.737E + 00 
8.727E — 05 1.892E — 08 9.185E +01 — 7.581E + 00 
2.060E — 04 4.738E — 08 9.162E + 01 — 7.539E + 00 
4.900E — 04 1.570E — 07 9.146E + 01 — 7.125E + 00 
1.161E — 03 3.902E — 07 9.108E + 01 — 6.857E + 00 
2.748E — 03 1.076E — 06 9.075E + 01 — 6.866E + 00 
6.506E — 03 5.026E — 06 9.028E + 01 — 6.829E + 00 
1.558E — 02 8.655E — 06 8.975E + 01 — 6.780E + 00 
2.565E — 02 1.474E — 05 8.939E + 01 — 6.753E + 00 
3.636E — 02 2.558E — 05 8.902E + 01 — 6.722E + 00 
5.586E — 02 4.415E—05 8.859E + 01 — 6.687E + 00 
8.583E — 02 7.785E — 05 8.811E +01 — 6.647E + 00 
1.518E — 01 1.393E — 04 8.755E + 01 — 6.601E + 00 
2.025E — 01 2.538E — 04 8.692E + 01 — 6.547E + 00 
2.886E — 01 4.243E — 04 8.633E + 01 — 6.494E + 00 
4.755E —01 8.935E — 04 8.537E + 01 — 6.404E + 00 
7.297E —01 1.758E — 03 8.441E +01 — 6.305E + 00 
1L.115E + 00 3.510E — 03 8.334E + 01 — 6.180E + 00 
1.367E + 00 4.933E — 03 8.277E +01 — 6.108E + 00 
1.705E + 00 TASTE —03 8.211E+01 — 6.018E + 00 
2.607E + 00 1.510E — 02 8.072E + 01 — 5.801E + 00 
2.816E + 00 EP aB2e — 02 8.045E + 01 — 5.754E + 00 
3.911E + 00 3.123E — 02 TIZ5E + Ol — §,522E + 00 
3.981E + 00 3.2266 — 02 7.918E + O1 — 5.507E + 00 
6.077E + 00 6.990E — 02 7.750E + 01 — 5.106E + 00 
8.201E + 00 1.216E—O1 7.624E +01 — 4.730E + 00 
1.417E+ 01 5.546E — 01 7.383E + 01 — 3.790E + 00 
2.689E + 01 1.075E + 00 TA12ZE + 01 — 2.105E + 00 
3.335E + 01 1.569E + 00 7.024E + 01 — 1.407E + 00 
2.090E + 02 2.895E + 01 7.050E + 01 9.583E + 00 
3.S501E + 02 5.512E + 01 7489E + 01 1.370E + 01 
6.050E + 02 1.012E + 02 8.246E + 01 1.805E + 01 
2.043E + 03 3.051E + 03 L.156E + 02 2.701E + 01 
T.IISE +03 0.737E + 03 1.908E + 02 3.707E + O1 
3.300E + 04 2.588E + 03 3.427E + 02 5.041E + 01 
1.409E + 05 T.941E + 03 6.301E + 02 6.870E + 01 
6.043E + 05 2.484E + 04 1.159E + 03 9.530E + 01 


Tables of Thomas—Fermi corrected EOS 


Table A5.8. kT/Z*/> = 1.0E + 02 


ZV 


3.060E + 06 
1.290E + 06 
5.440E + 05 
2.294E + 05 
9.675E + 04 
4.080E + 04 
1.720E + 04 
7.254E + 03 
3.060E + 03 
1.987E + 03 
1.290E + 03 
8.578E + 02 
5.440E + 02 
3.532E + 02 
2.294E + 02 
1.603E + 02 
9.675E + 01 
6.272E +01 
4.080E + 01 
3.319E + 01 
2.649E + 01 
1.720E + 01 
1.590E + 01 
1.158E + 01 
7.254E + 00 
5.342E + 00 
3.060E + 00 
1.290E + 00 
2.294E — 01 
1.491E—01 
9.675E — 02 
4.080E — 02 
1.720E — 02 
T2545 — 03 
3.060E — 03 
1.290E — 03 


Piz 


5.231E — 05 
1.240E — 04 
2.941E — 04 
6.971E — 04 
1.652E — 03 
3.916E — 03 
9.279E — 03 
2.198E — 02 
5.205E ~— 02 
8.008E — 02 
1.252E — 01 
1.895E — 01 
2.915E—01 
4.482E — 01 
6.890E — 01 
9.844E — 01 
1.626E + 00 
2.502E + 00 
3.834E + 00 
4.706E + 00 
5.883E + 00 
9.024E + 00 
9.758E + 00 
1.359E + 01 
2.121E + 01 
2.870E + O1 
4.979E + 01 
1.174E + 02 


6.986E + 02 ° 


1.135E + 03 
1.881E + 03 
5.765E + 03 
2.053E + 04 
8.176E + 04 
3.423E + 05 
1.455E + 06 


— DP/Z®3 


2.549E — 09 
6.958E — 09 
1.696E — 08 
3.985E — 08 
1.254E — 07 
3.243E — 07 
9.290E — 07 
2.383E — 06 
6.867E — 06 
1.178E — 05 
2.052E — 05 
3.627E — 05 
6.529E — 05 
1.200E — 04 
2.258E — 04 
3.894E — 04 
8.653E — 04 
1.770E — 03 
3.693E — 03 
5.302E — 03 
7.910E — 03 
1.729E — 02 
1.999E — 02 
3.715E — 02 
8.646E — 02 
[S256 — 01 
4.461E —01 
2.289E + 00 
5.066E + 01 
1.017E + 02 
1.975E +02 
6.460E + 02 
1.870E + 03 
5.383E + 03 
1.601E + 04 
5.004E + 04 


E/z? 


1.682E + 02 
1.681E + 02 
1.608E + 02 
1.678E + 02 
1.675E + 02 
1.673E + 02 
1.670E + 02 
1.666E + 02 
1.660E + 02 
1.657E + 02 
1.654E + 02 
1.650E + 02 
1.645E + 02 
1.659E + 02 
1.633E + 02 
1.627E + 02 
1.618E + 02 
1.609E + 02 
1.598E + 02 
1.592E + 02 
1.585E +02 
[SVAN 402 
1.568E + 02 
1.556E + 02 
1.537E + 02 
1.525E + 02 
1.496E + 02 
1.453E + 02 
1.440E + 02 
1.493E + 02 
1.581E +02 
2.003E + 02 
3.011E + 02 
3.127E +02 
9.205E + 02 
1.674E + 03 
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paz 


— 6.975E + 00 
— 6.931E + 00 
— 6.780E + 00 
— 7.498E + 00 
— 7.144E + 00 
— 7.012E + 00 
— 6.989E + 00 
— 7.060E + 00 
— 7.060E + 00 
— 7.050E + 00 
— 7.037E + 00 
— 7.021E + 00 
— 7.002E + 00 
— 6.980E + 00 
— 6.953E + 00 
— 6.925E + 00 
— 6.875E + 00 
— 6.818E + 00 
— 6.742E + 00 
— 6.697E + 00 
— 6.639E + 00 
— 6.494E + 00 
— 6.461E + 00 
— 6.298E + 00 
— 5.992E + 00 
— 5.690E + 00 
—4.942E + 00 
— 2.754E + 00 


9.114E + 00 
1.432E +01 
2.017E + 01 
3.292E + 01 
4.608E + 01 
6.192E + 01 
8.315E + 01 
Mi 7E 02 
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Table A5.9. kT/Z*/> = 5.0E + 02 


a — 


— DE/Z5" 


ZV 


9.150E + 05 
3.853E + 05 
1.627E + 05 
6.869E + 04 
2.894E + 04 
1.220E + 04 
5.145E + 03 
2.169E + 03 
9.1S0E + 02 
5.942E + 02 
3.858E + 02 
2.566E + 02 
1.627E + 02 
1.056E + 02 
7.860E + 01 
2.894E + 01 
1.220E + 01 
5.145E + 00 
2.169E + 00 
1.598E + 00 
9.150E — 01 
3.858E — 01 
6.860E — 02 
2.894E — 02 
1.290E — 02 
5.145E — 03 
2.169E — 03 
9.150E — 04 
3.858E — 04 
1.627E — 04 
6.860E — 05 


Pa 


8.752E — 04 
2.076E — 03 
4.922E — 03 
1.167E —02 
2.767E — 02 
6.561E — 02 
1.536E — 01 
3.688E — 01 
8.740E — 01 
1.346E + 00 
2.072E + 00 
3.189E + 00 
4.910E + 00 
7.559E + 00 
1.163E + 01 
2.755E + 01 
6.523E + 01 
1.544E + 02 
3.655E + 02 
4.959E + 02 
8.645E + 02 
2.048E + 03 
1.169E + 04 
2.882E + 04 
7.529E + 04 
2.183E + 05 
7.289E + 05 
2.764E + 06 
1.127E +07 
4.725E + 07 
1.997E + 08 


— DP/z* 


2.786E — 09 
3.872E — 09 
9.329E — 09 
2.407E — 08 
7.064E — 08 
2.006E — 07 
4.941E —07 
2.025E — 06 
4.426E — 06 
7.158E — 06 
1.457E — 05 
2.809E — 05 
5.555E — 05 
1.124E —04 
2.355E — 04 
1.111E—03 
5.646E — 03 
3.000E — 02 
1.634E — 01 
2.986E — 01 
8.995E — 01 
4.963E + 00 
1.418E + 02 
6.922E + 02 
2.949E + 03 
1.041E +04 
3.111E + 04 
8.835E + 04 
2.608E + 05 
7.97TE +05 
2.490E + 06 


jy Al 


7.696E + 02 
7.69SE + 02 
7.693E + 02 
7.692E + 02 
7.694E + 02 
7.687E + 02 
7.684E + 02 
7.679E + 02 
7.67S5E + 02 
7.670E + 02 
7.66SE + 02 
7.660E + 02 
7.655E + 02 
7.648E + 02 
7.641E + 02 
7.625E + 02 
T.599E + 02 
7.568E + 02 
7.529E + 02 
7.513E + 02 
7.481E + 02 
7.429E + 02 
7.406E + 02 
7.609E + 02 
8.278E + 02 
1.003E + 03 
1.412E + 03 
2.273E + 03 
3.942E + 03 
7.020E + 03 
1.258E + 04 


— 6.632E + 00 
— 6.873E + 00 
— 7.034E + 00 
— 7.136E + 00 
— 6.946E + 00 
— 7.012E + 00 
— 7.316E + 00 
— 7.095E + 00 
— 7.166E + 00 
— 7.267E + 00 
— 7.286E + 00 
— 7.240E + 00 
— 7.259E + 00 
— 7.249E + 00 
— 7.243E + 00 
— 7.225E + 00 
— 7.174E + 00 
— 7.061E + 00 
— 6.800E + 00 
— 6.642E + 00 
— 6.198E + 00 
— 4.804E + 00 


5.262E + 00 


— 1.888E +01 


4.132E + 01 
6.985E + 01 
9.919E +01 
1.315E + 02 
1.742E + 02 
2.323E + 02 
3.109E + 02 


Tables of Thomas—Fermi corrected EOS 


Table A5.10. k7/Z*/3 = 1.0E + 03 


ZV 


5.441E + 05 
2.204E + 05 
9.674E + 04 
4.079E + 04 
1.721E + 04 
7.255E + 03 
3.059E + 03 
1.290E + 03 
5.441E + 02 
2.294E + 02 
9.674E + 01 
4.079E + 01 
1.721E + 01 
7.255E + 00 
3.059E + 00 
1.290E + 00 
9.500E — 01 
5.441E —01 
2.294E — 01 
4.079E — 02 
1.721E —02 
T.255E — 03 
3.059E — 03 
1.290E — 03 
5.441E — 04 
2.294E — 04 
9.674E — 05 
4.079E — 05 


AZ 


2.944E — 03 
6.982E — 03 
1.656E — 02 
3.927E — 02 
9.308E — 02 
2.207E — 01 
5.254E — 01 
1.241E + 00 
2.942E + 00 
6.975E + 00 
1.653E + 01 
3.919E + 01 
9.286E + 01 
2.200E + 02 
5.212E + 02 
1.235E + 03 
1.676E + 03 
2.929. + 03 
6.929E + 03 
3.932E + 04 
9.544E + 04 
2.403E + 05 
6.516E + 05 
1.994E + 06 
7.023E + 06 
2.754E + 07 
1.136E + 08 


4.774E + 08 


— DP/zs3 


3.063E — 09 
9.153E —09 
1.207E — 08 
2.253E — 08 
5.494E — 08 
1.148E — 07 
3.804E — 07 
1.649E — 06 
2.962E — 06 
1.471E —05 
6.172E — 05 
2.806E — 04 
1.41S5E — 03 
7.502E — 03 
4.087E — 02 
2.256E — 01 
4.144E —01 
1.259E + 00 
6.981E + 00 
2.077E + 02 
1.O71E + 03 
5.017E + 03 
1.997E + 04 
6.543E + 04 
1.884E + 05 
5.407E + 05 
1.606E + 06 
5.013E + 06 


E/z7!3 


1.520E + 03 
1.520E + 03 
1.520E + 03 
1.519E + 03 
1.419E + 03 
1.519E + 03 
1.519E + 03 
1.518E + 03 
1.517E + 03 
1.516E + 03 
1.515E + 03 
1.514E + 03 
1.512E + 03 
1.509E + 03 
1.505E + 03 
1.501E + 03 
1.499E + 03 
1.496E + 03 
1.490E + 03 
1.489E + 03 
1.513E + 03 
1.593E + 03 
1.808E + 03 
2.325E + 03 
3.463E + 03 
5.758E + 03 
1.008E + 04 
1.794E + 04 
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— DE/Z5 


— 6.686E + 00 
— 6.617E + 00 
— 6.785E + 00 
— 6.934E + 00 
— 7.054E + 00 
— 7.140E + 00 
— 7.A101E + 00 
— 7.116E + 00 
— 7.342E + 00 
— 1233 
— 7.217E + 00 
— 7.259E + 00 
— 7.252E + 00 
— 7.220E + 00 
— 7.135E + 00 
— 6.924E + 00 
— 6.795E + 00 
— 6.430E + 00 
— 5.275E + 00 


3.454E + 00 
1.652E + 01 
4.043E + 01 
7.665E + 01 
1.181E + 02 
1.603E + 02 
2.107E + 02 
2.780E + 02 
3.718E + 02 
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Table A5.11. kT/Z*/3 = 5.0E + 03 


ZV 


6.861E + 04 
2.893E + 04 
1.220E + 04 
5.146E + 03 
2.170E + 03 
9.149E + 02 
3.853E + 02 
1.627E + 02 
6.831E + 01 
2.895E + 01 
1.220E + 01 
5.146E + 00 
2.170E + 00 
3.858E — 01 
2.841E —01 
1.627E —01 
6.361E — 02 
1.220E — 02 
5.146E — 03 
2.170E — 03 
9.149E — 04 
3.838E — 04 
1.627E — 04 
6.861E — 05 
2.893E —05 
1.220E — 05 
5.146E — 06 


Ppa 


1.167E —01 
2.769E — 01 
6.566E — 01 
1.537E + 00 
3.691E + 00 
8.754E + 00 
2.076E + 01 
4.921E+01 
1.167E + 02 
2.767E + 02 
6.562E + 02 
1.595E + 03 
3.660E + 03 
2.073E + 04 
2.814E + 04 
4.912E + 04 
1.165E + 05 
6.570E + 05 
1.569E + 06 
3.791E + 06 
9.411E + 06 
2472E + 07 
T.AT8E + 07 
2.390E + 08 
9.013E + 08 
3.651E + 09 
1521+ 10 


— DP/z8!3 


1.439E — 14 
6.836E — 10 
1.354E — 08 
9.017E — 08 
2.090E — 07 
4.095E — 07 
1.129E — 06 
3.982E — 06 
Laie —05 
1.033E — 04 
5.135E — 04 
2.833E — 03 
1.586E — 02 
4.964E — 01 
9.143E —01 
2.782E + 00 
1.560E + 01 
4.852E + 02 
2.646E + 03 
1.396E + 04 
6.868E + 94 
2.947E + 05 
1.045E + 06 
3.117E + 06 
8.846E + 06 
2.610E + 07 
T.ITIE + 07 


oF Al 


7.520E + 03 
7.520E + 03 
7.520E + 03 
7.528E + 03 
T.519E + 03 
TSISE-+ 05 
7.518B +05 
T.S17E + 03 
T.S15E + 03 
7.514E + 03 
T.S11E + 03 
7.508E + 03 
7.504E + 03 
7.49S5E + 03 
7.490E + 03 
7.A85E + 03 
7.478E + 03 
T.AT9E + 03 
TSTTE + 08 
7.640E + 03 
TIME 05 
8.800E + 03 
1.076E + 04 
L.S511E + 04 
2.409E + 04 
4.127E + 04 
7.269E + 04 


pees 


— 5.068E + 00 
— 5.582E + 00 
— 6.025E + 00 
— 6.078E + 00 
— 6.596E + 00 
— 6.782E + 00 
— 6.925E + 00 
— 7.037E + 00 
— 7.107E + 00 
— 7.146E + 00 
— 7.225E =e 
— 7.205E + 00 
— 7.225E + 00 
— 7.054E + 00 
— 6.974E + 00 
— 6.738E + 00 
— 5.973E +00 


9.336E — 02 
9.798E + 00 
3.109E + O01 
7.576E + 01 
1.449E + 02 
2.357E + 02 
3.289E + 02 
4.313E +02 
5.664E + 02 
7.502E + 02 


Tables of Thomas—Fermi corrected EOS 


Table A5.12. kT/Z*/> = 1.0E + 04 


AY 


1.720E + 04 
7.254E + 03 
3.060E + 03 
1.290E + 03 
5.440E + 02 
2.294E + 02 
9.675E +01 
4.090E + 01 
1.720E + 01 
7.254E + 00 
3.060E + 00 
1.290E + 00 
2.294E — 01 
1.689E — 01 
9.675E — 02 
4.080E — 02 
7.254E — 03 
3.060E — 03 
1.290E — 03 
5.440E — 04 
2.294E — 04 
9.675E — 05 
4.080E — 05 
1.720E — 05 
7.254E — 06 
5.060E — 06 


Rize 


9 31ZE — O01 
2.208E + 00 
5.239E + 00 
1.242E + 01 
2.945E + 01 
6.985E + 01 
1.656E + 02 
3.926E + 02 
9.310E + 02 
2.208E + 03 
5.234E + 03 
1.241E + 04 
6.977E + 04 
9.475E + 04 
1.654E + 05 
3.922E + 05 
2.209E + 06 
5.261E + 06 
1.262E + 07 
3.077E + 07 
7.783E + 07 
2.116E + 08 
6.477E + 08 
2.276E + 09 
8.881E + 09 
3.647E + 10 


— DP/Z*3 


2.619E — 12 
2.237E — 10 
1.292E — 08 
1.190E — 07 
5.933E — 07 
1.630E — 06 
5.479E — 06 
2.714E — 05 
1.368E — 04 
TA41E — 04 
4.017E — 03 
2.225E — 02 
7.006E — 01 
1.291E +00 
5.932E + 00 
2.208E + 01 
6.913E + 02 
3.821E + 03 
2.060E + 04 
1.065E + 05 
5.003E + 05 
1.997E + 06 
6.550E + 06 
1.886E + 07 
5.410E + 07 
1.607E + 08 


E/7" 


1.502E + 04 
1.502E + 04 
1.507E + 04 
1.502E + 04 
1.502E + 04 
1.502E + 04 
1.502E + 04 
1.501E + 04 
1.501E + 04 
1.501E + 04 
1.501E + 04 
1.S5O00E + 04 
1.499E + 04 
1.499E + 04 
1.498E + 04 
1.497E + 04 
1.497E + 04 
1.502E + 04 
1.517E + 04 
1.556E + 04 
1.656E + 04 
1.896E + 04 
2.445E + 04 
3.626E + 04 
5.979E + 04 
1.038E + 05 
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— DE/Z53 


— 4597E +00 
— $.131E 70 
— 4.656E + 00 
— 6.095E + 00 
— 6.406E + 00 
— 6.639E + 00 
— 6.814E + 00 
— 6.976E + 00 
— 7.040E + 00 
— 7.125E + 00 
—7.151E+00 
— 7.187E + 00 
— 7.070E + 00 
— 7.005E + 00 
— 6.812E + 00 
— 6.174E + 00 
— 1.045E + 00 


7.330E + 00 
2.618E + 01 
6.649E + 01 
1.425E + 02 
2 02 
3.889E + 02 
5.223E + 02 
6.819E + 02 
8.949E + 02 


350 Appendix 5 


Table A5.13. kT/Z*3 =5.0E +04 


ZV P/z}03 —DP/Z®3——E/z7!3 — DE/Z53 
2.166E+03 5692E+01 4.922E—09 7.502E+04  —4.025E—02 
1.627E+02 4.925E+02 5478E—07 7.502E+04 —4.224E +00 
6.580E+01 1.108E+03 9.321E—07 7.502E+04  —5.004E+00 
2894E +01 2.768E +03 8232E—06 7.501E+04  —5.588E+00 
1.2200E +01 6565E+03 4.798E—05 7.501E+04 —5.904E+00 
5.145E+00 1.557E+04 2627B-04 7.501E+04 —6.354E+00 
2169E+00 3.692E+04 1.585E—03 7.500E+04  —6.597E+00 
9.150E—01 8.755E+04 8855E—03 7.500E+04 —6.777E+00 
3.853E—01  2076E+05  4949F-02 7499F +04  —6.903E+00 
6860E-02 1.167E+06 1.564E+00 7497E+04 —6975E+00 
5.052E—02 1.585E+06 2885E+00 7497E+04  —6947E+00 
2894E—02 2.767E+06 8.788E+00 7.496F+04 —6850E +00 
1.2200E—02 6563E+06 4941E+01 7495E+04 —6458E+00 
2169E—03 3693E+07 1.558E+03 7.495E+04  —5.046E+00 
9.150E—04 8.766E+07 8714E+03 7.502E +04 2.679E + 00 
3.638E—04 2.086E+08  4.846E+04 7.524E +04 1.610E + 01 
1.627E—04 4990E +08  2.643E+05 7.584E +04 4.674E + 01 
6.860E-05 1.208E+09 1.595E+06 7.756E +04 1.140E + 02 
2894E—05 3.004E+09 6859E+06 8105E+04 2.486E +02 
1.2200E—05 7.903E+09  2.946E+07 8.985E+04 4.755E +02 
5145E—06 2.298E+10 1.044E+08  1.101E+05 7.610E + 02 
2169E—06 7.647E+10 3.118E+08 1.545E +05 1.056E + 03 
9150E—07 2877E+11 8846E+08 2.4546 +05 1.380E + 03 
Table A5.14. kT/Z4? = 1.0E +05 

ZV P/Z?0/3 —DP/Z*3——g/z7/3 — DE/Z5!3 
40799E+01  3.927E+03 2964E-06 1.500E+05  —3409E+00 
1.721E+01 9311E+03 8939E—06 1.500E+05 —4393E+00 
7.253E+00 2.208E+04 7.279E-05 1.500E+05 —5.271E-+00 
3.059E +00 5.236E+04 5.236E+04 1.505E+05 —5.682E +00 
1.290E +00 1.242E+05 2.267E—03 1.500E+05  —6.097E +00 
S441E—-O1 2944E+05 1.249E-02 1.505E+03 —6,400E+00 
2.294E—-01 6982E+05 6985E—02 1.500E+05 —6.622E +00 
4.079E—02 3.927E+06 2212E+00 1.500E+05  —6837E+00 
3.004E—02 5.332E+06 4.077E+00 1.500E+05  —6.834E+00 
1.721E—02 9309E+06 1.243E+01 1.499F+05  —6.789E+00 
7.255E—03 2.209E+07 6.990E+01 1.499F +05  —6489E +00 
1.290E—03 1.242E+08  2207E+05 1499F+05  —3.662E+00 
S441E—04 2947E+08 1.237E+04  1.500E +05 1.157E +00 
2.294E—04 7.003E+08  6098E+04  1.503E+05 1.254E +01 
9.674E—05 1669E+09  3820E+05 1.510E +05 3.901E +01 
4.079E—05 4.008E +09 2.059F +06  1.528E +05 9.858E +01 
1.721E—05  9.784E +09 1.064E+07 = 1.572E +05 2.259E + 02 
7.255E—06 2478E+10  5.000E+07 1.678E +05 4.660E + 02 
3.059E—06 6.748E+10 1.998E+08 1.926£ +05 8.290E + 02 
1.290E—06 2.066E+11 6.552E4+08  2485E+05 1.246E + 03 
5441E—-07 7.249E+11 1886£+09  3.680E+05 1.667E + 03 
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Some mathematical relations for 
Chapter 13 


7 so kal 
ea yeh 


Vor oy, 
= = ka,$ {k= Nhe hy oa) aad 


S kasd (k —2)(k 1 peo Yo" 
aps Poe, a,” 5 (k — 2)(k — 1)(6 — ys 


Vo? ba 
+ 6(k — 1)(o — We 1)* at 


Same for P,, with a,5— A, 


352 Appendix 6 


For V-V, 


\.G Jave |, o-vtav= 
Vo Us Vo" Vo 


Gio a Vee 

1 (K+ 21) Ae 

(a,° am A)(Vo = Vv) 
k=1 Ve" 

(a> = ZAM )(Vo —V)**? 


Es—Ey=), V.* 
(0) 


(Vo ae ay! 
(k + 1)Vo" 


APPENDIX 7 


A note on the Lawson criterion 


The fusion energy is given by 
Epvewn = FEI Npn; <ov>wr [erg] (A7.1) 


where w= 17.6 MeV for D-T, and assuming np =n; =n/2 and plasma 
neutrality give n, =n, one has (t = is the nuclear reaction time) 


Eegasion = ais < Ov) WT (A7.2) 
ema am $nr>-3nk(T, st T}) (A7.3) 
assuming T, = T; = T 


Evuermat = 407 kT (A7.4) 
From (A7.2) and (A7.4) in order to get energy gain 


ion 2 EE necmal (A7.5) 
so that break-even is defined by 
Eien = Eee ; (A7.6) 
Now using (A7.2) and (A7.4) in (A7.6) one has 
12k 
sf (A7.7) 


ov wov> 


And for D-T process (A7.7) yields for kT = 10 keV 


3 


nt = 10'*cm~ 3s Lawson criterion (A7.8) 


APPENDIX 8 
Derivation of the equation 


describing hydrostatic equilibrium 
for a completely degenerate gas 


The starting point is (15.234) 


Al -d(er? dij{x) ~ 
Br’ dr E dr | > 4nGB[x(r)]° (A8.1) 
where 
f(x) = (2x3 — 3x)(1 + x?)!/? + 3sinh™ x (A8.2) 
x=x(r) = = [3x7n7)}'° (A8.3) 


and n,(r) represents the electron density; other symbols have been defined in 
Section 15.11. Thus 


df(x) df (x) dx 


dr dx dr 
Sx* dx 
~ (1 +x)!” dr tet) 
or 
r?> df (x) 8x x d 
dr Tex ar ge tH” 
d 
ae a (A8.5) 
where 
y(r) = [1 + x2(r)]!/? (A8.6) 
Thus (A8.1) can be written in the form 
Id dy(r) nGB? 
a FF a |- ay leas (A8.7) 


which is the same as (15.235). 
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